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Abstract

A finite latin square is am x n matrix whose entries are elements of the{det .., n} and no
element is repeated in any row or column. Given equivalence relations on the set of rows, the set of
columns, and the set of symbols, respectively, we can use these relations to identify equivalent rows,
columns and symbols, and obtain an amalgamated latin square. There is a set of natural equations that
have to be satisfied by an amalgamated latin square. Using these equations we can define the notion
of an outline latin square and it follows easily that an amalgamated latin square is an outline latin
square. Hilton (Math. Programming Stud. 13 (1980) 68) proved that the opposite implication holds
as well, that is, every outline latin square is an amalgamated latin square. In this paper, we present
a generalization of that result to infinite latin squares with the sets of rows, columns and symbols of
arbitrary cardinality.
© 2005 Published by Elsevier B.V.
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1. Preamble

The study of amalgamations of various simple finite combinatorial structures has been
pursued by the present authors and others (see for exdire—13,15,16] Hilton on
this theme concerned latin squafé$ (see[7] for a clearer account) and is the one that
we extend to the infinite case in this paper. The proof in the case of finite latin squares
is not particularly difficult, but the proofs for some of the other finite structures are most

E-mail addressesA.J.W.Hilton@reading.ac.ufA.J.W. Hilton), jerzy@math.wvu.ed(. Wojciechowski).

0012-365X/$ - see front matter © 2005 Published by Elsevier B.V.
doi:10.1016/j.disc.2003.09.016


http://www.elsevier.com/locate/disc
mailto:A.J.W.Hilton@reading.ac.uk
mailto:jerzy@math.wvu.edu

68 A.J.W. Hilton, J. Wojciechowski / Discrete Mathematics 292 (2005) 67 —81

complicated, and the results themselves are quite deep. It may well be that, in the infinite
as well as in the finite case, the first relatively easy result is the precursor of a number of
deep and difficult results—perhaps only time will tell.

Inthe infinite case, the obvious analogue of the conditions in the finite latin square case are
all there, but there is one further condition, “well-distributedness”, that has to be included.

2. Introduction

Let X, Y, Z be disjoint sets. Aatin systentan be thought of as the complete tripartite
graphG with sidesX, Y, andZ with partition of its edge-set into triangles. Amalgamated
latin systemis then a tripartite multigraph together with a partition of its edge set into
triangles. For fixed partitions of each of the sides, Z, we can define a multigrapf’
obtained fromG by identifying vertices in each part (for each of the sides) into a single
“big” vertex. We use the convention thatardinal number is equal to the set of all ordinal
numbers smaller tham and that acardinal numbeiris an ordinal numbes such that any
ordinal number smaller thamhas a smaller cardinality. We denote dbythe first infinite
ordinal number.

Let Card be the class of cardinal numbe@ard™ be the class of positive cardinal
numbers anard® be the class of infinite cardinal numbers.

LetX,YandZbe sets. Given a subsgt € X x Y x Z, we say that” is alatin systenif

HxeX:(x,y,z) e L} =1 foreveryyeY andz € Z,
HyeY:(x,y,z) e L} =1 foreveryx € X andz € Z,
HzeZ:(x,y,z) e ¥} =1 foreveryx € X andy €Y.

Note that for a fixedt € X the condition thatx, y, z) € % defines a bijection betweeh
andZ, implying that|Y| = | Z|, and similarly we can conclude that all the s¥t& andZ
have the same cardinality. ¥ =Y =Z ={1, 2, ..., n} for some positive integerand we
interpret the elements ofas labels of the rows of am x n)-matrix A, the elements of as
the labels of the columns éfand the elements &f as the entries o4, then a latin system
Y € X x Y x Z corresponds to the familiar notion of a latin square (&g Another
way of looking at a latin syster¥ C X x Y x Z is to interpret it as a partition of the set
of edges of the complete tripartite graph with sie¥, andZ of the same cardinality into
triangles.

In the finite case the notions discussed in this paper (of outline and amalgamated latin
systems) are considered in detai[ T, where some examples are given. This paper is self-
contained, but to understand it, it may help to loof7tfirst. For set-theoretic concepts
see[14].

