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1. Historical background

The study of real functions has played a fundamental role in the develop-
ment of mathematics over the last three centuries. The seventeenth century
discovery of calculus by Newton and Leibniz was largely due to increased
understanding of the behavior of real functions. The birth of analysis is
often traced to the early nineteenth century work of Cauchy, who gave pre-
cise definitions of concepts such as continuity and limits for real functions.
Convergence problems while approximating real functions by Fourier series
gave rise to both the Riemann and Lebesgue integrals. Cantor developed his
set theory in an effort to answer uniqueness questions about Fourier series
B, 8,

uring this time, different techniques have been used as the theory be-
hind them became available. For example, after Cauchy, various limiting
operations such as pointwise and uniform convergence were studied, giving
rise to various approximation techniques. t the turn of this century, mea-
sure theoretic techniques were exploited, leading to stochastic convergence
ideas in the s. lIso, at about the same time topology was developed,
and its applications to analysis gave rise to functional analysis.

n recent years, a new research trend has appeared which indicates the
emergence of a yet another branch of inquiry that could be called et t e
retic real anal ¢ . This area is the study of families of real functions using
modern techniques of set theory. These techniques include advanced forc-

ing methods, special axioms of set theory such as artin s axiom and
proper forcing axiom F | as well as some of their weaker consequences
like additivity of measure and category. ee [ ,[ ,[ ,[ ,and[8

for examples of this work.

et theoretic real analysis is closely allied with descriptive set theory, but
the ob ects studied in the two areas are different. The ob ects studied in
descriptive set theory are various classes of mostly nice s ts and their
hierarchies, such as orel sets or analytic sets. et theoretic real analysis
uses the tools of modern set theory to study r al unctions and is interested
mainly in more pathological ob ects. Thus, the results concerning subsets
of the real line like the series of studies on small subsets of R [
or deep studies of the duality between measure and category [ , 8,
8 are considered only remotely related to the sub ect. owever, some
of these duality studies spread to real analysis too. For example, see a
monograph [ 8.

et theoretic real analysis already has a long history. ts roots can be
traced back to the s, where powerful new techniques based on the x-
iom of Choice C and the Continuum ypothesis C  can be seen in
many papers from such ournals as Fundamenta athematicae and tudia



athematica. The most interesting consequences of the Continuum y-
pothesis discovered in this period have been collected in monograph of
ierpinski, pteed ntin | . The in uence of ierpinski s results
and the monograph on the set theoretic real analysis can be best seen in
the next section.

The new emergence of the field was sparked by the discovery of powerful
new techniques in set theory and can be compared to the parallel develop-
ment of set theoretic topology during the late s and s. n fact, it
is a bit surprising that the development of set theoretic analysis is so much
behind that of set theoretic topology, since at the beginning of the century
the applicability of set theory in analysis was at least as intense as in topol-
ogy. This, however, can be probably attributed to the simple fact, that in
the past half of a century there were many mathematicians that knew well
both topology and set theory, and very few that knew well simultaneously
analysis and set theory.

ur terminology is standard and follows [

d lo nts in classical robl s

The first problem we wish to mention here is connected with the Fubini
Tonelli Theorem. The theorem says, in particular, that if a function
[ is measurable then the iterated integrals [ [*
and [![? exist and are both equal to the double integral
I [ , where stands for the Lebesgue measure on R . ut what
happens when is non-measurable Then clearly the double integral does
not, exist.  owever, the iterated integrals might still exist.  ust they be
equal The next theorem, which is a classical example of an application of
the Continuum ypothesis in real analysis, gives a negative answer to this

question.

or .1 ierpinski o . te ntin ptei ld
tentereeit [ [ r o ic t eiterated inte ral [ [!
and [*[* eit tarente al

r Let  be a well ordering of | in order type continuum and
define [ . Let  be the characteristic function
of . Then for every fixed [ the set [
[ is an initial segment of a set ordered in type . o, by
C , it is at most countable and

[/ /



14 K. CIESIELSKI

imilarly, for each [ the set [
[ is at most countable and

I/ /
Thus, fl fl fl fl

ierpinski s use of the Continuum ypothesis in the construction of such a
function begs the question whether such a function can be constructed using
only the axioms of FC. The negative answer was given in the 8 s by
Laczkovich | 8 , Friedman [ 8 and Freiling [ , who independently proved
the following theorem.

or .. ereeit a  del etter in  ic T ever
neti no | [ t eeitence t eiterated inte ral [* [
and [* [* i plie t eire alit

t is also worthwhile to mention that the function from the proof of The-
orem . has the desired property as long as every subset of R of cardinality
less than continuum has measure zero, i.e., when the smallest cardinality
non of the non-measurable subset of R is equal to . ince the equation
non holds in many models of FC in which C fails for example,
it is implied by Theorem . is certainly not equivalent to C . n
the other hand, Laczkovich proved Theorem . by noticing that the
existence of an example as in the statement of Theorem . implies the ex-
istence of such an example as in its proof, i.e., in form of there is
no set [ with satisfying Theorem . if non cov ,
where cov is the smallest cardinality of a covering of R by the sets of
measure zero. t is well known that the inequality non cov is
consistent with FC. eee.g. [8.

discussion of a similar problem for the functions | [ and
the -times iterated integrals can be found in a paper of hipman [
The same paper contains also two easy FC examples of measurable func-
tions | Rand R [ for which the iterated integrals
exist but are not equal. Thus, the restriction of the above problem to the
non-negative functions is essential.

nother classical result arises from a different theorem of ierpinskiof 8.
or . ierpinski [, 8 . te ntin ptei

ld tentereeit a et R cardinalit ¢ ntin c toatit
i ae | [ ran ¢ ntin R



The set  from the original proof of Theorem . is called Sierpin i
et and it has the property that its intersection with any measure
zero set  is at most countable.!  nother set that satisfies the conclusion of
Theorem . , known as in et see| 8 or|[ ,property C ,is defined
as an uncountable subset  of R whose intersection with any meager
set is at most countable. The existence of a Luzin set is also implied
by C . n fact, the constructions of sets and wunder the assumption
of C are almost identical you list all measure zero sets F  meager
sets as and define , respectively as a set

where R (U ) The choice is possible since, by C , the family

is at most countable implying that its union is not equal to R.
t is also easy to see that this construction can be carried out if cov
and its category analog cov in case of construction of . The sets
constructed that way are called generalized ierpinski and Luzin sets, re-
spectively, and they also satisfy the conclusion of Theorem . independently
of the size of . ince many models of FC satisfy either cov or
cov for example, both conditions are implied by it has been a
di cult task to find a model of FC in which the conclusion of Theorem
fails. t has been found by . . illerin 8§ .

or . .. dller | . ereeit a del elter
in  ic T ever et R cardinalit tereeit ac ntin
netin R | c tat | [

n his proof of Theorem . iller used the iterated perfect set model,
which will be mentioned in this paper in several other occasions.

ome of the most recent set-theoretic results concerning classical prob-
lems in real functions are connected with a theorem of Iumberg from

or . lumberg [ . 7 ever R Rtereeit adene
et R ¢ tatt eretricti n t i ¢ ntin

The set constructed by lumberg is countable. n a quest whether
it can be chosen any bigger ierpinski and ygmund proved in the
following theorem.

