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Abstract

Let G be a graph and A an Abelian group. Denote by F (G, A) the set of all
functions from E(G) to A. Denote by D an orientation of E(G). For f ∈ F (G, A),
an (A, f)-coloring of G under the orientation D is a function c : V (G) 7→ A such that
for every directed edge uv from u to v, c(u) − c(v) 6= f(uv). G is A-colorable under
the orientation D if for any function f ∈ F (G, A), G has an (A, f)-coloring. It is
known that A-colorability is independent of the choice of the orientation. The group
chromatic number of a graph G is defined to be the least positive integer m for which
G is A-colorable for any Abelian group A of order ≥ m, and is denoted by χg(G). In
this note we will prove the following results. (1) Let H1 and H2 be two subgraphs
of G such that V (H1) ∩ V (H2) = ∅ and V (H1) ∪ V (H2) = V (G). Then χg(G) ≤
min{max{χg(H1),maxv∈V (H2) deg(v,G)+1},max{χg(H2),maxu∈V (H1) deg(u, G)+1}}.
We also show that this bound is best possible. (2) If G is a simple graph without a
K3,3-minor, then χg(G) ≤ 5.

1 Introduction

Graphs in this note are finite, loopless. Unless otherwise stated, terminology and notation

not defined here are referred to Bondy and Murty [1]. Let G be a graph. Denote by

deg(v,G) the degree of v in a graph G and denote by N(v,G) the set of all neighbors of v in
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a graph G. When G is a directed graph, denote by E+(v,G) the directed edges with their

tail at the vertex v. χ(G) and δ(G) denote the chromatic number and the minimum degree

of a graph G, respectively. Let G and H be two graphs. Denote H ⊆ G if H is a subgraph of

G. If H can be obtained from G by contracting some edges of G and deleting the resulting

loops, then G is contractible to H. If G contains a subgraph which is contractible to Γ, then

Γ is a minor of G. If G does not contain a minor Γ, We say G is Γ-minor free.

The proper coloring of a graph G is a mapping c from V (G) to {1, 2, . . . , k} where k is

a positive integer such that c(u) 6= c(v) if uv is an edge of G. Jagear, Linial, Payan and

Tarsi [4] introduced group coloring as follows.

Let G be a graph and A an Abelian group. Denote by |A| the cardinality of A and

denote by F (G, A) the set of all functions from E(G) to A. Denote by D an orientation

of E(G). For f ∈ F (G, A), an (A, f)-coloring of G under the orientation D is a function

c : V (G) 7→ A such that for every directed edge uv from u to v, c(u) − c(v) 6= f(uv). G

is A-colorable under the orientation D if for any function f ∈ F (G, A), G has an (A, f)-

coloring. It is known [4] that A-colorability is independent of the choice of the orientation.

The group chromatic number of a graph G is defined to be the least positive integer m for

which G is A-colorable for any Abelian group A with |A| ≥ m under a given orientation D,

and is denoted by χg(G).

Given each edge of G a weight, group coloring is to color all vertices of G such that the

difference of two colors of two end-vertices of each edge of G does not equal the weight of

this edge. For making the definition sense, Abelian group and orientation of G are required.

When the weight of each edge is 0, the coloring is proper coloring. In this meaning, group

coloring is a generalization of proper coloring.

Let H ⊆ G be graphs, and A be an Abelian group. Given an f ∈ F (G, A), if for an

(A, f |E(H))-coloring c0 of H, there is an (A, f)-coloring c of G such that c is an extension

of c0. Then we say that c0 is extended to c. If any (A, f |E(H))-coloring c0 of H can be

extended to an (A, f)-coloring c, then we say that (G, H) is (A, f)-extensible. If for any

f ∈ F (G, A), (G, H) is (A, f)-extensible, then (G, H) is A-extensible.

General speaking, the group chromatic number is large than the chromatic number for

a graph. As pointed in [6], for some graph G, χg(G)−χ(G) can be arbitrarily large. Thus,

some properties of proper coloring cannot hold for group coloring. Group coloring has been

around many years. The group colorability of simple planar graphs was investigated by

Jagear et al [4] and Lai and Zhang [7]. The group coloring of simple non-planar graphs was

also studied by Lai and Zhang [7]. The group chromatic number of simple bipartite graphs
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was studied by Lai and Zhang [6]. In this note, we first establish an upper bound for the

group chromatic number of a graph obtained from its two subgraphs. We show that this

bound is best possible too. We also investigate the group chromatic number of a simple

graph without a K3,3-minor.