Using the tripartite graph interpretation, an amalgamated latin system (defined formally
later) can be thought of as being obtained from a latin system X x Y x Z by partitioning
each of its sides in some way (independently for each side) and then identifying the vertices
in each of the parts into a single “big” vertex. At the same time we preserve each of the edges
and the partition of the edge-set into triangles; the new endpoints of an edge are the “big”
vertices that contain the old endpoints. A system that is obtained in this way can be described
formally by considering setX’, Y/, andZ’ of “new” vertices that are obtained from the
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setsX, Y, andZ, respectively together with four functions. Three of these functions, with
domainsX’, Y’, andZ’ respectively and with values @ard ™, describe how “big” each of
the “new” vertices are, that is how many “old” vertices they contain. The fourth function
¢: X' x Y’ x Z' — Card describes the distribution of triangles so tifdt:, b, c) gives
the cardinality of the set of triangles with verticas, andc. There are obvious cardinality
conditions that have to be satisfied by these functions. A system defined by assuming these
conditions will be called an outline latin system. Now we will present the formal definitions.
Givenasef, aweightdistributioronAis afunctionf: A — Card™.If ¢p: XxY xZ —
Card, then the quadrupléX, Y, Z, ¢) will be called a 3weighted systerand the mapp
will be referred to as 3veight
Letf, g, hbe weight distributions on the setsY, Z, respectively, and ldt = (X, Y, Z, ¢)
be a 3-weighted system. We say tlhais an( f, g, h)-outline latin systenif

Z ¢(x,y,z)=g(y)h(z) foreveryyeY andz e Z,

xeX
Z $(x,v,2) = f(x)h(z) for everyx € X andz € Z,
yeY
Z ¢(x,y,2)= f(x)g(y) foreveryx e X andy €Y.
z€Z

Note thatif¥ C X x Y x Z is a latin system andg is the characteristic function of, i.e.
¢: X xY xZ—{0,1}with ¢(x,y,z)=1ifandonly if(x, y, z) € &, then(X, Y, Z, ¢)
is an(f, g, h)-outline latin system wher¢g = 1,¢ = 1 andh = 1.

We will define the process of obtaining an outline latin system from a latin system more
generally, namely we will allow the original system to be an outline system as well. This
more general definition will be needed later in the proofs.

LetI'= (X, Y, Z, ¢) be an(f, g, h)-outline latin system, and: X — X', : Y — Y/,

v: Z — Z' be surjections. Théx, 5, y)-amalgamationof I' is the 3-weighted system
E=(X'",Y', Z', ) where the 3-weighy is defined by

Yayva= Yy Y d@bo.

aca1(x) pepL(y) cey @)

Itis easy to see that the, f3, y)-amalgamatiorE of I" is an(f’, g’, h’)-outline latin system
where

ffo= Y f@, dy= )Y &b, K@= Y ko),

aco1(x) bef(y) cey1(z)

foreveryx € X',y e Y andz € Z'.

If ¥ € X xY x Zisalatinsystemand: X — X', :Y - Y,y:Z — Z
are surjections, then the, f3, y)-amalgamatiorof % is the(«, 5, y)-amalgamation of the
correspondingl, 1, 1)-outline latin systeni’= (X, Y, Z, ¢), (where¢ is the characteristic
function of ¥). Explicitly, the («, f, y)-amalgamatiorof % is the 3-weighted systerf =
(X', Y, Z', ) where the map satisfies

Yx,y,2) =170 @ 1) x B x 77 LH@)),
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foranyx € X',y € Y andz € Z'. A 3-weighted systeniX, Y, Z, ¢) is anamalgamated
latin systenif it is an amalgamation of a latin system.

As we remarked before, any amalgamation of an outline latin system is an outline latin
system itself, hence in particular, any amalgamated latin system is an outline latin system.
To be more precise, € = (X', Y’', Z’, ) is the(a, B, y)-amalgamation of a latin system
¥ C X xY x Z, thenZ is an (f, g, h)-outline latin system wherg (x) = |« 1(x)],
gy =11y andh(z) = |y 1(z)| foranyx € X',y € Y/ andz € Z'.

Hilton [5] (see[7] for a clearer account) proved that in the finite case the converse of
the above statement holds as well. Namely, he proved the following theorem about latin
squares.

Theorem 1. LetI' = (X, Y, Z, ) be an(f, g, h)-outline latin system. If the sets X Z
are finite and the functions, h take finite valugghenI” is an amalgamated latin system
i.e. there are setX’, Y’, Z’, surjectionsz: X' — X, :Y — Y,y: Z' — Z and a latin
system¥ C X’ x Y’ x Z’ such thatl" is the(x, f3, y)-amalgamation of”.

In this paper, we are going to generalize Theorem 1. The following theorem is a special
case of our generalization.

