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Abstract. Let M = (M;),cr be a system of matroids on a set S. Following the ideas of
Nash-Williams [7], for every transfinite sequence f of distinct elements of S, we define a
number 7(f). We prove that the condition that n(f) > 0 for every possible choice of f is
necessary for M to have a system of mutually disjoint bases. Further, we show that this
condition is sufficient if R is countable and M. is a rank-finite transversal matroid for every
r € R. We also present conjectures about edge-disjoint spanning trees and detachments
of countable graphs.



1. Introduction.

Let S be a set and let M be a family of subsets of S. We say that M has finite
character if a set A belongs to M if and only if any finite subset I of A belongs to
M. We say that M is a matroid on S if M is a non-empty family of subsets of S
satisfying the conditions:

(I-1) If A€ M and B C A, then B € M.

(I-2) If I,J € M are finite and |I| = |J| + 1, then there is an element y € I\ J

such that J U {y} € M.

(I-3) M has finite character.
A maximal element of M is called a base of M, and the cardinality of any base of
M is called the rank of M. The matroid M is said to be rank-finite if M has finite
rank, and to be rank-countable if it has countable rank (p(M) < V).

Let R and S be disjoint sets and for each » € R let M, be a matroid on the
set S. The system M = (M,.),cr will be called a system of matroids on S. M will
be said to be countable (finite) if R is countable (finite). The system B = (B,),cr
of subsets of S will be called a system of disjoint bases for M if B, is a base of M.,
r € R, and B, N B,» = () for every r,7’ € R such that r # r’.

The problem of finding a necessary and sufficient condition for a system of
matroids to have a system of disjoint bases (known as the packing problem) is
solved only for some special cases. Tutte [12] and Nash-Williams [6] independently
proved a necessary and sufficient condition for a finite graph to have k edge-disjoint
spanning trees. These results were later generalized by Edmonds [3] who thus settled
the packing problem for finite systems of finite matroids. Brualdi [2] generalized
the condition of Edmonds, and thus solved the packing problem for finite systems
of rank-finite matroids and for arbitrary systems of finite matroids. Oxley [10]
formulated a sufficient condition for a system of matroids to have a system of disjoint
bases and gave a counterexample showing that his condition is not necessary.

We are going to formulate a necessary condition for a system of matroids
to have a system of disjoint bases which is in the spirit of the condition given by
Nash-Williams [7] as a necessary and sufficient condition for a countable family of
sets to have a transversal. Then we prove that our condition is sufficient in the case
of a countable system of rank-finite transversal matroids. We also conjecture that

the condition is sufficient in the case of a countable system of arbitrary matroids.
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At the end of this note we shall present a conjecture concerning the exis-
tence of k edge-disjoint spanning trees in a countable graph and a conjecture about
detachments of countable graphs. We believe that these conjectures can be proved
using Conjecture 1.

Let Z* = Z U {o0, —o0} be the set of quasi-integers. The arithmetic and
inequalities on Z* follow the obvious rules with the additional rule that oo —oo = oco.
If A is a set, then the size || A|| of A is the cardinality |A| if A is finite, and [|A|| = oo
if A is infinite.

If M is a matroid on the set S, and A C S, then let M ® A be the contraction
of M to A, de. let e M@ Aiff I C Aand IUJ € M for every J C S\ A such
that J € M. The following properties are satisfied (see Brualdi [1]):

(P-1) f Ie M®Aand AC BC S, then I € M ® B.
(P-2) fAC BCS,then (M®B)® A= M ® A.
(P-3) If B is a base of M and A C S, then there is B C BN A such that B’ is a

base of M ® A.

(P-4) Let By C B, C S, By C B, C S, AC S, Bs, B} be bases of M, and By, B}
be bases of M ® A. Then ||Bs \ B:1|| = || B \ Byl

Assume that ordinals are defined in such a way that an ordinal « is the set of all

ordinals less than «. A transfinite sequence is a function with its domain being an

ordinal.

