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Abstract.  Let (FP) abbreviate the statement that
11 11
fdy dx= f dx dy

0 o0 00
holds for every bounded function f: [O; 1]2 ! R whenewer ead of the integrals involved
exists. We shall denote by (SFP) the statement that the equality above holds for every
bounded function f: [0; 1]2 I R having measurable vertical and horizontal sections. It
follows from well-known results that both of (FP) and (SFP) are independert of the
axioms of ZFC. We investigate the logical connections of these statements with sewral
other strong Fubini type properties of the ideal of null sets. In particular, we establish
the equivalence of (SFP) to the nonexistence of certain sets with paradoxical properties,
a phenomenon that was already known for (FP). We also give the category analogues
of these statements and, whenewer possible, we try to put the statements in a setting of
general ideals as initiated by Rec®av and Zakrzewski.

1. Intro duction. In this paper we investigate the equality

11 11
D) fdy dx= f dx dy

0 0 00
under dierent conditions on the function f: [0;1]? ! R. It was already
known to Cauchy that (1) holds for any cortinuous function f: [0;1]! R.
Caudhy alsoknew (see[1]) that this is false when we allow just one point of
discortinuity for f: if f (x;y) = (x2 y?)=(x?+ y?)? then the two sidesof
(1) equal =4and =4, respectively. (Another simple exampleis f (x;y) =
(x y)=(x+y)3, wherethe corresponding valuesare 1=2 and 1=2.) Howewer,

2000 Mathematics Subject Classi c ation: 03E35, 26B20, 28A05.

This project has beenfunded in part by the National Academy of Sciencesand under
the Collaboration in Basic Scienceand Engineering Program supported by Contract No.
INT-0002341 from the National ScienceFoundation. In addition, the rst author wasalso
partially supported by 2002/03 West Virginia University Senate Researd Grant while
the second author was partially supported by the Hungarian National Foundation for
Sciertic Researd Grant No. T032042.

[171]



172 K. Ciesielski and M. Laczkovich

it wasprovedin 1883by du Bois-Reymond[4] that if f is Riemannintegrable
on [0; 1] then both of the integrals é(_éf dy) dx and é(_éf dx) dy are equal
to the double integral 4, f (X;y) dxdy, where denotesthe Darboux
upper integral. In particular, if f is Riemann integrable on [0; 1> and the
integrals éfx dy and éf Y dx exist for every x; y 2 [0; 1] then (1) holds. Here
fx;fY:[0;1]! R arethe sectionsof f, that is, fx(y) = f (x;y) = f¥Y(x) for
every x;y 2 [0; 1].

The most important theorem on (1) is that of Fubini [8] (%) stating
that (1) holds provided that f is summableon [0;1] [O;1].

The rst theorem stating (1) without assumingthe measurability of f
was proved in 1911 by L. Lichtenstein [20] (?) who shawed that (1) holds
for every bounded function f for which f¥ is Riemann integrable for every
y 2 [0; 1], and fx is measurablefor every x 2 [0; 1].

Motiv ated by Lichtenstein's result Sierpi«ski [22] proved that, under the
continuum hypothesis (CH), there exists a function f: [0;1]? | f0; 1g for
which cl)f Ydx = 0and éfx dy = 1 for every x;y 2 [0; 1]. In particular, the
iterated integrals for this function exist but are not equal, and so (1) fails.
Actually, Sierpi«ski provesthe following statemert under CH:

S2:  there existsa setH  [0;1]? such that the horizontal sectionsof H
are of measurezero and the vertical sectionsof H are of full measure.
That is, (HY) = ([0;1]nHy) = Ofor every x;y 2 [0; 1], where isthe
Lebesguemeasure,HY = fx: hx;yi 2 Hgand Hy = fy: hx;yi 2 Hg.

Then Sierpi«skinotesthat the characteristic function of H hasthe properties
described above. This example shows that in the theorems of Fubini and
Lichtenstein we cannot omit the conditions that f is summableor that the
sectionsf Y are Riemann integrable.

Can Sierpi«ski's example be constructed in ZFC? The negative answer
was given in 1980 by Friedman [7], who proved that there are models of
ZFC in which the following statemert, which we call the Fubini property,
holds:

(FP) If f:[0;1% ! R is a bounded function such that fy and fY are
measurablefor every x;y 2 [0;1] and the mappings [0;1] 3 x 7!
éf (x;y)dy and [0;1] 3 y 7! éf (x; y) dx are measurablethen (1)
holds.

Later it was showvn independerily by Laczkovich [16] and Freiling [5] that

(FP) is, in fact, equivalent to the negation of the statemert S?. Now it is

(*) According to [9, p. 161] Fubini's proof was defective. Later dierent proofs were
provided by Hobson [10] and de la Vallee-Poussin [3].