Theorem 2. LetI'=(X, Y, Z, yy) bean(f, g, h)-outline latin system. If two of the functions
f, g, h take only finite valueghenI is an amalgamated latin system

Before we state the complete generalization of Theorem 1, let us remark that Theorem 2
becomes false if we allow two of the functiofisg, & to take infinite values. Consider the
following examples.

Example 3. Let X =Y = Z = Z, and letf, g, h be the weight distributions on the sets
X, Y, Z, respectively, such that(x) = g(y) = w foranyx € X andy € Y, andh(z) =1
foranyz € Z. Defineyy: X x Y x Z — Card by

_Jo ifx+y=z
Yix,y,2) = {0 otherwise.
ThenI'= (X, Y, Z, ) isan(f, g, h)-outline latin system, but it is easy to see thas not
an amalgamated latin system.

The following example is a generalization of Example 3.

Example 4. Let Abe aninfinite cardinalX =Y =Z =, andy, g, h be weight distributions

on the setsX, Y, Z, respectively, such thagt(x) = g(y) = A foranyx € X andy € Y,
andh(z) < Aforanyz € Z. Lety: A x 1 — 4 be a map such that for evesy § < 4 there
arey, 6 < 4 such thatj(a, y) = f and#n (9, o) = f5. (It is easy to see that such a functipn
exists. At the end of this example we will give a construction of such a function.) Define a
3-weighty/: X x Y x Z — Card by

A if n(x,y) =2z,

Yx,y,2)= {0 otherwise.
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ThenI'= (X, Y, Z, ) is an(f, g, h)-outline latin system, but it is easy to see thas not
an amalgamated latin system.

Now we will show one possible way of constructing the functipriet {X1, X2} be a
partition of A (that is, the set of all ordinals less thansuch thaf X;| = | X2| = 4, and let
11, T2 be bijections fromX 3, X, respectively, ontd. Definen by

t1(0) if o, f € X1,
t2(0) if o, f € X2,
t1(f) if o€ Xoandf € X,
2(f) if € X3 andf € Xo.

n(, f) =

Examples 3 and 4 show that in order to generalize Theorem 1 we need to add an extra
condition to the definition of an outline latin system.

Let I' = (X,Y, Z, ¢) be a 3-weighted system anfl g, # be weight distributions on
X, Y, Z, respectively. We say thdt is well X-distributedf for everyy € Y andz € Z we
have

> min(f(x), ¢(x, y, 2)) = max(g(y), h(2)). 1)

xeX

The notions ofwell Y-distributedand well Z-distributed3-weighted systems are defined
in a similar way. A 3-weighted systeri = (X, Y, Z, ¢) is well distributedif it is well
X-distributed, wellY-distributed and welZ-distributed.

It is easy to see that any amalgamated latin system is well distributed. Inde&d+-let
(X,Y, Z, ¢) be an(f, g, h)-outline latin system that is an amalgamation of a latin system
Y C A x B x C. We will show thatz is well X-distributed. Given any € Y and
z € Z (assuming, say, that(y) >%(z)) let c be any element of "1(z), that is an “old”
vertex that was amalgamated into the “new” verze€onsider all the triangles of the latin
system¥ where one of the vertices tsand another was amalgamated igtdlhere are
g(y) = max(g(y), h(z)) such triangles. Any two such triangles that are distinct must have
different vertices insidé\. The number of such triangles with vertices amalgamated into
somex € X is at most mif(x), ¢(x, v, z)), implying that the required inequality is
satisfied.

Assume thaE = (X, Y, Z, ¢) is an(f, g, h)-outline latin system. We can easily observe
that in such a case fd to be well X-distributed it is enough to assume only that (1) is
satisfied for every € Y andz € Z such thaig(y) =h(z) € Card® since in the remaining
cases the inequality is satisfied anyway. Indeeg(yf) > (z), andh(z) is finite, then

f(x)}m, for everyx € X,

h(z)

wherel/n = / for any 4 € Card®, implying that

S min(F00, by, > 3 P82 )~ maxte (), b,

xeX xeX h (Z)
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Now assume thai(y) > h(z) € Card® and, by way of contradiction, that
> min(f (), plx,y. ) =D min(f(x), p(x.y,2) <g1),
xeX xeX

where

X={xeX:dx y2=>1.
Let

X1={xeX: f(x)<h(z)} and Xo={x € X: f(x)>h(z)}.
Since mir(f (x), ¢(x, y, z)) >1forx € X, it follows that

X1l <IX] < g

Moreover f (x)h(z) = h(z) < g(y) for x € X1, so

> F@h@) =1X11h() < g().

xeXi

Sinceg(x, y, 2) < f(x)h(z) = f(x) for x € X2, we conclude that

g =gMh@ =) ¢y, =) ¢x .2

xeX xeX

= > ¢ y.0+ Y dx.y.2)

xeX1 xeXo

D FWhG) + Y min(f ). ¢(x. y.2)

xeXq xeX

<gM+gy»)=g®»

N

which is a contradiction.
The outline latin systems in Examples 3 and 4 are not amalgamated latin systems since
they are not well distributed. The following theorem is the main result of our paper.