Let us assume now that M = (M,.),cr is a fixed system of matroids on S. If
re R, Ay, Ay € M,, Ay C Ay, By is a base of M, ® Ay and Bs is a base of M, ® A,
containing Bj, then let

Vr(A1, Az) = || B2\ Bu.

It follows from (P-2), (P-3), and (P-4) that -, is well-defined (does not depend on
the choice of By and Bs).
Suppose that € R and that A = (Aa)a<r, B = (Ba)a<a are transfinite
sequences of subsets of S such that
(i) As C Ag and Bs C By, for 6 < 0 < A,
(ii) Bs is a base of M, ® Ag, for 6 < A,
and suppose that B be a base of M, ® (Uy<xAq) such that

U B, C B.
a<<A



Then we say that the pair (B, B) is a proper M,-choice of bases for A. If A =

(Aa)a<n is a transfinite sequence of subsets of S, and A is a limit ordinal, then let

£ 4) = nin { |5\ B,

a<A

o)a<x, B) is a proper M,-choice of bases for .A}.

By queue we mean a countable injective transfinite sequence, i.e. an injective
transfinite sequence whose domain is a countable ordinal. If f is a queue, then
dom(f) is the domain of f and rge(f) is the range of f. If dom(f) = A and o < ),
then f, will denote the restriction of f to a. A queue in S is a queue whose range
is a subset of S, and A\-queue is a queue with domain A. With a A-queue f in S
we associate a quasi-integer n(f), called the M-margin of f. Let n(f) =0 if A =0.
Suppose now that A > 0 and that ¢(f’) has been defined for every queue f’ in S
such that dom(f’) < A. If A = Kk + 1 is a successor ordinal, then let

n(f) =n(fe) +1 =Y w(rge(fe), rge(f))-

reER

If X\ is a limit ordinal, then let

77(f) _hmmf?? f9 ZF rge foe))a<)\)
reR
We say that the system M of matroids is good if n(f) > 0 for every queue f in S.
We will show that the condition of being good is a necessary condition for a

system of matroids to have a system of disjoint bases.

Theorem 1. If M = (M,),cr is a system of matroids on S which have a system

of disjoint bases, then M is good.

Let &€ = (F;)icr be any family of subsets of S. A transversal of £ is a subset
A of S such that there is a bijection 0 : I — A satisfying 6(i) € E; for every
i€ l. AC S isa partial transversal of £ if A is a transversal of a subfamily of &£.
Further, the family £ is said to be restricted if no element of S belongs to E; for
infinitely many values of ¢ € I. Edmonds and Fulkerson [4] (see also [5] Theorem
6.5.3) proved that if £ is a restricted family of subsets of S, then the collection of
partial transversals of £ is a matroid on S. Such a matroid will be called a transversal

matroid. Using a theorem of Nash-Williams [7] we shall prove the following theorem.
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Theorem 2. If M is a good countable system of rank-finite transversal matroids

on S, then M has a system of disjoint bases.
We would like to formulate the following conjecture.

Conjecture 1. If M is a good countable system of rank-countable matroids on S,

then M has a system of disjoint bases.

2. Necessity of the condition.

Theorem 1 follows immediately from the following lemma.

Lemma 1. If (B,),cr is a system of disjoint bases of the system (M, ),.cr of

matroids on S and f is a queue in S, then

rge(f)\ | Br

< n(f). (1)

Proof. If a queue f in S satisfies the condition

<n(f), (2)

rge(f)\ |J B!

reR

where B/ is any base of M, ® rge(f) such that Bf C B,, r € R, then f satisfies
(1). Therefore to prove the lemma, it is sufficient to prove that any queue f in S
satisfies (2).

We are going to use transfinite induction. If dom(f) = 0, then both sides of
(2) are equal to 0, so (2) is true. Now suppose that dom(f) = A > 0 and that

rge(g)\ | BY

reER

<4q(9)

for any queue ¢ in S such that dom(g) < A and for any system (BY),cr of bases of
(M, @ rge(g))rer such that BY C B,., r € R.