This approach was used in the paper 137, while the Luzin set approach in the
paper 138 . Since they are published in the same year, the priority is not completely clear.
However in the list of Sierpinski’s publications printed in 143 paper 137 precedes 138,
suggesting its priority.

The construction of such a set, under CH, was published by Luzin in 1914 103 . The
same construction had been also published in 1913 by Mahlo 105 . But (as is not unusual
in mathematics) such a set is commonly known as a Luzin set.
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or . ierpinski, ygmund [ . eree it a nctin R
R e re tricli n 1 di ¢ ntin T an et R cardi
nalit
Theorem . immediately implies the following corollary, which shows

that there is no hope for proving in FC a version of the lumberg theorem
in which the set  is uncountable.

orollar . ierpinski, ygmund [ . te ntin ptei

ld tentereeit a nctinm R R ¢ tat 1 di ¢ ntin

ran nc nta le et R

The proof of Theorem . is a straightforward transfinite induction di-
agonal argument after noticing that every continuous partial function on R
can be extended to a continuous function on a set.

Corollary . raises the natural question about the importance of the

assumption of C in its statement. s it consistent that the set in lum-
berg Theorem can be uncountable Can it be of positive outer measure, or
non-meager

The cardinality part of these questions is addressed by the following the-
orem of aldwin from

or . aldwin [ . artin i ld t en rever nc

ti n R R and ever in nite cardinal n er tereeit a et

R ¢ tat 1 ¢ nltin and 7 den e ie a
cardinalit r ever n n trivial interval

Thus under the size of the set  is clear. y Theorem . it cannot

be chosen of cardinality continuum at least for some functions , but it can
be always chosen of any cardinality less than
ne might still hope to be able to prove in FC that for any the set

can be found of an arbitrary cardinality . owever, this is false as well, as

noticed by several authors . ruenhage in see Recaw [, Thm
helah in see [ and the author of this survey unpublished .
or [ . ereeit a del na el a

en del in ic terei a nctin R R dc i dic ntin
nan nc nta le et R

The category version of a question on a size of  has been also settled in
the paper of helah | mentioned above.



or .1 helah | . ereeit a del in  dic T

ever nctin R  Ritereeit a et R ¢ tat 1 ¢ ntin
and i n ere ea er ie i nmn eaer rever n n trivial
interval

The measure version of the question is less clear. t has been noticed by

rown in that the precise measure analog of Theorem . cannot be

proved. This has been also noticed independently by . Ciesielski, whose
proof is included below.

or 11 rown| . ereeit a nctin R R ¢ toat
1 di ¢ ntin r ever et R 4 i n ere ea re er

ie c tat a p itive ter ea re 1T ever n n trivial interval

r Let be a partition of R such that is a dense set

of measure zero and is nowhere dense for each . efine R R

by putting for . Now, is discontinuous for any dense

R which is nowhere measure zero.

ndeed, if R is dense and nowhere measure zero then there exists an

. Now, if every open set  containing intersects for

infinitely many  then is discontinuous at . therwise, there is an

open set  containing and intersecting only finitely many S. 0, we

can find a non-empty open interval such that . ut this
means that has measure zero, a contradiction.

owever, the following problem asked by einrich von eizsacker [
roblem R a remains open.

robl 1. it ¢ nitent t at ever ncti n R R i ¢ ntin
n e et R p dtive ter ea re

ther generalizations of lumberg s theorem can be also found in a
survey article [ . ee also recent papers [ and [ 8.

nother problem that is related in character to the lumberg s theorem
is the following.

et R 1 ea e ence ar itrar  ncti n
ati te v et e a et R r ic tereeit a
e ence pcnverentpint i e n
Clearly such a subsequence can be found for any countable R. sing
this fact elly [ proved in that an nded e ence n t ne

real ncti n ¢ ntain a p int i e ¢ nver ent e ence. n the other
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hand, answering a question of . aks, in ierpinski | showed that
the Continuum ypothesis implies the existence of a sequence R

[ 1 such that 1 has no pointwise convergent subse-
quence for any uncountable R. The necessity of additional set the-

oretical assumptions in the ierpinskis construction was recently noticed
by Fuchino and lewik [ who showed that the size of  having the prop-

erty under consideration is characterized by the splitting number s T
an R it san e ence R | 1 a a

e ence c nverentpint i e n ever T an R it ]
tereett a e ence [ 1 1 mn pint ie c nver ent

e ence For the definition of the splitting number, see e.g. |

n the past few years a lot of activity in real analysis was concentrated

around symmetric properties of real functions.  ee Thomson | . Recall
that a function R R is symmetrically continuous at R if
lim

and is approximately symmetrically differentiable at if there exists a
set R such that is a Lebesgue density point of R and that the
following limit exists

lim

This limit, which does not depend on the choice of a set , is called ¢ e

appr i ate etric derivative at and is denoted by . e
will say that hasa c ¢ nta le etric derivative at and denote it
by if the set  in the above definition can be chosen to be countable.

ne of the long standing con ectures with several incorrect proofs given
earlier, some even published was settled by Freiling and Rinne in 88 by
proving the following theorem.

or .1 Freiling, Rinne [ . R Ri ea rmaleand ¢
t at r all Rten i ¢ ntant al t ever  ere
The importance of the measurability assumption in Theorem . was

long known from the following theorem of ierpinski of

or 1 ierpinski | . te ntin ptei Id ten
tereeit anmn e rale nctin R R ic 1 a c¢ aracteri tic
ncti n e et r ic r all R



n fact, in | Theorem . isstated in a bit stronger form from which
it follows immediately that the theorem remains true under , if the co-
countable symmetric derivatives are replaced by the approximate
symmetric derivatives . owever, neither Theorem . nor its ver-
sion with can be proved in FC. This follows from the following two
theorems of Freiling from

or .1 Freiling[ . te  ntin ptei ail ten T
ever ncti n R R it r all Rteeeit a
¢ ntale et c tat 1+ cntant nR

Thus the existence of a function as in Theorem . is in fact equivalent

to the Continuum ypothesis.

or .1 Freiling [ . ti ¢ nitent it t at rever nc
tin R R it r all Rtereeit a ea re er
et c tat 1 cntant nR

ore precisely, Freiling proves that the conclusion of Theorem . fol-
lows the property that is ust a bit stronger than the inequality non
cov . Compare comment following Theorem

nother direction in which the symmetric continuity research went was
the study of how far symmetric continuity can be destroyed. First note
that clearly every continuous function is symmetrically continuous, but not
vice versa, since the characteristic function of a singleton is symmetrically
continuous. owever, it is not di cult to find functions which are nowhere
symmetrically continuous. For example, the characteristic function of any
dense amel basis is such a function.*  ow much more can we destroy
symmetric continuity

n the non-symmetric case probably the weakest bilateral version of

continuity that can be defined is the following. function R R is
ea I ¢ ntin at if there are sequences and such that
lim lim

This notion is so weak that it is impossible to find a function R R
which is nowhere weakly continuous. This follows from the following easy,
but a little surprising theorem.

Co-countable symmetric derivatives are replaced by co- symmetric derivatives and
the theorem is proved in FC.