Theorem 5. Letl'=(X, Y, Z, ¢) be awell-distributed f, g, h)-outline latin system. Then
I' is an amalgamated latin system

Note thatifl" is an(f, g, h)-outline latin system and at least two of the functigihg, &
take only finite values, theh' is well distributed. Hence, Theorem 2 is a special case of
Theorem 5; Theorem 2 could be proved more directly, but we omit such a proof.

To prove Theorem 5 we will be splitting each of the vertices of a well-distributeg, /)-
outline latin square one by one into the required number of vertices making sure that at each
intermediate step we have a well-distributed outline latin square. To split, say, a vertex
x € X, we will be considering the bipartite multigrajih with sidesY andZ obtained
from the tripartite graph corresponding to our outline latin square by taking those edges
that belong to a triangle with vertex Since we want to replacewith f(x) vertices, we



A.J.W. Hilton, J. Wojciechowski / Discrete Mathematics 292 (2005) 67 —81 73

need to decide how to distribute the triangles that heas a vertex between the copies of
X. There is a natural one-to-one correspondence between such triangles and the edges of
the bipartite multigrapid, so what we need to do is to colour the edge®afith f(x)
colours in a suitable way. To get such a colouring we will first temporarily split each of
the vertices oD to get af (x)-regular graph, apply an edge-colouring lemma, and finally
identify the vertices to get back the original verticeofThe main difficulty in this proof
will be in getting the proper splitting of the verticesdf That is where we will be using the
extra assumption that our outline latin square is well distributed. This splitting process will
follow from a general result, Theorem 6 in Section 3, about splitting vertices in bipartite
multigraphs.

The proof of Theorem 5 will be given in Section 5.

3. Vertex-splitting in bipartite multigraphs

A bipartite multigraphis a quintupleD = (Y, Z, L, &, {) whereY, Z andL are disjoint
sets, and, { are maps fronk into, Z, respectively. The elements BfU Z are thevertices
of D and the elements @f are theedgesof D. We say that the edgeof D is incidentwith
y e Y (withz € Z)if E(e) =y (if {(e) = z), and that the edges, ¢2 of D areadjacentif
they are distinct and incident with the same verteloff y € Y andz € Z, then|é‘l(y)|
and|C’l(z)| are thedegreef y andz, and

Ly, ={eec L:¢i(e)=y and{(e) =z}.

If [L,;|<1 foreveryy e Y andz € Z, then we say thaD is abipartite graph Given
A € Card, we say that a bipartite graphsregular if every vertex has degree

AssumethaD=(Y, Z, L, ¢, {) is a bipartite multigraph, and thgts a functionfr UZ —
Card™. We say thaD has ag-splittingG = (M, W, L, &', {) if Gis a bipartite graph such
that

M:U v, W:U v,

veY veZ

with |, | = g(v) where¥, N ¥, = @ for every distinctv, w € Y U Z, and&’(e) e o)
{'(e) € Yy, foreverye € L.
Now we will state and prove our main auxiliary result on bipartite multigraphs.

Theorem 6. LetD = (Y, Z, L, &, {) be a bipartite multigraphg: Y U Z — Card™, and
/. € Card™ be such that the degree of everg Y UZ is ig(v). Then there exists &regular
g-splitting of D if and only if the following two conditions are satisfied

1. Foreveryy e Y andz € Z we havg L, | <g(y)g(2).
2. If 1 € Card®, then for every € Y U Z with g(v) = 4 we have

> min(g(2), [Ly) =4

zeZ
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whenv € Y, and

> min(g(y), Ly, ) =2

yey

whenv € Z.