Suppose first that A = k 4+ 1 is a successor ordinal. Let B, be any base of

M, @ rge(f) contained in B,, and let B! be any base of M, ® rge(f,) contained in
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B!, r € R. Then

rge(N)\ | B,

= ((reetron U ) vseon )y Ui

rER reR reR
< Jrecron U e 1= U v
reR TER
<n(fe)+1- Z Vr(rge(fx), rge(f))

reR

=n(f).

Now suppose that A is a limit ordinal. Let B]. be any base of M, ® rge(f).
Let (BY)a<x be a transfinite sequence of subsets of S such that BY is a base of
M, ®@rge(f,) contained in B/, and B* C BY for a < 6§ < A. Then ((B)a<x, B.) is
a proper M,-choice of bases for ((rge(fa))a<x) and

_ (rge(f)\ UuU Bf) U (B;’\ U BS)H

reR reR a< reR a<<A
<[ U U 2] - |5 U B2
r€ER a< reR a<A
< [ree(H\ U U B2|| = D Tol(rge(fa))a<n)-
reR a< reR

We claim that

rge(f)\ |J | B?

reR a<

< lim] :
< liminf n(fo)

Indeed, we have

ligliilfn(fg) = sup{&s : 0 < A},

where
& = inf{n(fg) 0<0< )\}

By the induction hypothesis we have

>

n(fo) >

rge(fo) \ |J BY

reR

rge(fs)\ U U Br

reR a<

for any 6 such that 6 < 6 < \. Hence

&5 >

ree(fs)\ | J | B

reR a<\




for any 6 < A. Therefore

rge(f5)\ |J | B

reR a<

rge(H\ Y U B

reR a<

:5<)\}:

o S
hgi)lilf n(fe) > sup {

Thus the proof of the claim is complete.

Hence we have

rge(/)\ | Br

reR

S hlgilf\lfﬂ(fe) - Z Fr((rge(fa))a</\> - U(f);

reR

and the proof of the lemma is complete. ]

3. Proof of Theorem 2.

Let I be a countable set and let £ = (F;);cs be a family of subsets of S. If X C S,
then the £-demand set D(X) is defined by

D(X)={iel:E; C X}

Let f be a A-queue in S. Denote A(f) = D(rge(f)), and let the E-margin q(f) be
defined as follows:
(i) q(f) =-ID@)]  EA=0,
(i) ¢(f) = a(fe) 1= AMNNAUSI A=K +1,
(iii) q(f) = liminfo_x q(fo) — [|A(f) \ Ug<xA(fo)]| if A is a limit ordinal.
We say that & is good if q(f) > 0 for every queue f in S. To prove Theorem 2 we
shall use the following theorem of Nash-Williams [7].

Theorem 3. (Nash-Williams [7]) € has a transversal iff £ is good. O

Let

I:UIT

reR

be a partition of I into finite subsets. For each r € R, define &, = (E;);es, to be
the subfamily of £ corresponding to I,.. Let M, be the family of partial transversals
of £.. Since I, is finite it follows that &, is a restricted family and that M, is a
rank-finite matroid. If f is a queue in S, then let u,.(f) be the rank of the matroid
M, @ rge(f). Let M = (M, ),cr.

The following lemma holds since M is a system of rank-finite matroids.
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Lemma 2. If f is a A-queue in S, then the M-margin n(f) satisfies the following
conditions:
(i) n(f)=0 ifA=0,
(ii) n(f) =n(fe) + 1=, cr (e (f) —p(fe)) A=K +1L
(iii) n(f) =liminfo_xn(fo) = >, cr (1 (f) — max {p-(fo) : 6 < A}) if \is a

limit ordinal.

Proof. Use transfinite induction. O

Assume that, for every r € R, &, has a transversal X,., and that 6, : I,, — X
is a bijection such that 60,.(i) € E; for every i € I,.