(?) Note that Sierpi«ski in [22] incorrectly refers this result to another paper of Lich-
tenstein of 1910. We like to thank J. Trzeciak for helping us to spot this error.
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easyto seethat S? implies the inequality cov(N) non(N). Here cov(N)
denotesthe minimum cardinality of a system of null setsthat can cover R
and non(N ) is the minimum cardinality of a set of positive outer measure.lt
was shown by Kunen [14] that the inequality cov(N ) > non(N ) is consisten
with ZFC. Since this inequality implies : S?, which, in turn, is equivalent
to (FP), we nd that the consistencyof (FP) also follows from Kunen's
theorem.

We may also ask whether or not the following stronger version of (FP),
which we call the strong Fubini property, is consistert with ZFC:

(SFP) If f:[0;1?! R is a bounded function suc that fy and fY are
measurablefor every x;y 2 [0; 1] then the mappings[0;1] 3 x 7!
éf (x;y)dy and [0;1] 3 y 7! (1)1‘ (x; y) dx are measurableand (1)
holds.

Although we did not nd in the literature (SFP) in its specic form, it
follows easily from the following strong approximation property (for mea-
sure):

(SAP) If f:[0;1! R is sud that fy and f¥ are measurablefor every
x;y 2 [0; 1] then there is a measurablefunction F: [0;1]°! R suc
that fx = Fx a.e.and fY = FY a.e.for every x;y 2 [0; 1].

In [21, p. 139],the theorem stating the consistencyof (SAP) is attributed to
H. Woodin. The rst published proof can be found in [21, Theorem 2.17(ii)].
Therefore (SAP) and, consequetly, (SFP) are both consistert with ZFC.

As we shall seelater, the statements (SAP) and (SFP) are, in fact, equiv-
alent. One of the goals of this paper is to presen seweral other statemens
equivalent to (SFP), including one that states the nonexistenceof certain
setswith paradaxical properties, analogouslyto the equivalence(FP), : S2.
All thesestatemerts can be expressedn a setting of generalidealson Polish
spaceswe will do this in the next section.

2. Kurato wski{Ulam type theorems for ideals. We use standard
set-theoretic terminology asin [2].

Let X be a Polish spaceand let | be an ideal in X. We shall denote
by B, the -algebrageneratedby | and by the Borel subsetsB of X . The
ideals that are the most interesting for us are the -ideals N of Lebesgue
measurezero subsetsof R and M of meagersubsetsof R. Then By and
Bwv are the families of measurablesetsand of setswith the Baire property,
respectively. The sectionsof asetA X 2 are de ned by

Ay=fy2 X:hgyi2 Ag and AY =fx2 X:hyi 2 Ag
for every x;y 2 X.



174 K. Ciesielski and M. Laczkovich

Recall that the Kuratowski{Ulam theorem says that for every A R?
with the Baire property, if Ax 2 M foreveryx 2 Rthenfy: AY 62Mig 2 M .
Thus the following Kuratowski{Ulam property of an arbitrary ideal | is a
stronger version of the theorem, when consideredwith | = M .

(KU) If A XZissudthat Ay 21 and AY 2 B, for every x;y 2 X and
fy:AY629g2B,,thenfy: AY62g21.

We will also considerthe following two strong Kuratowski{Ulam properties:

(SKUL) If A XZ2issuc that Ay 2 1 and AY 2 B, for every x;y 2 X,
then fy: AY62 g2 1.
(SKU ) If A XZissud that Ay 2 B, and AY 2 B, for every x;y 2 X,
thenfy: AY62 g2 B,.
Note that Redaw and Zakrzewskiin [21] refer to (SKU) as\strong Fubini
property” and denoteit as (SFP). However, we prefer to resene the word
\F ubini" for the propertiesthat refer explicitly to the properties of integrals.
Our rst aim is to establish the logical connectionsbetweenthesethree
statemerts and the nonexistenceof setshaving someparadoxical properties
with respect to the ideal | . We shall say that asetH A B isa0-1

set (in A B) provided HY 2| foreveryy 2 B and B nHy 2 | for every
x 2 A. Note that

2) if thereisa0-1setin A B then thereis alsoonein B A.
Indeed,if H isa0-1setin A B thenfhx;yi 2 B A: hy;xi 62Hgisa0-1
setin B A.
We shall usethe notation A®= X nA for every A X. We will alsouse
the following propositions concerningthe existenceof various 0-1 sets.
S2:  There existsa0-1setin X  X.
S2W: There existsasetA X notin | sud that A X contains a 0-1
set.
E: There existsetsA; B X notin | sud that both A B andA¢ B¢
cortain 0-1 sets.
To state the next theorem, we also needthe following classicalcardinal
numbers connectedto | : S
add(l ) = minfijF : F | & SF 62 g;
cov(l)=minfiF : F | & F = Xg;
non(l ) = minffAj: A X & A 62 g;
shr(l ) = minf :8A X (A62 ) [A] nl 6 ;)0
In other words, shr(l ) is the smallestcardinal such that any subsetA of

X not belongingto | contains a subsetB sucd that jBj and B 62l .
Clearly non(l)  shr(l).
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Theorem 1. Let | beanideal in an uncountable Polish space X . Then
we havethe following implications:

(SKU) ——(KU)
? ? !
[shr(1) < cov(1)] — :E; ——:S&" ;:3,2;[%”(')< 2 &

add(l ) < cov(l)]
Moreover, if | satis es the following condition:
() everysetB 2 B, nl contains a subsetS 62B; ;

then the chart can be expandead as

(SKU )—— (SKU) —— (KU)

? ?