Proof. Let us first prove that the two conditions are necessanpfto have ai-regular
g-splitting. Assume tha = (M, W, L, &', () is ag-splitting of D with

M=U v, W=U v,

veY veZ

Since the first condition is obviously satisfied, we are only going to prove the second
condition. Ify € Y andv € ¥,, thenv is adjacent irG to 4 vertices inW sinceG has no
multiple edges. On the other hand, for eacg Z, the number of vertices it¥', adjacent

to v cannot be larger than eithgtz) or [L;|. Therefore

Y ming(2), Ly >4

2eZ

If A € Card®™ andg(y) =/, then

A=g(MA=Y_ |Ly|= > min(g(). |Ly:]) =1,

zeZ zeZ

and so we have equality.

Now we are going to prove that the two conditions are sufficienDftw have al-regular
g-splitting. Let us assume that the conditions are satisfied. To prove the existende of a
regularg-splitting of D we can do the splitting in two stages, splitting the verticeéfinst
and the vertices iiZ later. Note that it is enough to show that it is possible to split each
vertex inY so that if we think of the obtained skt as a new version of with g(y) =1
for everyy € Y, then eachy € Y will have degreel = g(y)/4 and both conditions will be
still satisfied. Since, by symmetry, the splitting operation can be applied to the vertices in
Z (with g(y) =1 for everyy € Y), it will follow that we can do both stages of the splitting
obtaining al-regular bipartite multigraph with the value@being 1 for every vertex. Since
this multigraph will satisfy the first condition, it will be a graph.

Let us now show that the splitting dfdescribed above is possible. Since there are no
interactions between vertices, itis enough to define the splitting for one veriteX\ia shall
need only to make sure that the multigraph we obtafansgular on th&-side, satisfies the
first condition, and satisfies the second condition onZséde. The second condition will
be satisfied on thé-side since the functiog will take the value 1 only, and thus the second
condition will be satisfied vacuously on theside. To ensure that the second condition
is satisfied on th&-side, we note first that it is satisfied on theside at the beginning.
Therefore it will be satisfied at the end provided that, in cageCard®, when splitting
y € Y we ensure that:

(¥) everyz e Z with g(z) = Ais joined to mir{|L,.|, g(y)} of the new vertices replacing
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Fix y € Y and letu = g(y). Our general strategy to obtain a splittingyc$atisfying the
required conditions will be to distribute the edgesZip,, for eachv € Z, as equally as
possible between the new vertices replaginget ¥, be a set of cardinality. We want to
redefine the values @fon .., L,; replacing the old valug with elements off'y.

First assume that > p € Card®. Let

={ze€Z:|Ly|>w and Z"={ze Z:1<|Ly,| < pu}.

For eachz € Z’ defineé on L, so that its inverse image on every elementfgfis a set
of the same cardinality, <g(z). This is possible sinci. .| <ug(2). If [ U.czv Lyz1> 1,
then|Z”| > u and we can partitiorZ” into setsZ;, i € I, of cardinality u. Defineé on
U, ez~ Ly: so that its restriction tg J,.,. Ly is a bijection onto?¥, for everyi € I. If
IU.cz» Ly:z| < u, then defineZ so that its restriction t¢ J..,» L, is an injection, and set
I =¢. Then the degree of eache ¥, is equal to) .., k. + |I|. This number must equal
A since/ > p and the degree of was equal tolg(v) = ul. Moreover, for eacly € Z’
we have at mosg(z) edges between andz and for eacht € Z” we have at most 1 edge
betweerv andz. It is clear that conditiorix) also holds so the splitting gfsatisfies all the
required conditions.

Now assume that bothandu are finite. Let

Z={z€Z:|Ly|>1}.

Then

L= =

zeZ

ULy

zeZ

is finite, implying thatZ is finite. LetZ = {zo, z1, ..., z+}, and leteg, e, .. s €1 be
an enumeration of the sgj_., L. such that all the elements of,;, are Ilsted first, then
all the elements oLVZl, and so on. Definé on U ez Ly; by settingé(e;) = a;mogy for
everyj € {0,1,..., ui—1}, where¥, ={ao, as, ..., a,—1}. Then every vertex o', has
degreel. It is clear that the required conditions are satisfied.

Next assume that € Card® andy is finite. Let

={ze€Z:|Ly|eCard™} and Z'={z€ Z:1<|Ly,| <w}.