Assume that f is a queue in S. For each r € R let A, (f) be the &£.-demand
set D,.(rge(f)), and let ¥,.(f) = 0,.(A,(f)). In other words, ¥, (f) is the part of
the transversal X, which corresponds to the subset A, (f) of I,.. Clearly ¥, (f) €

M, ® rge(f). Let wT(f) = H\Ilr(f)Ha and let CT(f) = MT(f) - wT(f) Set
C(f) =D 6.

reR

The following lemmas are satisfied.

Lemma 3. If f is a A-queue in S and 0 < A\, then

1A\ AU = D@ (f) = o(fo))-

=
Proof. We have
3¢\ AUl = | U @0 A
- g;(wf)n N
- 2(%(]‘") — b)),

0J

Lemma 4. If A is a limit ordinal, if f is a A\-queue in S, and if, for every r € R,

0, < A Is an ordinal such that

Cr(f'y) = Cr(fér)
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for every ordinal «y satisfying 6, < v < A, then

> Grlfs,) < liminf ((f).

reR

Proof. 1f 6 < A, then let

Ro={r e R:¢(fy) = ¢ (fo) for 0 <y < A}

Clearly, we have r € R;,. so

| Ro=R.

o<

Moreover, we have Ry C R, for § <~y < A, and (,(f) > 0 for any § < A and r € R.

Therefore

St =sw{ 3 G h)0< A}

réeR rERy

=liminf ¢ (fs,)

rERy

The following lemma, relating the £-margin and the M-margin, is the key
step in the proof of Theorem 2.

Lemma 5. For any queue f in S, n(f) < q(f) — C(f).

Proof. Let dom(f) = A. We shall use transfinite induction. If A = 0, then n(f) =
q(f) = ¢(f) = 0 so the inequality stated in the lemma is satisfied.

Now assume that A > 0 and that we have 7(g) < q(g) — ((g) for any queue
g in S such that dom(g) < A. If A = k + 1, then by the inductive assumption and
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Lemma 3, we have:

n(f) = n(fe) + 1= (e (f) = e i)

reR

S Q(fn) - Z CT(fli) +1-— Z(Mr(f) - :U’T'(fli))

«n>+TR§;@4n>fi1ﬂuan
q@d+1—§;mﬁ%thD
q@o+1§;@qwdwﬂw4n»
=q(fo)+1- E}(w(f) — e (fe)) = D G (f)
=q@d+1—ﬁiﬁ\AuwH—dﬁNm
=q(f) = ¢(f)

Assume now that A is a limit ordinal. Since I, is a finite set and M, is a

rank-finite matroid, for each r € R, there is an ordinal §, < A such that

pr(fs,.) = max{p-(fo) : 6 < A}, (3)

and

Ar(fs,) = Ar(fo).

O<X

Then we also have

Gr(f+) = G (fs.),

for any ordinal v such that 4, <~ < A.

Moreover, by Lemma 3, we have:

A U aw)

U(mm\UmeH

<A reR f<A
— U Ar(f) \ Ar(f&n)
rcR ( >H (4)
= A\ A5l
reER
= Z(¢r(f) - wr(fér))'
TER
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Using the inductive hypothesis, Lemma 4, equations (3) and (4), and the inequality

1i§ILiiﬂfQ(f9) - ﬁggg“(fﬁ > liériiilf(Q(fe) —((f9)),

we get
() = ) =it - A7)\ U 30| = Xt - )
= lim inf g(fp) — Ze;__iwr(f) —ve(f5,) — ;Q(urm — ()
~ limint (fy) - ;Zwa) wy
= liminf q(fo) - ;wf) + Golfs,) = pr(f5,)

=liminf g(fo) = D G (fo.) = D (e () = i (f5.))

reR reR

> lim inf ¢(fy) — lim inf ((f5) — > (ur(f) = pr(f5,)

rcR
> liminf(g(fs) — C(fo)) — > (e () = pr(£5.))
reR
> liminf 1(fy) — Y (ur(f) — max{p,(fo) : 0 < A})

reR

=n(f)
0

The following theorem, which is a countable version of Kénig’s theorem, was

proved by Podewski and Steffens ([11], section 3.).