In fact, a Hamel basis can be chosen to be both first category and measure zero.
Thus can be measurable and have the Baire property.
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or A [8p.8 . wer netin R Ri eal ¢ ntin
ever ere mntec ple ent ac ntale et

natural symmetric counterpart of weak continuity is defined as follows.

function R Ris eal etricall ¢ ntin at  if there is a
sequence such that
lim
owever, the symmetric version of Theorem . badly fails there exist
nowhere weakly symmetrically continuous functions which are also called
ni r | anti etric  ncti n . Their existence follows immediately

from the following theorem of Ciesielski and Larson from

or .1 Ciesielski, Larson [ . ere et a ncti n
R N ¢ tatte et

i nite T ever R

The function from Theorem . raises the questions in two directions.
Can the range of be any smaller Can the size of all sets  be uniformly
bounded The first of this questions leads to the following open problem

from [ . ee also problems listed in |

robl . e tere eit a ni r | anti etric ncti n

R R it rane [R ein a nite nded

Concerning part a of this problem it has been proved in by Ciesiel-
ski [ that the range of a uniformly antisymmetric function must have at
least elements. Compare also | 8.

The estimation of sizes of sets ~ from Theorem . has been examined
by om ath and helah in , leading to the following two theorems.

or 1 om ath, helah [ . e  ntin pteiie 1w

alentt t ee itence a nctin R N ¢ tatte et

a at t ele ent r ever R

A uniformly antisymmetric function : R 0 1 has been recently constructed by
S. Shelah.



or Nl om ath, helah [ . 1 ten
terei n ncti n R N ¢ tatte et

a at t ele ent r ever R

Theorem . 8 suggests that the converse of Theorem . should also be
true. owever, this is still unknown, leading to another open problem.

robl . e tea pti n t at 149 pl tattereeit a
ncttn R N ¢ tatte et

a at t ele ent 1 ever R
For the positive answer is implied by Theorem . 8. lIso, it is
consistent that 1 and there exists R N such that each
has at most elements. This follows from another theorem of om ath
and helah [ , Thm . eealso a paper [  of Ciesielski related to this
sub ect.
n fact, the proof of Theorem . gives also the following version for

functions on R

There exists a function R N such that the set

R

is finite for every R .
This statement is related to the following recent theorem of . chmerl,
which solves a long standing problem of rdos [ , roblem . . ee
also a survey article [ for more on this problem.

or . chmerl | . ereeit a nctin R N ¢
t at ran ditinct Rt allt e val e

and aren te al

Thus, this theorem says, that there exists in FC a countable partition of
R such that no three vertices spanning isosceles triangle belong to
the same element of the partition.
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classic lik r sults

Consider a function 1 from R onto R . y a well known
theorem of eano from 8  see e.g. | such an  can be continuous.
owever, it is not di cult to see that it cannot be differentiable. t follows
easily from the fact that every differentiable function = R R satisfies the
anach condition , i.e., the set 1 is uncountable has Lebesgue

measure zero. eee.g. [, Chap. , P- . Thus, oraynein 8
considered the following question can function 1 be chosen in
such a way that at every point R either 1 or is differentiable The

surprising answer is given below.

or d orayne [ . e ntin ptei 1 e ivalent
t teeitence a ncti n 1 r R nt R c tat at
ever p int Reit er 1 r i di erentia le

The proof of this theorem is based on a well known theorem of ierpinski
[, roperty 1 from that C is equivalent to the existence of a
decomposition of R into two sets and  such that all horizontal sections
of and all vertical sections of are at most countable. t is also worthwhile
to point out that the function  from Theorem . is not a eano curve,
since it is not continuous. n fact orayne proves in the same paper that for
such an 1 it is impossible that even one of 1 or  is measurable.

Next, recall that if two continuous functions R R agree on some
dense set R then they are equal. oes the statement remain true if
the clause agree on is replaced by | [ Clearly not, as
shown by Q and any two different rational translations of the identity
function.  hat about finding some more complicated set R for which
the implication

if | [ then

holds for any continuous and ven this is too much to ask, as recently
noted by urke and Ciesielski [ , Remark . . n the other hand, the
following theorem of erarducci and ikran an from gives a positive

consistent answer to this question in the class of continuous nowhere con-
stant functions. function is nowhere constant if it is not constant on any
non-empty open set.

or . erarducci, ikranan| . te ntin ptei Ild
tentereett a et R called magic ¢ tat rever c ntin
n ere ¢ n tant ncti n R R

i [ ten



The construction of a magic set given in [ is done by an easy diagonal
transfinite induction argument and uses only the assumption that less than
continuum many meager sets do not cover R. n particular, C can be
replaced by in Theorem

xamining the problem of existence of a magic set in FC urke and
Ciesielski noticed the following properties of a magic set.

or . urke, Ciesielski [ . Ri a aic etten

a i den e and n ere ea er
b | [ r ever ¢ ntin R R

n fact part b of Theorem . is ust a remark if there were a contin-
uous R R with | [ then it could be easily modified to a
nowhere constant function such that | R, and the functions and

would give a contradiction. ut b shows that there is no magic
set of cardinality continuum in the model from Theorem . , the iterated
perfect set model.  lthough it was noticed in [ that in this model there
exists a magic set clearly of cardinality less than , Theorem . was used
by Ciesielski and helah as a base in proving that magic set cannot be
constructed in  FC.

or . Ciesielski, helah [ . erei a del in ic
a ever et R cardinalit le t an i ea er
b rever et R cardinalit ¢ ntin t eree it ac ntin
netin R R ¢ tat | [
n partic lar t erei n  aic etint 1 del

The magic sets for different classes of functions have also been considered.
urke and Ciesielski [ studied such sets which they call et ran e
ni ene  for the classes of measurable functions with respect to abstract

measurable spaces with negligibles. n particular, they proved the following
theorem concerning the Lebesgue measurable functions.
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or . urke, Ciesielski |
a cov t nder r tentereett a et R
it teprpert tat T ever ea rale mnctin R R

ic aren tcntant man et p itive ea re
i [ ten al  tever ere

b ere i a  del m  ic a et r part a de nteit

The model satisfying Theorem . b is a modification of the iterated
perfect set model and was constructed by Corazza | in 8 . nceagain it
satisfies property b of Theorem . , while part a isreplaced by cov

t has also been proved by urke, Ciesielski, and Larson that for the class

L of differentiable functions the existence of a magic set can be proved in

FC.

or . urke, Ciesielski [ . eree it a et R ¢ tat

T ever Ly ere ¢ n tant ncti n R R

i [ ten

Note also that the existence of a countable magic set a convergent sequence
for the class of analytic functions has been proved already in 8 by ia-
mond, omerance, and Rubel [ . owever, not all convergent sequences
form a magic set for this class.