For eachr € Z’ defineé on L, so that its inverse image on every elementfgfis a set
of cardinality|Ly.|. If ||J.c,» Ly:| is infinite, thenZ"” is infinite and we can partitioz”
into setsZ;, i € I, of cardinalityw. Giveni € I, let

Zi = {Zi,()v Zi,ls .. '}1 Li = U L}‘Z,"j'
Jj=0

Lete; 0, ¢;,1,... be an enumeration of the skt such that all the elements d&f,,  are
listed first, then all the elements @&f;., ,, and so on. Defin€ on (J,.;» Ly by settlng
E(ei,j) =ajmody foreveryi e I andj < w, where¥, ={ag, a1, ..., ay1}. If |J.cz» Lyl
is finite, then letZ” = {zo, z1, ..., z,}, and leteg, e1, . . ., ¢, be an enumeration of the set
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U.cz» Ly, such that all the elements &f;,; | are listed first, then all the elementsiof_
and so on. Defin€ on| J..,» Ly, by settingl(e;) = ajmoq, for everyj € {0,1,..., p}.
Setl =¢. Then the degree of eache ¥, is the same andis equal}o__,/ |Ly;| + wlI|.
This number must be equalisince/ is infinite andu is finite and the degree givas equal
to A = A.Moreover, for each € Z’' we havelL .| < ug(z) = g(z) edges between andz
(sinceg(z) € Card®™ for z € Z’) and for eacht € Z” we have at mosf|L,.|/u] <g(z)
edges between andz (where[|L,.|/u] = |Ly,| if |L,;| € Card*, and is the smallest
integer that is greater or equalltb,|/u if |L.| is finite). It is clear that conditiof) also
holds so the splitting of satisfies all the required conditions.

Finally consider the case when> 4 andu € Card®™. Let 0, = min{|L,.|, g(z)} for
everyz € Z. We will show first that) ___, 0, = p. It follows from the second condition
that we need only to prove that equality whes 4 (the argument will be similar to the
argument preceding Theorem 5 in the introduction). Since the degne&sof__, [L,.|
and is alsoig(y) = Au = g, the inequality) __, 0. <u clearly follows. Therefore it is
enough to show thgt’__, 0. > u. If Lis finite, theng(z) >|L,.|// for everyz € Z (where
K/ =k for k € Card®) since the degree dfis g(z) /. Therefore

|Lyﬂ 2: ez I Lyzl A
S0l Balted

2€Z zeZ

Now assume that € Card®, and suppose, by way of contradiction, that ., 0. < u.
Let

Z={ze€Z:|Ly,|>1andg(z)</} and Z={z€eZ: g(x)> i}

Then|Z| < pandg(z)/ =/ < ufor z € Z implying that

Z g(@Ai=|Z|A<p.

zeZ

Since|L,,|<g(z)A=g(z) for z € Z, we have|L,,| <0, for z € Z and so

p=pi= |Ly|=Y [Lyl+ Y |Ly]l
z€Z €7 zez

<Y @i+ Y O.<put+p=u

zeZ zeZ

which is a contradiction proving that .., 0. = u

Now we will complete the proof of this last case /I 1, then defin€ on .., L, so
that itis a bijection ontd . This will clearly satisfy all the required conditions. Otherwise,
let

Z1={z€Z:0,eCard®} and Zy={z€Z:1<0, <w}.

Since}_ ., 0. = u € Card™, either)_ _, 0. =por}_ ., 0.=u(and thenZz| = p).

zeZ
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Supposé .. 7, 0, = . For everyz € Z; the setL, is infinite of cardinality at leadt;,

so there is a partitionL’yz, L’)’,Z} of L, such tha11L’yZ =0, and|LfV’Z| >0,. Let

U'=\Jt, and "= (] L], U] Ly

z€Z1 z€Z1 z€Z>
Since|( .., Ly:| = u, the cardinalities of.” andL” are at mosj. Since
ULz Uil =1 6. =«
z€Z1 z€Z1 z€Z1

it follows that|L'| = |L”| = u. Defineé on L’ U L” so that its inverse image on any element
of ¥, has/ — 1 elements froni’ (wherel — 1= Afor 4 € Card®) and one element from
L.

Letv e ¥,. Then|&~Y(v)| = 1. Moreover, for each € Z1, there are at most

|L;,Z| +1=0,4+1=0,<g(2)

edges between andz, and for eachy € Z there is at most 1 edge betweeandz. Thus
condition 1 is satisfied. To see th@) holds note that it € Z;, then every edge om/;
joinszto a different vertex o', and ifz € Zo, then every edge df,; joinszto a different
vertex of . Since|L’}’,Z| =|L,.| for everyz € Z;, eachz € Z is joined to at leastL .|
of the new vertices replacing Thus the splitting of/ satisfies all the required conditions.
If |Zo] = p, then|Z1 U Zp| = u. Let{Z,: o < 1} be a partition ofZ1 U Z; into 4 sets
of cardinalityu. Then|, .z, Ly:| = p for everyo < /. Define¢ onlJ,., Ly so that its
restriction tOUzeZ, L. for everyo < / is a bijection. Lev € ¥,. Then|é‘1(v)| = Zand,
for eachz € Z, there is at most 1 edge betweerandz (this in particular implies thatx)
holds). Thus the splitting of satisfies all the required conditions and the proof is complete.
O