Theorem 4. Any countable bipartite graph has a matching F' and a cover C' such

that C contains exactly one vertex from each edge in F. O

The following lemma is implied by Theorem 4.

Lemma 6. Let J and T be countable sets. If A = (A;);cy is a family of sets on
T, then there is a subset J' C J such that
(i) the family A" = (A;)icj has a transversal, and
(ii) if X C T, then X is a partial transversal of A iff X is a partial transversal
of A'.

Proof. Let G be the bipartite graph with bipartition (J,T") and such that jt € E(G)
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iff t € A;. Let F be a matching and C' be a cover in G such that C' contains exactly

one vertex from each edge in F'. Let J’ be the subset of J defined as follows:
J'={j € J:jis a vertex of an edge of F'}.

Then (i) is clearly satisfied. We are going to show that (ii) is satisfied. Of course,
if X is a partial transversal of A’ = (A;);cj/, then X is a partial transversal of A.
Suppose now that X is a partial transversal of A. Let Y C Jandlet § : Y — X be

a bijection. Set

Ci=CnJ,

Co=CnNT,

Xo =X N0y,

X1 =X\ Xo,

Y1 =Y Ny,

Yo=Y\ 1.
Since C' is a cover of G we have

0(Y2) C X2
and

01 (X1) C Y.

Let £ : X — J' be defined by

. 6_1(1‘) if x € Xy,
£($) a {ym if x € XQ,

where vy, is the vertex of GG such that y,z is and edge of the matching F'. It is easy

to see that £ is an injection. Hence X is a partial transversal of A’. O

We can now conclude the proof of Theorem 2.

Proof of Theorem 2. Let S be any set and let M = (M,.),cr be a good countable
system of rank-finite transversal matroids on S. For each r € R, let &, = (E;);c1,
be a family of subsets of S such that M, is the the family of partial transversals of
E.. We can assume that I, N I, = () for 7y # ro and, by Lemma 6, that &, has a

1=,

reR

transversal for any r € R. Let
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and
&= (Ez’)iel-

Since M is good it follows from Lemma 5 that £ is good. Thus, by Theorem 3,
€ has a transversal X. Let 0 : I — X be a bijection such that 6(i) € FE;, and let
B, =0(I,), r € R. Then it is easy to see that (B, ),cr is a system of disjoint bases
for M. O

4. Edge-disjoint spanning trees.

Let G = (V, E) be a countable graph, i.e. a graph with countably many vertices
and edges (loops, multiple edges, and vertices of infinite degrees are allowed). Let
We be the set of all patitions of V. If P; and P, are partitions of V', then we say
that Py precedes P, (P < P) if for every A € P, there is B € P; such that A C B.
It is well known that (Wg, <) is a partially ordered set, and that if the subset W’
of We¢ is a chain, then W' has the least upper bound (denoted by lLu.b.(W')).
If P is a A-queue in Wg, then we say that P is proper if either A = 0 or
A > 0 and the following conditions are satisfied:
(i) P(0) ={V},
(ii) PO+ 1) = (PO) \ {Vo}) U{Vy,Vy'}, where Vy € P(0) and {V{,Vy'} is a
partition of Vp, for 8 +1 < A,
(iii) P(vy) = Lu.b.(rge(Py)), if ¥ < A is a limit ordinal.
Roughly speaking, P is proper if P(6+ 1) is obtained from P(6) by splitting one set
into two sets, and for a limit ordinal « the partition P(~) is the least upper bound
of all partitions which are before it in the queue P.
If P € Wg, then let E(P) be the set of edges of G whose end-vertices are in
different sets of the partition P.
Let P be a proper A-queue in Wg. Clearly Py is proper for any 0 < \. If k&
is a positive integer, then the k-margin &, (P) is defined as follows:
(i) &(P)=0 ifA=0o0r \=1,
(ii) &k (P) = & (Po) if A\=6+1 and 0 is a limit ordinal,
(i) &4(P) = & (Pos1) + | E(P(O+ 1)\ E(P@®)| —k i A=0+2, and
(iv) & (P) = liminfg_,\ &k (0)
We say that G is k-good if &(P) > 0 for every proper queue P in Wg.