For the following consideration recall that a function R Ris ar
or a te ar pr pert if [ is connected for every connected
subset  of R . Thus, in case of arboux functions are precisely

the functions for which the ntermediate alue Theorem holds. The class of
arboux functions will be denoted here by ~ with clear from the context,
usually
The class of arboux functions has been studied for a long time as one of
possible generalizations of the class of continuous functions. Clearly every

continuous function is arboux.  owever, it has some peculiar properties.
For example, it is not closed under addition. n fact, in Lindenbaum
[ noticed without a proof that every function R R can be written
as a sum of two arboux functions. For proofs, see [ . This
theorem has been improved in several ways. rdos [  showed that if

is measurable, both of the summands can be chosen to be measurable.

nother improvement was done by Fast [ in who proved that for

every family  of real functions that has cardinality continuum there is ust
one arboux function such that the sum of with any function in  has
the arboux property. The natural question of whether such a universal



summand exists also for families of larger cardinality has been studied by
Natkaniec | and lead to the development described in ection
problem that is in some sense opposite to the existence of a universal
summand is for which families  of functions there is a universally bad
arboux function , in the sense that the sum of with any function in
does not have the arboux property. n irchheim and Natkaniec
addressed this problem for the class  of continuous nowhere constant func-
tions.

or . irchheim, Natkaniec [ . nin le tan an

ea er et R i ea er t nder r tentereeidt

a ar ncti n R R ¢ tat i nt ar T ever
c ntin n erecntant nctin R R

The problem whether the additional set-theoretic assumptions are nec-

essary in this theorem was investigated in by omath [ and was
settled in by teprans.
or . teprans [ 8 . t i cmnitent it t at 1 ever
ar ncti n R R tereeit ac ntin n  ere ¢ n tant
nctim R R ¢ tal ¢ ar

model having this property is the iterated perfect set model. Note

also that in Theorem . the restriction to the nowhere constant functions
is important. This has been proved independently by T. Natkaniec in
his paper [ and by . teprans in the paper mentioned
above .
or . Natkaniec [ , teprans|[ 8 . r  ever ar
nctin R Rtereeit ac ntin nncntant ncttin R
R ¢ tat i ar

To state further results recall the following generalizations of continuity.
function R Risal tc ntin in the sense of tallings if each
open subset of R R containing the graph of contains also a continuous
function fromR toR|[ . Function R R a aperectr ad at R
if there exists a perfect set  such that is a bilateral limit point of and
is continuous at [ . The classes of all almost continuous functions
and all functions having a perfect road at each point are denoted by C and
R, respectively. t is easy to see that C for functions on R
and that the inclusions are strict see e.g. [ , where stands for the class
of all continuous functions. e will also consider the class of Sierpin i
nd S ncti n, i.e., functions R R whose restrictions
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are discontinuous for all subsets  of R of cardinality continuum. That is,
functions from Theorem

The classes and R recently appeared in a paper of ari|
who constructed in  FC a function R. nswering a question
posed by ar i the following theorem has been proved recently by alcerzak,
Ciesielski, and Natkaniec.

or d alcerzak, Ciesielski, Natkaniec [

a Rinta nin le t anc ntin an it ea er et

t nder r tentereeit an R C

b ere i a  del in  ic ever  ar nctin R R
1 ¢ ntin n e et  cardinalit ¢ ntin n partic lar in
ti del e ave C

The model satisfying Theorem . b is, once again, the iterated perfect

set model.

nother generalization of continuity is that of countable continuity a

function R Ris i ¢ ntal c ntin if there exists a countable
partition ; of R such that the restriction of to any is contin-
uous. ee also ection . n ar i gave the following combinatorial

characterization of this notion.

or A1 ari| . te ntin ptedt ld
t en
R Ri ¢ ntal ¢ ntin i and nl i rever mnc ntale
et Rt erei an nc ntale et ¢ tatt eretricti n
1 ¢ nlin

The characterization cannot be proved in FC. This follows from
a result of Cichon and orayne [ from 88 which implies that in some
models of FC actually, when and 1, where is the dominating

number is false. owever, it is not known, whether the equivalence

can be proved in absence of C | leading to the following open problem.

robl . s from Theorem . equivalent to the Continuum y-
pothesis

nother recent theorem concerning countable and symimetric continuities
is the following theorem of Ciesielski and zyszkowski, answering a question
of L. Larson.



or .1 Ciesielski, zyszkowski [ . ereeit a etrica

Il ¢ ntin ncti n R R ¢ tat r e et R cardi
nalit ¢ ntin 1 Sierpin 4 nd t pe ie i dicn
tin ran et cardinalit ¢ ntin

n partic lar 1 n tc ntal c ntin

e will finish this section with the following two interesting results. The

first one was proved independently in 8 by rande and Lipinski and
in by harazishvili.

or N rande, Lipinski [ , harazishvili [ . te

ntin ptei ld tentereeit ann ea rale mnctin

R R ¢ tat 1 ever ea ra le R R tec p itin
1 ea rale

This theorem has important consequences concerning the existence of

solutions of the differential equation in the class of absolutely
continuous functions. n alcerzak [ showed that in Theorem
the C assumption can be weakened to non . owever, the following

problem remains open.
robl . Can Theorem . Dbe proved in FC

n fact, all functions  satysfying Theorem . are of the form , where
is a partial function from R to R. t is worth to mention here that,
by [, rop. . , the property considered in roblem implies that no
with R R can satisfy Theorem . . imilarly, the property
considered in the following stronger version of roblem implies that
from Theorem . cannot be of the form for a function from R
into R.

robl . itcnitentt at r ever et R p itive ter
ea re and ever  ncti n Rtereeit a et p itive
ter ea re c¢ toat 1 ¢ nlin

The second result is the following theorem of R. . avies.

or 1 avies [ . Lt e ntin ptei Id ten r
ever R Rtereeit nctin R R c tat

2.
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robl [ , roblem . . s the conclusion of Theorem
equivalent to C

Note that Theorem . is related to ilberts roblem from his
famous aris lecture of and a theorem of olmogorov, in which
he proves that every continuous function | R can be represented

in a certain form similar to the above by continuous functions of one
variable. 1 interesting account on this and related results can be found in
a 8 paper of precher |

ardinal unctions in anal sis

The important recent developments in set theoretical analysis concern

the cardinal functions that are defined for different classes of real functions.
These investigations seem to be analogous to those concerning of cardinal
functions in topology from the sand 8 s. e [8, ,8,
They are also related to the deep studies of cardinal invariants associated
with different small subsets of the real line. For a summary of the results
concerning cardinals related to the measure and category see [ or [8 . For
a survey concerning cardinals associated with the thin sets derived from
harmonic analysis see | 8.

The first group of functions is motivated by the notion of countable conti-

nuity and was introduced in by .Cichon, . orayne, . awlikowski,
and . oleckiin[ . ore precisely, they define the dec  p iti n function

dec for arbitrary families R and UR R , where
stands for the set of all functions from  to .

dec min

where denotes the family of all coverings of R with at most many sets.
n particular, if  stands for the family of all continuous functions from
subsets of R into R then

R R is countably continuous if and only if dec

n [ the authors considered the values of dec for 1,
where stands for the functions of -th aire class.

The motivation for this definition comes from a question of N. N. Luzin
whether every orel function is countable continuous. This question was
answered negatively by . .Novikov see eldys[8 and was subsequently
generalized by eldys [8 in ,and . . dian and . . Novikov |

in 8 . The most general result in this direction was obtained in late

8 sby . Laczkovich see Cichon, orayne | who proved, in partic-
ular, that dec for every 1



ne of the most interesting results from the paper [  is the following
theorem.

or .1 Cichon, orayne, awlikowski, olecki |
cov dec
ere cov i t e allet cardinalit a ¢ verin R ea er et
and ted inatin n er i te alle t cardinalit a d inatin
a il ie c tat r ever tereeit it
t has been also shown by . teprans and . helah that none of these

inequalities can be replaced by the equation.

or . teprans | . b1 cnitent it t at
cov dec 1
or . helah, teprans | . ti cmnitent it t at
dec 1

There are also some interesting results concerning the value of dec L

where ! is the class of all partial differentiable functions. t has been
proved by orayne see teprans|[ , Thm . that

or . orayne [, Thm . . cov dec

lIso, teprans proved that

or . teprans | . ti cnitent it t at
dec
owever, the relation between numbers dec ,dec 1 anddec
for 1 is unclear.
n the same direction, . Ciesielski recently noticed that obviously
cf dec

and that it is the best that can be said in FC.