2 Main Results

Let G1 and G2 be subgraphs of G. The union G1 ∪G2 of G1 and G2 is the subgraph with

vertex set V (G1) ∪ V (G2) and edge set E(G1) ∪ E(G2). If G1 and G2 are vertex-disjoint,

denote the union by G1 + G2. The join G ∨ H of distinct graphs G and H is the graph

obtained from G + H by joining each vertex of G to each vertex of H. Some formulas in

proper coloring can be generalized to similar ones in group coloring. For example, χ(G1 +

G2) = max{χ(G1), χ(G2)}. We easily get χg(G1 + G2) = max{χg(G1), χg(G2)}. Others in

proper coloring cannot be generalized to similar ones in group coloring. One knows [3] that

χ(G ∨H) = χ(G) + χ(H). But this formula cannot hold in group coloring. For example,

χ(K2,2) = 2 and K2,2 = K2 ∨K2. It was shown [6] that χg(K2,2) = 3. We first establish

the following lemma.

Lemma 2.1 Let H1, H2 be induced subgraphs of a graph G such that V (H1) ∩ V (H2) = ∅
and V (G) = V (H1)∪V (H2). Let A be an Abelian group with |A| ≥ (maxv∈V (H2) deg(v,G))+

1. Let f ∈ F (G, A), and suppose that H1 has an (A, f |E(H1))-coloring c0 (under some

orientation). Then c0 can be extended to an (A, f)-coloring of G.

Proof. We argue by contradiction and assume that G is a counterexample with |V (H2)|
minimized. The lemma follows immediately if |V (H2)| = 0 and so we assume that |V (H2)| >
0. Let A be an Abelian group with |A| ≥ (maxv∈V (H2) deg(v,G)) + 1 and let w ∈ V (H2).

By the choice of H2, c0 can be extended to an (A, f |E(G−w))-coloring c of G− w.

We may assume that G is oriented such that all edges incident with w are oriented from

w (if there is an edge e oriented to w, we simply reverse the orientation of e and replace f(e)

by −f(e)). Let N(w,G) = {w1, w2, . . . , wt} and E+(w,G) = {e1
1, e

2
1, . . . , e

i1
1 , e1

2, e
2
2, . . . , e

i2
2 ,

. . . e1
t , e

2
t , . . . , e

it
t } where e1

j , e
2
j , . . . e

ij
j are all directed edges from w to wj . It follows that

i1+i2+. . .+it = deg(w,G) ≤ |A|−1 and hence there is an a ∈ A−∪t
j=1∪

l=ij
l=1 {c(wj)+f(el

j)}.
Define c1 : V (G) 7→ A by

c1(u) =

{
c(u), if u 6= w,

a, if u = w.
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Thus c0 is extended to an (A, f)-coloring of G. This contradiction establishes our

theorem.

From Lemma 2.1, we immediately get the following corollary.

Corollary 2.2 Let H1 and H2 be two subgraphs of G such that V (H1) ∩ V (H2) = ∅ and

V (G) = V (H1) ∪ V (H2). Then

χg(G) ≤ min{max{χg(H1), max
v∈V (H2)

deg(v,G) + 1},

max{χg(H2), max
u∈V (H1)

deg(u,G) + 1}}. (1)

The bound of Corollary 2.2 is sharp in the sense that there are infinite number of graphs

which are join of their two subgraphs and their group chromatic number equals the value

given by (1). For example, let m,n ≥ 2 be two integers. Observe G = Kn ∨Km. It follows

that G = Kn+m and hence χg(G) = n + m which equals what is given by (1). Another

example is H = K2 ∨K2 = K2,2. As stated in the beginning of this section, χg(H) = 3 is

the value given by (1).

From Corollary 2.2, we obtain a upper bound of group chromatic number of join of two

graphs.

Corollary 2.3 If H1 and H2 be two graphs, then

χg(G ∨H) ≤ min{|V (H1)|+ ∆(H2) + 1, |V (H2)|+ ∆(H1) + 1}.

Brook’s Theorem [2] tells us that χ(G) ≤ ∆(G) + 1 for a graph G. We ask whether the

bound of Corollary 2.3 can be decreased to min{|V (H1)| + χg(H2), |V (H2)| + χg(H1)}. If

true, for m,n ≥ 2, G = Kn ∨Km shows that the bound would be best possible.

One of famous theorems in graph theory is the Four Color Theorem. It states that four

colors are enough to color every planar graph. One naturally consider what is the group

chromatic number for planar graphs. Jeager, Linial, Payan, and Tarsi [4] proved that if G

is a simple planar graph, then χg(G) ≤ 6. This bound was improved by Lai and Zhang [7],

as follows.