[shr(1') < cov(1)] — : E ;:SEW;:S.,Z;[non('VZ »

add(l ) < cov(l)]

Proof. (SKU ) ) (SKU): The argumert for this implication is closely
related to that for [21, Theorem2.11].Let A X 2 and supposethat A, 2 |
andAY 2 B, foreveryx;y 2 X.By (SKU ) wehaveC := fy: AY62 g2 B,.
If C 62 then, by ( ), there is a subsetD C such that D 62B, . Put

H=A\ (X D)
Then HY 2 B, for everyy 2 X, sincey 2 D implies HY = AY andy 62D

implies HY = ;. SinceH A, we also have Hy 2 | for every x 2 X.
Applying (SKU ) againwe nd that

fy:HY 629g=D 2 B;
which is impossible.

(SKU )) : E;: Supposethat E, holds. Then there are setsA; B X,
H A B,andK A® Bfsudcthat A62,B 62, H isa0-1setin
A B,andK isa0-1setin A® B¢C.

First assumethat A;B 2 B,. Then Hy;HY 2 B, for every x;y 2 X.
By (), thereisasetD B suchthat D 628B,. Putting E=H][ (A D)
we have Ex;EY 2 B, for every x;y 2 X, and fy: EY 62 g= D 62B, . This,
howewer, contradicts (SKU ).

Therefore we may assumethat at least one of A and B doesnot belong
to B, . By symmetry we may supposeB 628, . Put

M=HT[ (A B%nK)[ (A B
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and notice that M refutes (SKU ). Indeed, to seethat the sectionsof M
belongto B, note that if y 2 B then MY = HY 2 | and fory 2 B¢ we
have X nMY = KY 2 | . Similarly, if x 2 A then X nMyx = BnHx 2| and
for x 2 A® we have My = A°nKy 2 | . Howewer, fy: MY 62l g = B 62B,
cortradicts (SKU ).

(SKU) ) (KU): This implication is immediate from the de nitions.
All the remaining implications will be proved by cortrap osition.

(SKU) ) : S2: Supposethat S2¥ holds. Then, by (2), there are sets
A XandH X A sudthat A62 andH isa0-1setin X A. Let
K= (X A)nH.Then Ky 21 and KY 2 B, for every x;y 2 X while
fy: KY 62 g= A 62, which contradicts (SKU).

(KU) ) :S2: If S2 holds then there is a 0-1 setin X2, which clearly
cortradicts (KU).

:S2) [non(l) < 2 & add(l) < cov(l)]: A proof that there is a 0-1 set
if either non(l ) = 2' or add(l ) = cov(l ) can be found, for example, in [17,
Theorem 2]. (Note that the proof givenin [17] is valid for every ideal.)

: SW) : SM: The implication S?) S?" is obvious.

tE; ) :SP: Assumethat S2¥ holds. Then there are setsA X and
H A X sudhthat A62 andH isa0O-1setin A X.If A°2 | then E,
is satis ed with B = A. If A® 62 then E, is satised with B = A€, since
H\ (A A%isa0-1setin A AF€, andthe existenceof a0-1setin A® A
follows from (2).

[shr(I) < cov(l)] ) :E,: For the proof of E; ) [shr(l) cov(l)]
we shall needthe following lemma, which is implicit in [5, p. 193]and [21,
Lemma 2.7]. For the sake of completenesswe give the simple proof. In the
lemma we usethe notation | jA to denotethe ideal fB 2 1: B Ag.

Lemma 2. If A;B X, A;B 62, and thereis a 0-1 setin A B then
cov(l jA) non(ljB).

Proof. Let H beaO-1setin A B.ThenHY 2| for everyy 2 B and
BnHy 21 for every x 2 Ag If D B, jDj= non(ljB), and D 62 , then
A= y2D HY, sincex 2 An y2D HY would imply Hx\ D = ;, contradicting
BnHx 2 1. Thuscov(ljA) jDj= non(l jB). =

Now we turn to the proof of E; ) [shr(l) cov(l)]. By E,, there are
sets A; B 621 sud that both of A B and A® B€ contain 0-1 sets. If
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A€ 62 andB°€62 then Lemma?2 givescov(l jA) non(ljB) shr(l) and
cov(l jJA®)  non(ljB€) shr(l), and hence

cov(l) maxfcov(l jA);cov(l jA%)g shr(l):

On the other hand, if A® 2 | then there is a 0-1 setin X B and thus
cov(l) non(ljB) shr(l). We have the sameconclusionif B¢ 2 | . =

For a semigroup G of Borel functions from X to X and an ideal | on
X we sa&y that | is G-invariant prmg'ded g YA) 2| for every g2 G and
A 21;andl is G-ergadic when X n 926 9 L(A) 21 forevery A2 B nl.
Clearly if G is the group of rational translations in R then the idealsN and
M are G-invariant and G-ergadic.