Recall that for we write *if there exists an such that ( )
() for every
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or . Ciesielski |
r ever it cf tereeit a del m ic
and dec
r ever it cf tereeit a del m ic
and dec cf cf
n fact, happens in a model obtained by extending a ground model

with C by adding many Cohen reals. The equation dec
follows immediately from Theorem
The model for is obtained as follows. ou start with a model with
C , assume that cf and take an increasing sequence
cofinal with  and such that each is a cardinal succes-
sor. The desired model is obtained by a generic extension via forcing
which a finite support iteration of forcings , where each is a standard
cce forcing adding the artins xiom over the previous model and making

The second group of cardinal functions is defined in terms of algebraic
operations on functions. Their definition was motivated by the following
property of arboux functions from R to R due to Fast and mentioned in
the previous section

for every family R with
there exists R such that for every ,

where denotes the cardinality of . n ellum [8 proved the
similar result for the class C of almost continuous functions and in
Natkaniec | defined the following cardinal functions for every R
to study these phenomena more closely.

min { R R }

min { R R }

min { R R }

min { R R }

The extra assumption that is added in the definition of  since

otherwise for every family R containing constant zero function  we

would have .
ts easy to see that the functions and  are monotone in a sense that
and for every R . lIso clearly is
false for R . Thus, in language of the function  the results of Fast
and ellum can be expressed as follows

C



f so, under the eneralized Continuum ypothesis C  the

values of C and are clear C . Thus,
Natkaniec asked [ | p. seealso[ , roblem  whether the equation
C can be proved in FC.
This question was investigated by Ciesielski and iller in . They
proved that C , that the cofinality cf of is greater
than , and that this together with the inequalities is essen-

tially all that can be proved in FC.

or . Ciesielski, iller [
a C ere
min
cf
¢ et e cardinal ¢ tatcf 1 and 1 re lar
en it i relativel ¢ n i tent it tatt e mntin pt
et 1 tre and
d et eacardinal ¢ t atct 1 eniti relativel ¢ n i tent
it tatt e ntin ptei ld and
n particular Theorem . says that does not have to be a regular car-
dinal part d and that can be any regular cardinal number between
and , with  being arbitrarily large part c
t the same time Natkaniec and Recaw established the values of C
and proving
or . Natkaniec, Recaw [ . C cf

The first systematic study of functions and  was done by Ciesielski
and Recaw in the later part of . They collected basic properties of
operators and , which are stated below, and found the values of and

for some other classes of functions.

ro osition . | . et R en
and
1
1 and nl 1 R
i T ever R
i and nl 1 1 1 R
In 44 this was proved with the additional assumption that . This extra

assumption was removed by F. Jordan in 79 .
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n particular, from roposition . shows that every function is a differ-
ence of two functions from a class  if and only if .

To state the other results from [  recall the definitions the following
classes of functions, where is an arbitrary topological space.

Conn of ¢ mnectivit ncti n R, i.e., such that the graph of
restricted to that is [ R is connected in R for every
connected subset  of

xt of e tenda le mncti n R, i.e., such that there exists a con-

nectivity function [ R with for every

C of perip erall ¢ ntin ncti n R, i.e., such that for every

and any pair and R of open neighborhoods of

and , respectively, there exists an open neighborhood  of with

cl and [bd , where cl and bd stand for the
closure and the boundary of , respectively.

e will write Conn, xtand C in place of Conn |, xt ,and C
if R. Notice also, that C if and only if is weakly continuous,

as defined on page
For the generalized continuity classes of functions from R into R defined

so far we have the following proper inclusions , marked by arrows

ee |

C¢C — Conn ——
xt C
R
Chart

n particular, inclusions C  Conn , monotonicity of  and Theo-
rem . a imply that Conn C . imilarly, Theorem .8
implies that ~ Conn C . The values of and  for the

remaining classes are as follows.

or .1 Ciesielski, Recaw |
xt R
C
xt R



Notice also that xt C R Comn R R R. Thus, by
monotonicity of and the above theorem we obtain the following corollary.

orollar .11.
C R Conn R R and
C R Comn R R
The values of functions and  for the class has been studied by
Ciesielski and Natkaniec. First they noticed that if the definition of  from
page is used then trivially , since for any function R
with ] 1 ‘ we have for every R . Thus, they modified
the definition of to

min { R }
N

ith this agreement in place they proved the following result.

where

or .1 Ciesielski, Natkaniec |

a d ere

d min
b et e cardinal ¢ tatct 1 and 1 re lar
en it 1 relativel ¢ n i tent it tatt e mntin pt

ei i tre and

c et e a cardinal ¢ t at cf 1 en it i relativel
cnitent it t att e ntin ptedi ld and

owever, the following problems remain open.

robl [ , roblems . and
a itcnitentt at
b an e a in lar cardinal

nother systematic study of the operator was done by F. ordan
in . 1 his study he examined the values of where R
and classes  are chosen from those discussed above. Notice that
has the following very nice interpretation
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is the smallest cardinality of an R such that R,
where . To make this study non-trivial
ordan notes first that the value of does not determine the value of
or 1 ordan [ .  rever cardinaln  er t ere
et R c t at and
n partic lar t ere e i t a ilie R c tat and
This paper [  contains also the following results, where for a cardinal
number and functions we define |
and |
or .1 Ciesielski [ , Thm. . C 1
or 1 ordan |
R xt
Conn C ere
min [
[
C Conn ere
min [
[
t en and n partic lar
Conn C
and
Conn C
and T e cardinal t en n partic lar
C C
The importance of the extra assumptions in and of Theorem

is not clear. n particular, the following problem is still open.

robl . end e eit er T ld

This part was proved by K. Ciesielski.



Note also that and of Theorem . , and Theorem . imply
immediately the following corollary.

orollar .1  ordan |
et e cardinal ¢ tatct 1 and 1 re lar
en it i relativel ¢ n 1 tent it t at and
C C
et e a cardinal ¢ t at cf 1 en it ¢ relativel
cnitent it t at and
C C

Finally, the following three classes of functions have been brought to this
picture.

C of functions R  Rhavingthe ant r nter ediate al e 1 pert
i.e., such that for every R and for each Cantor set  between
and there is a Cantor set between and  such that
[
C of functions R R having the Str n  ant r nter ediate al e
r pert , i.e., such that for every R and for each Cantor set
between and there is a Cantor set  between and such
that | and is continuous
C of functions R R having the ea ant r nter ediate al e
r pert , that is, such that for every R with

there is a Cantor set between and such that

[

They fit Chart in the following way. ee ibson, Natkaniec |

C—— Conn——
—_— xt C
C —C — R
C
Chart arboux like functions.