Theorem 2.4 Let G be a simple planar graph and let H ⊆ G be a subgraph isomorphic to

a K2. Then for any Abelian group |A| ≥ 5, (G, H) is A-extensible.
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Kuratowski [5] proved the next well-known theorem which is applied in the proof of

Theorem 2.7.

Theorem 2.5 A graph is planar if and only if it is K5-minor free and K3,3-minor free.

Group colorability of non-planar graphs was also considered by Lai and Zhang [7]. They

proved that the group chromatic number of a graph without K5-minors is at most 5. We

here observe other kind of non-planar graphs. This is the graphs without K3,3-minors. The

following theorem will play a key role in our proof of Theorem 2.7.

Theorem 2.6 (Wagner [8]) Suppose that G is not planar with |V (G)| ≥ 6. If G is 3-

connected, then G contains a K3,3 minor.

We next prove a stronger version of theorem 2.8. The extension method is applied in

the proof of the following theorem.

Theorem 2.7 Let G be a connected simple graph without K3,3-minors and let A be an

Abelian group with |A| ≥ 5. Suppose that H is a subgraph of G isomorphic to a K2. Then

(G, H) is A-extensible.

Proof. Let f ∈ F (G, A) and c0 be an given (A, f |E(H))-coloring. We shall prove by

induction on |V (G)| that c0 can be extended to an (A, f)-coloring of G. By Theorem 2.4,

we may assume that G is not planar with |V (G) ≥ 5.

Assume first that |V (G)| = 5. Since G is not planar, by Theorem 2.5, G ∼= K5. Assume

V (K5) = {v1, v2, v3, v4, v5} and that the edge vivj is oriented from vi to vj if i < j. Without

loss of generality, we assume that H = K2 is a subgraph of G induced by {v1, v2} and that

c0 : vk 7→ ak for k = 1, 2 such that a1 − a2 6= f(v1v2). By Lemma 2.1, c0 can be extended

to an (A, f)-coloring of G.

Assume then that |V (G)| ≥ 6 and that the theorem holds for graphs with smaller values

of |V (G)|. Let T be a minimum vertex cut of G. By Theorem 2.6, 1 ≤ |T | ≤ 2. Let G1 and

G2 be two proper subgraphs of G such that G1 ∪G2 = G, V (G1) ∩ V (G2) = T .

We define G′
i from Gi, i = 1, 2 as follows. If |T | = 1, let G′

i = Gi for i = 1, 2. If

|T | = 2, let T = {u, v}. When uv ∈ E, define G′
i = Gi for i = 1, 2. When uv /∈ E, define

G′
i = Gi + uv for i = 1, 2. Since T is a vertex cut of G, V (Gi) − V (T ) 6= ∅, i = 1, 2. It

implies that |V (G′
i)| < |V (G)|, i = 1, 2. By the choice of T , G′

i is connected for i = 1, 2.

We also define f ′ : E(G′
1) ∪ E(G′

2) 7→ A as follows. If e ∈ E(G), define f ′(e) = f(e); if

e = uv /∈ E(G) but uv ∈ E(G′
i), define f ′(uv) = 0.
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It is easy to see that both G′
1 and G′

2 have no K3,3-minor. We assume, without loss of

generality, that H ⊂ G1. Since |V (G′
1)| < |V (G)|, by induction there is an (A, f ′|E(G′

1))-

coloring c1 : V (G′
1) 7→ A which extends c0. If |T | = 1, let T = {w}. Suppose that

w′ ∈ V (G2) such that w′w ∈ E(G) and w′w is oriented from w to w′. Define c(w′) ∈
A5 − {c1(w) − f(ww′)}. By induction, the color c1(w) and c1(w′) can be extended to an

(A, f ′ |E(G′
2))-coloring c2 : V (G′

2) 7→ A. If |T | = 2, by induction, the color c1(u) and c1(v)

can be extended to an (A, f ′|E(G′
2))-coloring c2 : V (G′

2) 7→ A. Using c1 and c2, c0 can be

extended to an (A, f)-coloring c : V (G) 7→ A.

From Theorem 2.7, we obtain the following theorem immediately.

Theorem 2.8 Let G be a simple graph without K3,3 minors. Then χg(G) ≤ 5.

The bound of Theorem 2.8 is as best as possible in the sense that χg(K5) = 5 since

χg(K5) ≥ χ(K5) = 5. The result of Theorem 2.8 is different from that of Lai and Zhang [7]

since K5 has no a K3,3-minor but a K5-minor. So far no one knows what is the group chro-

matic number for a simple planar graph. If this number is 4, that would be a generalization

of the Four Color Theorem. Thus, we have the following question.

Question 2.9 What is the group chromatic number of a simple planar graph?
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