If we strengthen a bit the assumptions of the main part of Theorem 1
then we can get a few more implications.

Corollar y 3. Let | be a -ideal in the Polish space X and suppse
that there is a countable semigroup G of Borel functions from X to X such
that | is G-invariant and G-ergadic. Then we have the following implica-
tions:

(SKU) —— (KU)
6
? ' <2 &
< o
[shr(1) < cov(l)] — :E; —— S —:8F — [”235(,)) < con(l)]
Proof. The equivalence (SKU) , : S?¥ is proved in [21, Lemma 2.8].

The sameargumert gives: S?, (KU). The other implications follow from
Theorem 1. »

We do not know if the hypothesis above also implies (SKU ) , : E,
even in the presenceof ( ). Howewer, as we shall seelater, this equivalence
holdsfor1 = N andl = M.

The condition ( ) was only usedin the proof of Theorem 1 in the im-
plications (SKU ) ) : E, and (SKU ) ) (SKU). The following example
shows that it is really neededin theseargumerts.

Example 4. Let X = R and let | be a prime ideal containing all sets
of cardinality lessthan 2' . For this ideal (SKU ) holdswhile all other state-
ments of the diagram are false.

Proof. Sincel is prime, we have B, = P(R). Thus (SKU ) holds. On
the other hand, clearly non(l ) = 2', sothe statemerts of the diagram are
false. m
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We shall also investigate the following Borel approximation property:

(BAP) if A XZ?issud that A, 2 B, and AY 2 B, for every x;y 2 X,
then there isa Borel setB X 2 suchthat (A4 B)x 2 | for | -a.e.
x2X and (A4 B)Y 21 forl-aey2X.

We will leave the following simple fact without a proof.

Fact 5. If | isa -ideal on X then (BAP) is eguivalentto the following
statement

If f:X2! R is suchthat fy and fY are B, -measurable for every
x;y 2 X then there is a Borel function g: X2! R suchthat fy = gy
| -a.e.and f¥Y = ¢ | -a.e. for | -almost every x;y 2 X.

Also, (BAP) is equivalentto (SAP) for | = N and for | = M .

We state the equivalenceto (SAP) only for the idealsN and M to avoid
the problem of de ning B, -measurability of a function from X 2 into R. (A
generalization of (SAP) to the category caseis natural.)

Notice that it would not be reasonableto require in (BAP) the existence
of a Borel set B such that (A4 B)x 2 | and (A4 B)Y 2 | for everyx
andy. In fact, this stronger form of (BAP) is satis ed neither by N nor by
M asthe following simple example shows.

Let H be a non-Borel subsetof the Cantor set, and put A= H [0;1].
Then Ax 2 By and AY 2 B, for every x;y 2 [0;1] for both | = N and
| = M. Supposethere is a Borel set B [0;1]° such that (A4 B)y 2 N
for every x 2 [0;1]. Then fx 2 [0;1]: Bx 62N g = H, contradicting the
fact that this set must be Borel whenewer B is Borel. (Seee.g.[12, (16.1)
Theorem, p. 94].) The sameargumert works for | = M .

In what follows we will prove that (SAP) is equivalent to (SKU ) for
I = N and|l = M. We start in this direction by noticing the following
simple fact, which will be left without a proof.

Pr oposition 6. Supmse that fy: AY 621 g 2 B, for every Borel set
A X? Then (BAP) ) (SKU ).

Note that the assumption of Proposition 6 is not satis ed by every ideal.
For example,if | equalsthe ideal of countable setsor of rst category null
setsthen there is a Borel set A R? such that fy: AY 62 g 62B, .

We do not know whether or not (BAP) implies (SKU ) for every ideal.

3. Strong Fubini prop erties for measure. It wasprovedby C. Freil-
ing in [5] (seealsoLaczkovich [16]) that (FP) is equivalert to : Sﬁ . Our aim
here is to give a similar characterization of (SFP), by showing that it is
equivalent to : Ey as well asto sewral other strong Fubini type proper-
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ties, including (BAP) for N . Recall that By coincideswith the -algebraof
measurablesubsetsof R.

Notice alsothat the chart implies that all the properties consideredthere
are independert of the axioms of ZFC. Indeed, the relations add(N) =
cov(N) = non(N) = 2' and shr(N) < cov(N) are both consistert with
ZFC: the rst is a consequencef Martin's Axiom, while the secondholdsin
the random reals model. (For the proof of shr(N) < cov(N) see[18] or [11].
This was certainly already known to Kunen [14].)

Theorem 7. The following statementsare equivalent to each other:

(i) If f is a bounded function on [0; 11> suchthat the sections f and Y
are measurable for every x;y 2 [0; 1] then the mapping x 7! éf (x;y)dy is
measurable on [0; 1].

(i) The strong Fubini property (SFP) holds.