if A is a limit ordinal.
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We would like to formulate the following conjecture.

Conjecture 2. Let G be a countable graph, and k be a positive integer. Then G
has k edge-disjoint spanning trees if and only if G is k-good.

The “only if” part of Conjecture 2 is easy to prove by transfinite induction,
and we believe that the “if” part follows from Conjecture 1.
Oxley [10] gave an example of a countable graph G which has no 2 edge-

disjoint spanning trees, and which satitsfies the condition
IEP)] = 2(1P — 1)

for every finite partition P of its set of vertices V(G) (see Fig. 1, where vertices are

denoted by small circles).

o

o)

Y ‘ Ys Y3 [Ya Yo ‘yz (75 [Ye Ys ‘ Y10 Y9
Z_9 20 292
Fig. 1.

As an illustration of Conjecture 2, we will prove that the graph G given by
Oxley is not 2-good. Let A = w + 2, where w is the first infinite ordinal, and let P
be the proper A-queue in Wg defined as follows:

P@) = Hwot {wnt - Awia U{VIG) Ny, 91,9}, i<,
P(w) = {vo}, {y}: {ya}, .- U {zi s € Zy Uz s i € Z}},
Plw+1) = {yo}, iy}, {ye}, - YU {zi s i € 2}, {2z s i € Z}},

It is easy to see that

SO
52(Pw) - SQ(PuH—l) =0,

and hence



Therefore GG is not 2-good.

It may appear to some readers that it should not be necessary to deal with
arbitrary transfinite sequences in Conjecture 2, i.e. that perhaps some modification
of Conjecture 2 involving sequences of length at most w would be true (at least for
locally finite graphs). We believe that, even in the case of locally finite graphs, it
is essential to consider arbitrary sequences in Conjecture 2. To illustrate this point
let us consider the graph G from Fig. 2. (small circles denote vertices and double

lines denote edges of multiplicity 2).

0 0
ve J Y0 yi ‘ Y1 va ‘ Y2 ys ‘ Ys i Ya
21 29 Z3 24 <5
5 5 5 5 o
2 2 0
Yo o Y1 Ty Ya To Y3 T3 Ya Ty
13 o1 3 O 3 1 3 91 3 o1
Yo o Y1 Ty Yo X3 Ys T3 Yg T4
W1 %2 1 22 1 22 1 %2 1 C2
|| Yo To || vy || Y2 T3 || Ys T3 || Yo T4
Fig. 2.

We claim that G is not 2-good. Let A = 2w + 2. We shall define a A-queue
P in Weg such that &(P) < 0. Let f be an w-queue in V(G) such that

rge(f) = {a] 11,5 =0,1,... }.
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For every ¢ = 0,1,2, ..., define
i—1
X =v(@\ Jx;,
§=0

Y;:{ygjzoala}a

W=(wm\gxﬁﬁ;n

Further, let
Zo = {7 :j € Z\{0}},
Zy ={z; : j > 0},
Z_1=A{z:j <0}

Note that X = V(G), and
v =vien X
j=0

Let P be the A-queue in W defined by:

Pl) = {Xo, X1,..., Xii1, X/}, i=0,1,...

Plw+i)={X;:j=01,... }U{Yo,Y1,....Y;i1, Y/},  i=01,...,

Pw)={X;:5=0,1,... }U{Y;:5=0,1,... } U{Z},
)=A{X;:7=0,1,... }U{Y;:j=0,1,... }U{Z_1, Z1}.