Clearly the above inclusions, monotonicity of and , and Theorem
imply immediately

C C and C C

The values of functions and  for the class C , and for the classes
formed by the intersections of with each of the remaining classes men-
tioned above were not studied too carefully so far.  owever, obviously
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C implying
C C

Iso, it follows from Theorem . that

it is consistent that ,

while also
it is consistent that R C
stronger version of this last inequality follows also from the following
recent theorem of . anaszewski and Natkaniec.
or 1 anaszewski, Natkaniec |
C n partic lar C C
nin le tan an  ea er et Ri eaert nder

and ten C C

n particular,
it is consistent that C C

and

C

This last inequality has been recently improved by F. ordan, who proved
the following.

or .1 ordan [8 . C n partic lar
C R
T ever R c tat C R

This theorem gives the value of  for many classes that can be obtained
intersecting classes from Chart and

ome of the di culties of studying operators and  for the intersec-
tions C C and C C is that there is relatively little known
about these classes. For example, although Theorem . implies that
consistently these classes are different, a FC example was unknown until
the following very recent theorem of Ciesielski.

or .1 Ciesielski| . ereeit an Cc C ic 1
di ¢ ntin n ever perect et n partic lar C
Iso the only example of an c C xt results from the following

recent theorem of Rosen. ee also [  for a generalization.



or . Rosen | . te ntin ptei Ildtentere
ettt an c C xt

n fact, the conclusion of Theorem . remains true under the assumption
that union of less than continuum many meager sets is meager. owever,
the problem of existence of such a function in FC remains open.

everal other operators similar to and  have also been studied. Thus,
in Natkaniec | introduced the following operators connected to the
composition of functions, where Const stands for the family of all constant

functions.

C min{ R R  Const }
C min{ R R Const }
e proved also the following.
or . 1 Natkaniec |
C xtx C C C R
C C C Comn C cf
C C
C xt C C C Conmn C
Cc C C R C C
imilar functions have been also studied by Ciesielski and Natkaniec |
C min R
C min R
where is the set of all R for which there exists R such
that , respectively . n fact, the classes and
have the following nice characterizations
{ R ] | for every R}

and, when is a regular cardinal,

{ B R

n[ the authors proved that
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or . Ciesielski, Natkaniec |
C
C 1 T e cardinal
C i 1 re lar
cf C i 1 in lar
Iso, in a recent short survey paper | Natkaniec evaluated the values
ofoperators , ,C andC for the class Cofal tc ntin ne
tin in en e ain, i.e.,such R  Rthat ! int cl !
for every non-empty open set R.
or . Natkaniec [
C
C cov ere cov 1 t e allet cardinalit a
a il ea er et t at c ver R
C C and C C

ome other cardinal operators connected with composition and concern-
ing some kind of coding were also studied by Ciesielski and Recaw [
Ciesielski and Natkaniec [, and Natkaniec |

nother variant of function is connected to the families of bounded
functions. To define it properly the following notation is necessary. For a
Let stand for all uniformly bounded families R , and let be the
class of all bounded functions R R. Then we define

min
n aliszewski | proved that

cf

so that . oreover, he proved that if , all functions
in are measurable have aire property , and the size of is less than the
additivity of measure category then there exists a universal summand
bounded function for  with the same property. imilar results were also
proved for countable families of orel measurable functions of class when
and for finite families of aire one functions.

The values of  for the other classes of functions from Chart has been

investigated by Ciesielski and  aliszewski [ . n particular, they proved



or . Ciesielski, aliszewski |

xt R

C Conn cf

C
Notice also that Theorem . implies immediately the following corollary.

orollar . Ciesielski, aliszewski [
ver nded ncti n R Ri te t nded al t
c ntin ncti n
eree it a nded nctin R R dc i ntte t

nded ncti n it per ect r ad

n particular, Corollary . generalizes a result of ariand umke |
that every bounded function can be expressed a sum of three bounded al-
most continuous functions. n the other hand Corollary . shows that

the following result of Natkaniec is sharp.

or . Natkaniec [ 8 . wer nded ncti ncan ee pre ed
a a t ree nded e tenda le ncti n

t might be also interesting to examine a bounded version of , defined
as

min
owever this function has not been studied so far.
ne might also consider the study of the operator  and for the func-
tions from R into R with . This has indeed been done by Ciesielski
and o ciechowski in [ . The study concerned only the classes xt R
CR .,ConmR , R ,and CR since other classes from Chart do

not have natural generalizations into functions of more than one variable.

First, one should recall that for Chart is not valid any more. The
new inclusions for are as follows
xt R CR Conn R R CR

R CR CR R R CR Conn R
The inclusion C R Conn R was proved by amilton [ and
by tallings [ , and the inclusion Conn R CR by agan|
The proof of the inclusion Conn R CR is presented in |
The examples showing that R CR and CR R can
be found in [ , xamples .. and .. or [ , =xamples . and

, while a simple aire class function in R CR Conn R
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was described in [ 8, xample . e do not know whether the inclusion

xt R C R is proper.

The problem with studying the value of the operator for all these classes
except for C R is that there exists a function R R which is not
a sum of arboux functions, implying that

xt R CR Conn R R

owever, every function R R is a sum of extendable functions.
To express these results nicely, define for R " the repeata ilit
of  as the smallest integer such that any function R R can be
expressed as a sum of functions from . e put if such

a number does not exist. n this language the results of Ciesielski and
o ciechowski can be stated as follows.

or . Ciesielski, o ciechowski |
xt R Conn R CR
Clearly Theorem . implies that R . The problem stated
in [ whether this equation can be replaced by the equality has been

recently solved by F. ordan.

or . F. ordan [8 . 7 ever tereeitt a aire cla
ncti . R R idc 2 nta ar ncti o n partic
lar
R
The value of C R isclearly equal to , since Natkaniec | proved
that CR . This fact has been recently improved by F. ordan,
who proved
or . F. ordan [8 . 1 ever
CR C

n [8 F. ordan considers also the following version of additivity function
for the classes  of functions from R into R

min ({ R " holds} {  })

where 1 and denotes the statement



This function makes a good generalization of both functions  and
since

if and only if for some
and
1 for any R such that
Thus, the following theorem generalizes Theorems . a, . .
and . 8.
or . F. ordan [8 . 7 ever
1 xtR 1 Conn R 1 CR
1 R
R R ran c tat

Notice also, that in the language of  operator the results from Theo-

rem . and Corollary . can be expressed by the equation
xt C C R
where is the natural generalization of  for the class of bounded func-
tions.
o 1 nts o to olog
Let and  be arbitrary sets. For arbitrary families and
, where stands for the collection of all subsets of a set
define
! ! for every
and
[ for every

f families and are the topologies on  and |, respectively, then !

is a well known ob ect the class of all continuous functions from to
imilarly a class of measurable functions with respect to an algebra

of subsets of  is equal to !, where is an appropriate topology
on .
n both these approaches one starts with families of sets and and
obtain, in return, a family of functions. ut what if a class of functions

is given to begin with hen can we find families
and such that Loor nd how nice can these

families be, if they exist
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These questions have been studied recently by several authors. To talk

about their results, let us fix the following terminologies. e say that a
family can be

¢ aracteri ed i a e et if for some families

and

¢ aracteri ed — prei a e et if L for some families

and
tpl iedif L' for some topologies on and on
¢ aracteri ed  a ciated et if R and L for some family
and R R .