(iii) N hasproperty (SAP).
(iv) N has property (BAP).
(v) N has property (SKU ).
(vi) En is false.

In particular , for I = N we havethe following relations:
(BAP) —— (SAP) —— (SFP) (FP)
6 6
? P
(SKU )—— (SKU) ——(KU)
6 6 6
? ? ? \
[shr(N) < cor(N)]—=— : Ey ——: §3 = g3 —= "N < 2 &

add(N ) < cov(N)]

Proof. The implications in the chart follow from the main part of the
theorem, from Freiling's result quoted above, as well as from Theorem 1
and Corollary 3.

In the course of the proof the sign will abbreviate (l) unless another
domain is indicated.

() (ii): Let f be a bounded function on [0; 1]? such that the sections
fx and f Y are measurablefor every x; y 2 [0; 1]. By (i), for every x;y 2 [0; 1]
the mappingsx 7! f(x;y)dyandy 7! f(x;y)dx are measurable. We need
to prove that the integralsl; = ( f(x;y)dy)dxandl, = ( f(x;y)dx)dy
are equal.

By way of contradiction assumethat 1, 6 I,. Then, by Freiling's the-
orem [5], there exists a 0-1 set A [0; 1]°. After removing from A some
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vertical sections we obtain a set B such that BY 2 N for every y, and
fx 2 [0;1]: [0; 1]n By 2 N g is not measurable.But then the characteristic
function of B refutes (i).

(i) (iii): Suppose(SFP). Let f:[0;1% ! R be a function with mea-
surable sections. We have to show that there is a measurable function
F:[0;1P ! R sud that F, = fy a.e.for every x 2 [0;1] and FY = fV
a.e.for every y 2 [0;1]. In the proof we may assumethat f is bounded.
For x;y 2 [0; 1] put G(x;y) = gf (x; t) dt. Then G is well de ned and mea-
surable. Indeed, by (SFP), GY is measurablefor every y 2 [0; 1]. Also, Gy
is continuous for every x 2 [0;1]. Thus, by Lebesgue'stheorem [19], G is
measurable.Let H = £G where ©G exists,and H = 0 elsewhereThen H
is measurable,and for every x 2 [0; 1] we have Hy(y) = f4(y) for almost all
y 2 [0; 1]. Then, by (SFP) and the Fubini theorem,

b a a b
fY(x)dx dy= fx(y)dy dx

0 0 00
= Hx(y)dy dx

00

b a
= HY(x)dx dy

0 0

for every a;b 2 [0;1]. Thus, for every a 2 [0; 1] and almost every y 2 [0; 1]
we have ¢fY(x)dx = ¢HY(x)dx. So,for almost every y 2 [0;1] we have
ofY(x)dx = gHY(x)dx for every rational a 2 [0;1]. Thus, by the con-
tinuity of the integral, for almost every y 2 [0; 1] we have gfy(x) dx =
SH Y(x) dx for every a 2 [0;1]. Then, for almost every y 2 [0; 1], that is, for
y's outside somenull setT  [0; 1], we have HY(x) = f Y(x) for almost every
x 2 [0;1]. Toget F asdesiredde ne it to beequalto f on[0;1] T andto
H elsewhere.

(iii) ) (iv): This is obvious, and follows from Fact 5.

(iv)) (v): If A [0;1]F is Borel then the setfy 2 [0;1]: AY 62N g is
measurableby Fubini's theorem. Thus we may apply Proposition 6.

(v)) (vi): This was proved in Theorem 1.

(vi)) (i): Supposethat (i) is false. Then there exists a bounded function
f:[0;1P! R sud that the sectionsof f are measurable,but the function
h(x) = fxdy, dened for x 2 [0;1], is not. Fix a real number b such
that the set H = fx 2 [0;1]: h(x) < bg is not measurable,and de ne
K =1fx2][0;1]:h(x) bg. Then (H)+ (K) > 1, where stands for
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Lebesgueouter measure.Thus, there exists a real number a < b suc that
(Ha) + (K)> 1,whereH;=fx 2 [0;1]: h(x) ag.

Select measurablesetsM and N sudh that H;, M, (Ha) = (M),
K N,and (K) = (N). Then (M)+ (N) = (Ha + (K)> 1,
and thusP = M \ N is of positive measure.Clearly, (P)= (Ha\ P) =

(K'\ P). The measurespace P; %( P) isisomorphicto HO;1]; i. Let

be an isomorphism from [0; 1] onto P, and put f1(x;y) = f( (x);y) for
X;y 2 [0;1]. Then the sectionsof f; are measurableand both of the sets
U="fx2][01]: fi(x;y)dy agandV = fx 2 [0;1]: fi(x;y)dy bg
have outer measurel.