4. Perfect edge-colourings oft-regular bipartite graphs

Let/ e Card™. A (partial) edge’-colouringof D is a (partial) function;: L — A such
thatn(e1) # n(e2) for any adjacent edges ande; of D that are in the domain of. Given
an edgel-colouringy of D we say thay is perfectif for any vertexv of D and any colour
¢ € A, there is an edge of D which is incident tov and#(e) = c¢. The following lemma
follows easily from a result of Ha[4].

Lemma 7. LetD = (M, W, L, &, {) be a bipartite multigraph. If D is n-regulafor some
positive integer nthen there is a perfect n-colouring of D

Proof. It follows from the condition of Hall for the existence of a perfect matching in a
locally finite bipartite graph that D is ann-regular bipartite multigraph, then it has a perfect
matching. The lemma now follows by induction on [

We actually only use Lemma 7 in the case wikis a bipartite graph. We now give the
corresponding result foi-regular bipartite graphs, including in particular the case when
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A € Card®. Perhaps, we might remark that Lemma 8 is not truelfoegular bipartite
multigraphs in general whehe Card®°. But it is true if the underlying bipartite graph is
also/-regular (essentially the same proof can be used to prove this).

Lemma 8. For any /. € Card™, there is a perfect-colouring of anyi-regular bipartite
graph

Proof. Let D = (M, W, L, &, () be ajl-regular bipartite graph. Because of Lemma 7, we
can assume thate Card®. Without loss of generality, we can assume fhas$ connected
(i.e. between any two vertices there is a finite path). Then the cardinalitiksasfd W

are at most. and |L| = /. Let (x4),-, be a sequence enumerating the elements of the
set(M x A) U (W x 4) U L such that ifx, = (v, f) andx, = (v, f) are elements of
(M x A)U(W x ) with o < o < 4, thenp < . We define, by induction om, an increasing
sequenceéy,), ., of partial edgei-colourings ofD such that the following conditions hold
for everyo < A:

(i) if x, € L, thenx, € domy,,
(i) if x4=(y,7y) € M x A, thenthe setof values of the restrictionygfto é‘l(y) containg,
(i) if x4=(y,y) € W x4, thenthe setof values of the restrictiongfo Cfl(y) containg.

Thus condition (i) ensures that each edge is coloured, and conditions (ii) and (iii) ensure
that each colour occurs on an edge incident with each vertex.
Leto < 4 and assume thaf; is defined for every < a. Let

Ny = U ng-

p<a

Note that ifx = o/ 4+ 1 is a successor ordinal, thgh=1,,.

To definey,, suppose first that, € L. If x, € domy,, then lety, = 1. If x, ¢ domy,,
thenthereis € /suchthabis notavalue ofthe restriction of to &1 (&(x,)) UL (xy)).
Then let

Ny =My U {(x, O)}.

It follows from the inductive hypothesis theyj is a partial edgeé-colouring ofD satisfying
conditions (i)—(iii).

Now assume that, = (y,y) € M x A. If the set of values of the restriction gf, to
é‘l(y) containsy, then lety,, = 1. Otherwise, sinc® is regular, there i8 € f‘l(y) such
thaty is not a value of the restriction of, to C‘l(C(e)). Thusy is not used to colour any
edge incident with either end vertex@fThen let

Ny =1y U{(e, P}

It follows from the inductive hypothesis theyj is a partial edgeé-colouring ofD satisfying
conditions (i)—(iii). If x, = (y, 7) € W x 4, then the definition of,, is similar.
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Itis clear that if(n,),, satisfies conditions (i)—(iii), then

'1=U7711L—>/1

a
P AH

is a perfect edgé-colouring ofD, so the proof is complete.[]

5. Proof of the main result

In this section we prove our main result, Theorem 5, that every well-distributed outline
latin system is an amalgamated latin system. Assumelthat(X, Y, Z, ¢) is a well-
distributed( f, g, h)-outline latin system. To show thatis an amalgamated latin system
we need to split each element BfU Y U Z into a suitable number of elements given by
the functiond, g, andh and distribute the triangles with verticesy, andz between all the
copies ofx, y, andzin a way to get a latin system. We will take care of the elemeni$ of
first, following withY andZ. It is enough to show how to split a single elemenXdfince
there are no interactions between the elemenis of