From all these notions only the problem of characterizing by associated
sets has been extensively studied. Clearly, all classes of continuous func-
tion from a topological space  into R considered with the natural
topology can be characterized by associated sets. o can be the family of

-measurable functions from  into R, for any -algebra  of subsets of

owever, there are also many examples of classes of functions that do

not admit such a characterization. n fact, the real interest in the charac-
terizations of functions by associated sets has been initiated by the

paper of ahorski | , in which he tried to characterize derivatives from

R to R in that way. Today we know that derivatives cannot be charac-

terized by associated sets any class  that can be characterized that way

has the property that for every and every homeomorphism
R R however derivatives do not have this property. ee ruckners
book [ on this sub ect. Compare also [ . This negative result has

been followed by several others, in which the authors prove that the follow-
ing classes of functions from R to R cannot be characterized by associated
sets ruckner [ | , Conn . Cristian, . Tevy [ , 8 , C

ellum[8 , 8 , xt Rosen|[ and the remaining classes from
Chart  Ciesielski, Natkaniec [ .

The question about topologizing different classes of real functions has
been first systematically studied in early s by Ciesielski in [ .1 e
starts with the following theorem listing basic properties of classes that can
be topologized. n the theorem C stands for the set of complex numbers,
for the class of linear functions , for the natural topology
on R, and id for the identity function from  to

See also 1969 paper of Mrowka 113 on characterizing functions by associated sets.
According to 123 already in a 1988 manuscript 150 Tartaglia proved that the class
of all derivatives cannot be topologized.



or .1 Ciesielski [ . et 1 and etetpl ie n et

and  re pectivel and let 1 i te e tpl n
enerated t at ean enerated te a il
1 t en
i Const 11 and 1
g and id t en 1
iii 4 R and t en i cl ed nderte ai and
i perati n
iv i i ¢ tatid and r all and
t en ! ere i atpl enerated 1
i partic lar 1 tan e a a etat 1 a t et
call ¢l ed 1t pl
v o1 id and i cl ed mndertec p itin ten
1
vi 1 R C and ten 11 a 1tpl
vii 4 R C and ¢ ntain t  n ne pt di int
et ten 14 a dr
viii 4 R and ever i ar t en 11 ¢ nnected
ix 1 R and cntain anne pt et ic a
eit er pper rl er nd t en 1

f all these properties only 1iii needs a little longer but still easy argu-
ment. Note also, that i1 shows, that in order to topologize some family,
only the search for the range topology is essential. Condition v shows that
the question when topologies 1 and  can be chosen equal is answered by
the following corollary.

orollar . Ciesielski [ . et can et pl iedt en
r etpl n 1 and nl 1 id and i cl ed
ndert ec p iti n perati n

Next, from Theorem . conditions iii , vi and ix Ciesielski con-
cludes the following fact

or . Ciesielski [ . et ea a il real ncti n cl ed
nder ¢ p itt nand c¢ t at can etpl tedt en
i cl ed nderte ai and ini perati n

which easily leads to the following corollary

orollar . Ciesielski| . ecla e in nitel  an i e
di erentia le ncti n ti e di erentia le mncti n  and
nceti n it ¢ ntin t derivative cann t et pl i ed e a e
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i troe enintea wve e replace di erentia ilit it etric di
erentia it  appr 1 ate di erentia it etric appr ¢ ate di er
entia ilit appr i ate di erentia ilit 1 etric — appr 1 ate di

erentia ilit
The definitions of all classes of functions from this, and the next corollary
can be foundin |  andin [ 8.

ith a little more effort he also concludes

orollar . Ciesielski| . e Il in cla e cann t et pl ied

t ecla all derivative "t e a r i cla e r

t ecla all etricall etricall appr 1 atel r etricall
appr i atel ¢ ntin nceti n t e cla all ar ncti n

t e cla all ea rale mnctin and t e cla all  ncti n avin

t e aire pr pert

From the positive side, paper [ contains the following deeper result.

or . Ciesielski [ . et e cardinal
it and let e a pr per ideal n ¢ ntainin all in let n
Ild t ent erei a a dr ¢ nnected andl call ¢ nnected
tpl n it teprpert tat rever a il Const
¢ t at Const and

r ever di tinct

e ave
1
ere 1 enerated te a il 1 pl
i ¢ nnected and | call ¢ nnected t1i al a dr pr vided
eparate p int
re ver it 1 cmnitent it te et ter tatte

tpl ite and arec pletel re lar and aire

pplying Theorem . tothe -ideal  of the first category subsets of R

and using the fact that for any different harmonic functions R R
we have int we can conclude that the class of
all harmonic functions R R can be topologized.

nother -ideal that can be used with Theorem . is the ideal of at
most countable sets. ince for any two different analytic functions
we have , we can also conclude the following corollary.

See also 150 .



orollar . Ciesielski [ . ld tenterei a a dr
¢ nnected and | call ¢ nnected t p 1 nR rC ¢ tat ran
a il Const  anal tic ncti n e ave
1
ere t enerated te a il 1 re
ver 1 ¢ nnected and | call ¢ nnected and iti a d r pr vided
eparate p int
ti al cmnitent it tatallt eetpl ie arec
pletel re lar and aire
Notice also, that if the family  in Corollary . 1is closed under the
composition and id , then, by Theorem . v, L. ecan

write this in the form of next corollary, where stands for the family of all
analytic functions and  for the family of all polynomials.

orollar . Ciesielski [ . ld and i a a il real
ncti n ic i ¢l ed ndert ec p iti nand ¢ t at id Const

tentereeit a a dr ¢ nnectedandl call ¢ nnectedt p 1
1

nR rC c tat n partic lar t ere e i t a
linear t p 1 a pln datpl and an anal tic t pl
ic are a dr ¢ nnected and | call ¢ nnected ¢ t at
and r ic ! ! and !
re ver it 1 c n i tent it tatallt eetpl ie are

¢ pletel re lar and aire

The following questions in these sub ect are open.

robl 1 Ciesielski |

Can we prove Theorem . or any of the Corollaries . , or .8 without
any additional set-theoretical assumptions
Can topologies from Theorem . or any of the Corollaries . , or .8

be normal Lindelof hereditarily Lindelof compact metrizable

The general problem of characterizing classes of functions by preimages
of sets in a sense defined above has been studied only in two papers

[ and [ . npaper [ Ciesielski proves the following theorem, which
generalizes a similar result of reiss and Tartaglia |
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or . Ciesielski [ . et R ea a i cardinalit le
tan re alt and let R e c¢ tat
¢ ntain all ¢ n tant ncti n
and
[R ran n ncn tant R ic i adi erence t
nctt nor
entereeit a a il R cardinalit le t an re alt
c tat
ere 1
Clearly the family of all derivatives satisfies the above conditions
. Thus, using the theorem with and  equal to the family

or of orel functions we obtain the following corollary.

orollar d . ereeit a a il R c tat and
or

ere

owever, the following stronger characterization of is also described

in [ ,where i stands for the class of arboux aire one functions.
or A1, eree il a ern tein et R ¢ tat
1 R
ere U 1
and ! R
Note that by Corollary . the families and in Theorem . cannot

be topologies. Iso, they cannot be algebras

or .1 Ciesielski [ . Loy e a ilie and
et Rtenneiter nr c¢ntein ¢ lIltane | an ne pt
pr per et R and it ¢ ple ent R

n partic lar neit er nr i anal e ra
The following problem remains open.
robl 11 Ciesielski | . Can the family in Corollary . or Theo-

rem . consist of any kind of regular sets like Lebesgue measurable, orel,
or sets with aire property



n interesting discussion concerning characterizations of the derivatives
can be also found in a recent article of Freiling |

The problem of characterizing by preimages of sets families from Chart
has been recently addressed by Ciesielski and Natkaniec.

or .1 Ciesielski, Natkaniec |

e cla e xt  C Conn C C and C
cann t e c aracteri ed  prei a e et

e cla e R and C can e c aracteri ed prei a e et
a Lo ein tenat ral t p | n R ever t e can

neit er et pl iedn r ec aracteri ed a ciated et

The problem of characterizing a family of functions by images of sets was
first studied by elleman for the class of continuous functions from R
to R.

or 1 elleman [

ere 1 te a il all ¢ nnected et R
and te a il all ¢ pact et R
cann t e ¢ aracteri ed T ae et

Note that a family from Theorem . 1is ust the family of arboux
functions.