Weshall denoteby the product space[0; 1] equippedwith the product
measure anddene ~(H) = inff (M) H M andM is -measurableg
for every H .Forx 2 [0;1]and v = hvy;vp; i 2 let
fa(x;ve) + 1o+ T1(X Vi)

n

F(x;v) = lim sup
n!l

By the strong law of large numbersfor every x 2 [0; 1]the equationF (x; v) =

f1(x;y)dy holds for -a.e.v 2 . Thus, Fx is -a.e.constart for every
x 2 [0;1] sinceFy(v) = fi(x;y)dy = Fy(V9 for -a.e.v;v°2 . Moreover,
for x 2 U we have F(x;v) afor -ae.v2 ,andforx 2 V we have
F(x;v) bfor -ae.v2 . Also, FY(x) is measurablefor every v 2
being the lim sup of measurablefunctions %[(f V(X)) + i+ (F1)Vn (x)]. Now
put

G(u;v) = lim supF(ul’V)+ i+ F(Univ)
nll n

for every u;v 2 . Then, by the strong law of large numbers, for every
v2 wehaveG(u;v)= FVdxfor -a.e.u2 .In particular, G¥Vis -a.e.
constart for everyv 2  sinceGY(u) = FVdx= GY(u9 for -a.e.u;u®2
Also, Gy(v) is -a.e.constart for everyu 2  sinceit is the lim supof -a.e.
constart functions [Fy,(v) + :::+ Fy, (V)].

Put E = fhu;vi 2 2. G(u;v) ag. Since ewery vertical and horizon-
tal section of G is -a.e. constart, it follows that every vertical and hor-
izontal section of E is either null or of full measure.Let us dene A; =
fu2 : (Ey)=19,A2=fu2 : (Ey)=0g,By=fv2 : (EY)= 1g,
and B, = fv2 : (EY) = Og. By [6, 254 L Theorem, p. 249], we have
—(U') = (V') = 1.1f u2 U', then G(u;v) afor -a.e.v; that is,

(Ey) = 1. Similarly, if u2 V' then (Ey) = 0. Therefore U’ A, and
V' A, andthus (A1) = (A = 1.

Suppose—(B») > 0. Then E\ (A1 Bj)isaO-1lsetin A; B and
(A2 Bi)nE isaO0-1setin A, Bji. On the other hand, if =(B;) > 0,
then (A, Bi)nE isa0O-lsetin A, BjyandE\ (A; B»y)isa0-1set
in A1 B2. We deducethat the statemert of Ey is true apart from the
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fact that the setsA; and B; arein  instead of [0; 1]. However, the measure
spaces and [0; 1] are isomorphic, therefore we can nd setsin [0; 1] with
the sameproperties. Thus Ey holds, which completesthe proof. =

4. The category case. In this sectionwe will prove that the category
analogueof Theorem 7 is true with one obvious modi cation: the integral
conditions (FP) and (SFP) have no meaningin this case.

Recall that By coincideswith the -algebraof setsH R having the
Baire property, and that (SAP) is equivalent to the following statemert:
if A [0; 1]? is such that Ay and AY have the Baire property for every
x;y 2 [0;1] then there is a setB  [0;1]° having the Baire property such
that (A4 B)x2 M and (A4 B)Y 2 M for every x;y 2 [0;1].

Notice alsothat the chart below implies that all the properties considered
there are independert of the axioms of ZFC. This is the case, since the
relations add(M ) = cov(M ) = non(M ) = 2' and shr(M ) < cov(M ) are
both consistert with ZFC: the rst isaconsequencef Martin's Axiom, while
the secondholds in the Cohen model. (For the proof of shr(M ) < cov(M )
see[13] or [11].)

Theorem 8. The following statementsare equivalent to each other:

() M hasproperty (SAP).

(i) M hasproperty (BAP).

(i) M hasproperty (SKU ).

(iv) Em is false.

In particular , for | = M we havethe following relations:

(BAP) —— (SAP)
6

?
(SKU )—— (SKU) —— (KU)

6 6
’ ; ' M)<2 &
< 9
[Shr(M ) < CO\I(M )] — ' Em —: SI%/IW - S,\ZA ;[non( )

add(M ) < cov(M )]

In the proof of the theorem we will needthe following lemma.

Lemma 9. If A [0;1]? is Borel then the set fy 2 [0;1]: AY 62Mig has
the Baire property.

Proof. Thereis anopensetG [0;1]° such that M = G4 A is meager.
Then the setfy 2 [0;1]: GY 62Mg = fy 2 [0;1]: GY 6 ;g is open, and the
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setfy 2 [0;1]: MY 62Mg is meagerby the Kuratowski{Ulam theorem. Since
fy2[0;1]: AY62Mg 4 fy2 [0;1]: GY 62Mg  fy 2 [0;1]: MY 62Mg ;
it followsthat fy 2 [0; 1]: AY 62Mg hasthe Baire property. =

Proof of Theorem 8. The implications in the chart follow from the main
part of the theorem, Theorem 1, and Corollary 3.

(i), (ii): This follows from Fact 5.
(@i)) (iii): This follows from Lemma 9 and Propaosition 6.