It is easy to see that £&(P,) = 0, for a < 2w 4 1 and &(P) = —2. Therefore G is

not 2-good.

It is not hard to see that there is no A-queue P in Wg such that A < 2w + 2
and & (P) < 0.
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5. Detachments of countable graphs.

Let G = (V, E) be a countable graph, and let b : V(G) — {1,2,... } U {oco} be a
function. We say that the graph D is a b-detachment of G if
(i) V(D) = Uyev(g) v, where (Qy)pev(c) is a family of mutually disjoint sets
such that ||Q,|| = b(v),
(i) E(D)= E(G), and
(iii) if e € E(G) joins vertices v and w in G, then e joins a vertex of €, to a
vertex of €2, in the graph D.
Nash-Williams [8] [9] proved that if G is finite, then there is a connected b-detach-
ment D of G if and only if for every partition {V1,V5} of V(G) we have

[Bvi| = ) b(v) + ¢(GVa]) — 1,

veVy
where Ey, is the set of edges adjacent to a vertex in V; and ¢(G[V3]) is the number
of components of the graph spanned by V5 in G.

The existence of a connected b-detachment of a finite graph G is equivalent
to the existence of a family of disjoint bases of a particular family of matroids on
E(G) (see [9]). We will formulate a conjecture about b-detachments of countable
graphs which is analogous to Conjecture 1.

Let g be a A-queue in V(G). Set P(g) to be the partition of V(&) such that

the elements of P(g) are the vertex sets of the components of the graph obtained

from G by removing all the edges incident with a vertex in rge(g). Let
P(g) =Lub.({P(gs) : 0 < \}).

If v € V(G) and A C V(G), then let v 57 A be the set of edges of G which are
incident to v and to a vertex in V(G). Let the b-margin §,(g) be defined as follows:
() &(g) =1—1[P(g)ll iEA=0,
(i) &(9) = &lgo) + [19(0) v (V(G) \ rge(go)) || + [[P(g0) \ P(g)ll +1 — b(6) —
IP@)\ Plgo)l i A=0+1,
(iif) &(9) = liminfo_x&(g0) + [|1P(9) \ P(9)[| = [[P(9) \ P(9)|  if X is a limit
ordinal.

We say that G is b-good if &,(P) > 0 for every queue P in V(G).

3
&b
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Conjecture 3. Let G be a countable graph, and let b: V(G) — {1,2,... } U{oo}
be a function. Then G has a connected b-detachment if and only if G is b-good.

The “only if” part of Conjecture 3 is easy to prove by transfinite induction,
and we believe that the “if” part follows from Conjecture 1.

As an illustration of Conjecture 3, let us consider the graph G shown at
Fig. 3, and let the function b: V(G) — {1,2,... } U {co} be defined by

b(v):{2 fo=aforv=y, ij=012...,
1 otherwise.

O
D

Yo U1 {y2 VJS Y4
0
) Iy Zg I3 Ty
1 1 1 1 1
Lo Ly Ta T3 Ty
s 5 o— 5 5
x x] x5 x5 x]

Fig. 3.

It is easy to see that G has no connected b-detachments. Let g be a 2w-queue
in V(G) such that

rge(gy) = {xf 01,7 =0,1,2,... },
and

g(w +1) =y, 1=0,1,2,....

It is easy to see that

& (9w) = 0,
hence
&b (guwti) =0, for any i < w,
and thus
&(g) = —1.

18



Therefore G is not b-good. Note that if f is a A-queue in V(G) and {y; : : = 0,1,... }
is not contained in rge(f), then &(f) > 0. Moreover, if A < w, then

E(fn) = llrge(frn) Ny :i=10,1,... },

for any n < A so & (f) > 0. Therefore, if A < w, then & (f) > 0 for every A-queue in

V(G).

This observation shows that even when G is locally finite we cannot restrict

our attention to w-queues only.
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