Theorem . has been recently generalized by renas and uertas |
Theorem . has been essentially generalized by Ciesielski, ikran an
and atson in [ . n this paper the authors list a basic properties of
classes that can be characterized by images of sets, which is similar in avor
to Theorem . . Then, they prove the following generalization of Theo-
rem

or .1 Ciesielski, ikranan, atson|[ . ra ¢ n tp
I ical pace t e cla R all ¢ ntin ncti nor
t R can e c aracteri ed 1 ae et © and nl 1 1 a di crete
pace

They also remarked that there is a compact subset R , a Cook con-
tinuum, for which Const id , and so, it can be characterized
by images of sets.

For the classes of functions from R to R, their generalization of Theo-
rem . appears as follows.

or .1 Ciesielski, ikran an, atson | . R are
c t at tenterei anmn e rale nctin
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This, in particular, implies the following corollary.

orollar .1 Ciesielski, ikran an, atson|[ . eit er te Il

m cla e neti n r Rt R can e repre ented a T an
R
t e cla pper rl er e ic ntin ncti n
t e cla derivative
t e cla appr i atel c¢ ntin ncti n
t ecla aire cla ncti n
t e cla rel ncti n
t ecla ea rale mnctin

They also noticed that the class of arboux functions can be characterized
by images of sets. t is defined that way.

t has been also recently noticed by Ciesielski and Natkaniec [ that in
Theorem . the clause non-measurable cannot be replaced by without
the aire property. ore precisely, they proved

or .1 Ciesielski, Natkaniec [ . et ere
i den e in R and R 7 an interval
en 1 ¢ ntin n a den e et

n partic lar a t e aire pr pert and

ere tand rte cla ncti n R R 4 te aire
pr pert

Finally, Ciesielski and Natkaniec [ proved that it is impossible to char-
acterize by images of sets the classes ., and of functions from R
to R with the aire property. They also proved the following theorem.

or .1 Ciesielski, Natkaniec [ . e cla e C
C and  can e ¢ aracteri ed i ae et ever t e re
ainin cla e r art cann t e repre ented t at a

The following problem in this area remains open.



robl 1 Ciesielski, ikran an, atson[ . an an te

Il i cla e real nctt n e repre ented a
e cla all linear ncti n
e cla allpln ial
e cla all real anal tic ncti n
e cla mn nitel an ti e di erentia le ncti n
e cla ti e di erentia le nctt n it

nother interesting problem loosely related to real functions, but having

the same avor that the topologizing question has concerns the existence

of a topology on a given set , often the real line, satisfying the best

possible separation axioms, for which a given ideal -ideal of subsets of
consists precisely of sets that are nowhere dense or first category in

Ciesielski and asinski [ obtained several positive results in this
direction under some additional set-theoretic assumptions. The problem
was also investigated in the papers | by Rogowska and [ by alcerzak

and Rogowska.

There are also many interesting theorems concerning different classes of
functions R R, where R is equipped with some abstract topology
refining of the natural topology. survey of some recent results in this
direction can be found in the last issue of the Real nalysis xchange |
The topologies on R that were most studied in this aspect in recent years are

the -density topology defined in 8 by ilezynski | and the deep
-density topologies defined in 8 independently by azarow | , and by
oreda and agner- o akowska [ . These are category analogues of the

density topology. The survey of the results in this direction can be found
in a monograph of Ciesielski, Larson and staszewski [ 8 . n particular,
see [ or[8, ec. . forsome set theoretic results and open problems
concerning these topologies.

1 nts o asur t or

The Lebesgue measure, being a function from family of subsets of R
into | , is not of the form R R, so it does not lie directly in
a scope of this article.  owever, it is certainly one of the main tools of
real analysis and many results concerning its generalizations have a deep
set theoretical context. Therefore, a short section concerning the newest
developments in this area has been added to this paper.

n accessible survey concerning different extensions of Lebesgue mea-
sure can be found in the 8 athematical ntelligencer article [ of

. Ciesielski. The best survey concerning universal i.e., defined on R
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countable additive extensions of Lebesgue measure can be found in the
survey article of . . Fremlin [ . Thus, we will concentrate here only
on the newest developments, that concern isometrically invariant extensions
of Lebesgue measure. ee also . Laczkovich survey article | on this
sub ect.

Recall here, that by the theorem of anach there is a finitely addi-
tive isometrically invariant measure R [ extending Lebesgue
measure, while such a measure on R does not exist by a famous anach-
Tarski aradox

the ball R and the cube R  of arbitrary volumes are
isometrically equivalent, i.e., there is a finite partition , of
and isometries ; of R such that | , forms a partition

of

There were two famous problems around this sub ect. The first one, due to

arczewski, was whether the pieces ; in the anach-Tarski aradox
can have the aire property. The answer to this question, surprisingly
positive, was obtained by ougherty and Foreman in

or .1 ougherty, Foreman [ 8 . ran an t nded
nn eaer et R 4t t e airepr pert arei etricall e v

alent it piece auvin t e aire pr pert

The second famous question was the Tarski s circle-squaring problem ¢

a circle R t e mit area e valent t a are R t e mit
area  Note that if the areas of and  were different, then anach s
theorem of would immediately imply the negative answer. owever,

the answer to Tarskis circle-squaring problem is positive, as proved by
Laczkovich in

or . Laczkovich [ . n t et R avin te a e
area and ein nded rdan ¢ rTve are g etricall e 1valent

The other class of isometrically invariant extensions of Lebesgue measures

on R concerns countably additive extensions. n ierpinski asked,
whether such an extension can be maximal. The negative answer to this
question was given in by . . harazishvili[8 for andin 8
by Ciesielski and elc [ for arbitrary . Comparealso|[ , ,

or . Ciesielski, elc|[ . 7 ever and ever ¢ nta l
additive ©  atricall invariant e ten @ n [ te ee e

ea. re nR tereeit aprperc ntal additivei  atricall invari
ant e ten i n [



weak side of this theorem was that the extension of was only by new
measure zero sets so, in a way, trivial. This has been recently improved by
akrzewski, who showed

or . akrzewski [ . T ever and ever c¢ ntal
additive ¢ atricall invariant e ten i n [ te ee e
ea re nR tereeit ac ntal additivet  atricall invariant e
ten i n [ c t att ecan nicale eddin e
ea r1eal e ra de ned e | [ i nt rective

akrzewski s proof is based on a construction of harazishvili [88 from
, which was known earlier to imply Theorem . for
any interesting results concerning invariant extensions of Lebesgue mea-
sure can be also found in 8 book of harazishvili [8
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