(iii) ) (ii): Supposethat the sectionsof a set A  [0; 1] have the Baire
property. It is clear from (SKU ) that for every interval J the setH; =
fy 2 [0; %]: J nAY 2 Mg hasthe Baire property. Let

E= fJ Hj;:J=(p;g [0;1] for somerational numbersp < qg:

Then E hasthe Baire property, and it is easyto seethat for F = E 4 A
we have FY = EY 4 AY 2 M for every y 2 [0;1]. It is also clear that
Fx = Ex 4 Ax hasthe Baire property for every x 2 [0;1]. SinceM has
property (SKU ), by Theorem 1 it also has property (KU) and so U :=
fx:Fx62Mig 2 M .LetH = En(U [0;1]). Then H hasthe Baire property
andwe have (A4 H)y 2 M and (A4 H)Y 2 M for every x;y 2 [0; 1].

(iii) ) (iv): This was provedin Theorem 1.

(iv)) (iii): We prove that if (SKU ) is falsethen Ey is true. We will
work in R instead of [0; 1].

Supposethat there exists a set A R? such that A, and AY have the
Baire property for every x;y 2 R, and H = fy 2 R: AY 62Mg 62By .
By Banadh's theorem, there exists a nonempty opensetG R sud that
HnG 2 M andH is of secondcategoryin every nonempty open subsetof G.
(See[15, x10, V, pp. 83{85].) SinceH 62B), , the set GnH is not meager,
and thus we can selectan openinterval | G sud that GnH is of second
category in every nonempty open subinterval of | . We concludethat both
H and R nH are of secondcategory in every nonempty open subinterval
of I. Let beahomeomorphismfrom | onto R, and put

C=fhx; (y)i:hlxyi2 AV (R 1)o:

Then Cx and CY have the Baire property for every x;y 2 R, and the set
K = fy 2 R: CY 62Mg has the property that both K and RnK are of
secondcategory in every subinterval of R. Let

D=fhx+r;yi:hxyi 2C&r 2 Qq:
Then Qy 2 M ify 62K and RnDY 2 M if y 2 K. Also, the set

Dx = 29Cx r hasthe Baire property for every x 2 R. Let us put U =
fx 2 R: RnDyx 2 Mg . We shall distinguish betweentwo cases.
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Case I: RnU 2 M. ThenthesetD\ [U (RnK)]is a0-1setin
U (RnK),and(RnU) K isaO-1setin (RnU) K. That is, Ey holds
in this case.

Case Il: RnuU62M . If x2 RnU then RnDy, 62M and, asDy hasthe
Baire property, there exists an open interval J with rational endpoints such
that Dx\ J 2 M . SinceRnU 62M , it follows that we can x an openinter-
val J with rational endpoints sud that the setV = fx 2 R: Dx\ J 2 Mg
is of secondcategory. Let be a homeomorphismfrom J onto R, and put

E=fhx; (y)i:lx;yi2D\ (R J)g

ThenEY2 M ify62 [K\ J]JandRnEY2 M ify2 [K\ J]. Also, the
setW = fx 2 R: Ex 2 Mg is of secondcategory. Now we de ne

F=fthx;y+ri:hyi 2 E & r 2 Qo:

TheneitherF¥ 2 M orRnFY 2 M foreweryy. If Y = fy: RnFY 2 Mg then
Y 62M ,as [K\J] Y.Also,wehaveFx 2 M ifx2 W,andRnFy 2 M
if X 62W. Thus(W Y)nF isaO-1setin W Y and[(RnW) (RnY)]\ F
isa0-1setin (RnW) (RnY). Therefore, Ey holdsin this caseaswell. =

5. More on condition E;. The de nition of E; doesnot involve the
topology of the space X ; it is meaningful for any ideal of subsets of a
set X. We begin with an equivalert form of E, . We shall use the notation
A®= X nA.

Pr oposition 10. For every ideal | the statement E, is equivalent to
the following:

E,: Either there existsa set A X suchthat A; A® 621 and there is a
O-1setin A AS, or there existsaset A X suchthat there are 0-1
setshothin A A andin A® AC.

Proof. SupposeE, . If H isa0-1setin A A° whereA; A®62 , then E,
is satis ed with B = AC. If there are 0-1 setsboth in A A andin A® A°
then we may assumeA 62 , since otherwise we replace A by A€. Then E,
is satis ed with B = A.

Next supposeE, . Supposethat A;B 621 , H isa0-1setin A B and
K isaO-1lsetin A° B¢ If AnB 21 and B nA 2 | then there are 0-1
setsboth in A A andin A® A€, andthen E, holds.

Therefore we may assumethat at least one of the setsAnB and B nA
doesnot belongto | . By symmetry, we may assumethat D := AnB 62 .
We also have D¢ 621, sinceD® B. We prove that there is a 0-1 setin
D D¢ Indeed,wehave D®= A°[ B, and thus

D D°=(D A9[ (D B):
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SinceD A¢® B¢ A®andD B A B, it followsthat there are 0-1
setsboth in D ACandin D B, andthen thereis alsoonein D DF‘. =

In what follows we shall assumethat X is an Abelian group and | is a
translation invariant ideal in X . The paper [17] investigatedthe logical con-
nections betweense\eral statemerts including S? and S and the following
three conditions.