Letxp € X. The function¢ determines a bipartite multigraph with sidéandZ having
¢(x0, y, z) edges incident ty € Y andz € Z (the setL ;). Since the vertexo will be
splitinto f (xg) vertices, we need to colour the edges of this multigraph Witty) colours;
each colour will correspond to one of the vertices, and the edges of a particular colour class
will be in triangles with the corresponding vertex. This colouring will be defined using a
(g U h)-splitting of this multigraph called a bipartite presentationobver xg. Thus the
splitting for f(xp) is found using a splitting of a corresponding multigraph. This latter
splitting is subsequently forgotten.

A bipartite presentation ofl" over xo is an f(xg)-regular bipartite graphD =
(M, W, L, ¢, ) such that

M= M, w=Jw.. L=] Ly

yeY z€Z yeY zeZ

where|My| = g(y), IW:| = h(2), |Ly:| = ¢(x0, y, 2), {(e) € My, and((e) € W for any
yeY,zeZande € L,;, and all the set3/,, W, L, are mutually disjoint.
The following result follows immediately from Theorem 6.

Lemma 9. There exists a bipartite presentationofover xo.

Proof. Let1= f(xo). LetD = (Y, Z, L, &, {) be a bipartite multigraph such that

t=UJ UL

yeY zeZ

where|L .| = ¢(xo, y,2), {(e) =y, and{(e) =z foreveryy € Y,z € Z,ande € L.
In particular, all the setg , are mutually disjoint. Note that the degree of every Y is
equal to) _., ¢(xo, v, z) = 4g(y) and, similarly, the degree of everye Z is equal to
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Ah(z). Since for every € Y andz € Z we have

$(x0.y,2)< Y p(x, y.2) = g(Mh(),

xeX

it follows that |L,.|<g(y)h(z). Assume that. € Card®. Then for everyy € Y with
g(y) = Awe have

> min(a(2). [Ly:)) = Y min(h(2). ¢(xo. y. 2)) > max(f (xo). g()) = A

2€Z zeZ

sincel is well Z-distributed, and

Y min(h(2), [Ly:N< Y plxo, y,2) = 2g(y) = 4,

2€Z zeZ

SO

> min(h(z), |Ly.]) = 4

zeZ

Similarly

> min(g(y), |Ly:)) =4

yeY

for everyz € Z with g(z) = 4. By Theorem 6 there exists/aregular(g U h)-splitting of
D, hence a bipartite presentationiobver xg, and so the proof is complete[]

Proof of Theorem 5. For eachy € X let X, be a set of cardinality (x), for eachy € Y
let Y, be a set of cardinalitg(y), and for eacht € Z let Z; be a set of cardinalityt(z).
Assume that all the sef§,, Y, Z, are mutually disjoint. Let

X’:U X,, Y’:U Yy, Z’:UZZ.

xeX yeY zeZ

By Lemmas9and8, givene X,thereisabipartite presentatibn =(M~, W*, L, &°, *)
of I overx and a perfectf (x)-colouringn, : L* — f(x) of D,. LetI" = (X', Y, Z, ¢)
be the 3-weighted system such thatiE X, J,: X, — f(x) is a bijection andi € X,,
then

@@, y,2) =L}, Nt (W (@))].

ThenI” is a(1, g, h)-outline latin system such thdt is the («, iy, iz)-amalgamation of
I'’, whereiy andiz are the identity functions o¥iandZ respectively and:: X’ — X is
defined byx(x") = x if x’ € X,.

Repeating the same argument we get nextlal, #)-outline latin systeml” =
(X', Y, Z,¢") such thatl is the (iy, B, iz)-amalgamation of ", whereiy: andi; are
the identity functions orX’ andZ, respectively, an@: Y’ — Y is defined byp(y") = y if
y' € Y,; and then we get finally €L, 1, 1)-outline latin systeni™” = (X', Y’, Z', ¢"") such
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thatI” is the(ix’, iy’, y)-amalgamation of ”” whereiy: andiy, are the identity functions

on X’ andY’, respectively, angt: Z' — Z is defined byy(z') =z if Z € Z,. ThenIis

the(a, B, y)-amalgamation of ””, hence itis thé&w, f8, y)-amalgamation of the latin system

corresponding té””. Thereford is an amalgamated latin system and the proof is complete.
O
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