St: ThereexistsasetA X suchthat A 62, X nA 62 ,and(A+h)nA 2
| foreveryh2 X.

Slls: Thereexistsanf: X ! X suchthat fx 2 X:f(x+h) f(x)6 Og2 I
foreveryh2 X, andf 1(fyg) 2| foreweryy?2 X.

D,: There exists a partition fA; Bg of X such that cov(l jA) non(l jB)
and cov(l jB) non(l jA).

In [17, Theorem 2] it wasshown that if | isa -idealandjXj is lessthan

the rst (2-valued) measurablecardinal then the following implications hold.

Sls = Sl = D,

| H H } | *

Hy
[cov(l) non(l)]
Hy y
H

? H ?

s? = g2 = [eov(l) shr(l)]

Diagram 1

In the next theorem we try to locate the position of E; in this diagram.
As we shall see,it must be somewherein the middle column.

Theorem 11. Let | bean invariant ideal in the Abelian group X . Then
we have the following implications:

[Stor S ) E; ) [Stor (cov(l) non(l)) or SP"]:
In the proof of the theorem we will usethe following lemma.

Lemma 12. Let | be an invariant ideal in an Abelian group X . If there
is a partition fA; Bg of X suchthat cov(l jJA) non(l jA) and cov(l jB)
non(l jB) then cov(l) non(l).

Proof. If non(l jA) = non(ljB) = thennon(l)= and
cov(l ) = maxfcov(l jA); cov(l jB)g
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Therefore we may assumethat non(l jA) 6 non(l jB). By symmetry we may
supposenon(l jA) < non(l jB). Let non(l jA) = andletH A bea set
with jHj = and H 62l . Then for every x 2 X we have H + x 621 and
jH + xj= < non(l jB). Thus H + x cannot be a subsetof B. Therefore
(H+x)\ A6 ; for every x. This implies that for e\gry x thereisanh 2 H
sudh that h+ x 2 A, that is,x 2 A h. ThusX = ,,(A h).

SinceA h can be covered by cov(l jA) elemens of | andjHj= ,
it follows that X can also be coveredby elemerns of | . In other words,
cov(l) = non(l). =

Proof of Theorem 11. S ) E, was proved in Theorem 1.

St ) E;: SupposeSt, and let A X be a set suc that A 621,
X nA62,and (A+ h)nA 21 for every h 2 X. We claim that there is a
0-1setin A AC. Indeed,let H = fhx;yi 2 A A% y62A x)nAg. For
every x 2 A wehave A°nHy = (A x)nA21.If y2 A then we have

h;yi2H) y62A Xx) x62A vy
) X2An(A y)=[(A+y)nA] y2I;
andthusHY 2 |1 for everyy 2 A®. Therefore,H isa 0-1setin A A°C.

Now we turn to the proof of the secondimplication of Theorem 11.
Supposethat E; holds. By Proposition 10, one of the following statements
is true: (i) there existsasetA X sud that A; A° 62 and there is a 0-1
setin A A°S, or (ii) there existsa setA X sud that there are 0-1 sets
bothin A A andin A® A°

Suppose (ii). If A2 | then thereis a 0-1setin X X, and thus S2V
(even S?) holds. We have the sameconclusionif A 2 1 . If A; X nA 62 then,
by Lemma 2, we obtain cov(l jA) non(l jA) and cov(l jJA®)  non(l JA®).
Therefore, by Lemma 12, we get cov(l ) non(l ).

Next suppose (i). Then there existsa set A X sud that A; A¢ 62!,
and thereisa 0-1setin A AC. If (A+ h)nA 21| for every h 2 X then
we have St. Therefore we may assumethat there is an h 2 X sud that
B:=(A+h)nA=(A+h)\ A°62 . Since

B X [(A+h) AY[[A® A]

and there are 0-1 setsin both (A+ h) A€and A® A, it followsthat there
isa0-1setin B X, and thus S holds. =

We concludewith another simple obsenation.

Pr oposition 13. For every invariant ideal | on an Abkelian group X
wehaveS? ) D, and E; ) D,.

Proof. Supposethat SFW holds. Then there existsa setA X suc that
A 621, and there is a 0-1setin A X. If A®2 | then S2 holds, which
implies D, by Diagram 1. Therefore we may assumeA°® 62 .
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Sincethereis a 0-1setin A X, there is alsoonein A A° and hence
in A® A aswell. Then, by Lemma 2, it followsthat cov(l jA) non(l jA°)
and cov(l jJA®) non(l jA); that is, D, holds.

Now ead of the statemerts St, cov(l) non(l ), and S2¥ implies D, .
(For the rst two of theseimplications we again refer to Diagram 1.) There-
fore, by Theorem 11, we haveE; ) D,.

We remark that the implication S,z"" ) D; was not noted in [17]. It
would be interesting to decide whether or not there are other implications
that can be inserted into Diagram 1.
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