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1 The Binomial Theorem

Remark 1.1 In this table, unless otherwise specified, n and r are nonnegative intergers, and x
and z are arbitrary real or complex numbers. We also assume that for any real number x, [x] is

the greatest integer in x.

1.1 Binomial Theorem

1.1.1 Basic Form with Integer Power

" /n
(x+a)™ = Z <kz) x™ *a®, where a is an arbitrary real or complex number

k=0

1.1.2 Newton’s Binomial Theorem

z
14+ 2)* = a:k, where z is a real or complex number and || < 1
k
k=0

1.1.3 Applications of Newton’s Binomial Theorem
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1.2 Companion Binomial Theorem

Remark 1.2 In Section 1.2, we assume p is a nonnegative integer. We also assume a and b are
arbitrary real or complex numbers.

Companion Binomial Theorem
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n=0 n=p p

1.2.1 Applications of Companion Binomial Theorem

(a + b)P+1 = gt Z(_l) < L )J |E| <1 (1.10)
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(a — b)Pt1 :ap-HZ( L )ga |5’<1 (1.11)
k=0
A+ amypr Z(—Uk( k )ﬂf i<l meR (1.12)

k=0



WZZ( k )x ’ lz| <1, m € Re

k=0
L - w(k+p —m(k+p+1)
W:Z(_l)( L )x P, lz| > 1, meR
1 ° k+p mltptD)
g () el > 1 mew
k=0

1.2.2 Finite Version of Companion Binomial Theorem
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k )2k
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Variation of Finite Companion Binomial Theorem
n
k=0
Application of Finite Companion Binomial Theorem
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1.3 Binomial Theorem with Complex Exponents

Remark 1.3 The material in Section 1.3 is found in T. J. I’a. Bromwich’s Introduction to the
Theory of Infinite Series, Second Edition, 1949, Chapter 9, Article 96.

Let o, 3 € R. Leti?2 = —1. Then,
. > [a+ B
(14 x)otP = Z ( ! ):vk, (1.19)
k=0
where
a. The series is absolutely convergent for |x| < 1.

b. If a > 0, the series converges absolutely on the circle |x| = 1. Hence, the series is uniformly
convergent within and on the circle |x| = 1.

c. If =1 < a <0, the series converges on the circle |x| = 1 except at x = —1.

d. If « < —1, the series diverges everywhere on the circle |x| = 1.

1.4 Applications of the Binomial Theorem

1.4.1 Derivatives of the Binomial Series
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1.4.2 Expansions of (1 — x) ™2
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Bruckman’s Formula Version 1
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1.4.3 Expansions of (1 — x)2

= (2 " .
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1.4.5 Expansions of (¢t — a)" ' (t — (a + nx))

Remark 1.4 In the identities related to the expansion of (t — a)" *(t — (a + nx)) , we assume,
unless otherwise specified, that x, t, and a are nonzero real or complex numbers.

Z( 1)k ( )tn—k g+ kx) = (t —a)" ' (t— (a+nx)), n>1 (151

lim (—1)* <Z> "k a4+ k) =" —nat" !, n>1 (1.52)
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1.4.6 Number Theoretic Result Due to Euler
Let f(x) =Y a'.  Then, f(z)|f(z+ f(x)). (1.73)
1=0

1.5 Four Versions of the Multinomial Theorem

Remark 1.5 In Section 1.5, we will assume « is a nonnegative integer. We also assume that j; is
a nonnegative integer.
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2 The Geometric Series

Remark 2.1 In this chapter, we will assume, unless otherwise specified, that a is a nonnegative

integer and x is an arbitrary nonzero real or complex number.

2.1 The Basic Geometric Series
2.1.1 Finite Geometric Series
>t =
k=a

xn—a—i—l -1

z—1

n

1 1amet -1
O e
Zz

v x—1
k=a

2.1.2 Infinite Geometric Series

oo ma
Z wk e ’ |m| < ]_
— 1—=x
o0 1—a
—k x
Z[E = , lz] > 1
— z—1

2.2 Derivatives of Geometric Series

n n+l _ 1™ 1
kak—l — nx (TL+ )‘T + 7 xr % 1
k=0

(z —1)
n 2 n
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rx—1 2
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Z k22 = (n? — 2n 4+ 3)2"* — 6 (2.9)

n 2 n+l

2.3 Integrals of Geometric Series

o0 +1
n(l+z) =Y (-1 k+1 x| < 1 2.11)
k=0
= k—ll
m2="> (-1) . (2.12)
k=1

2.4 Applications of Geometric Series

Remark 2.2 In the following two identities, let uw and v be arbitrary nonzero real or complex
numbers such that uv # 1.

(23] (232

[ 3] _
Z (wv)* +u Z (uv)kF = (u0) ! + u(uv) 1, n>1 (2.13)

uv — 1 uv — 1
k=0 k=0

Remark 2.3 The following identity can be done as a formal calculation over the ring of power
series. Otherwise, the reader may assume that appropriate condition hold so that the left sum is
absolutely convergent.

oo oo 1 k ' .
SECED IS IEII0 an
k=0 k=0 1=0
o0 2k
x 1
Z - >1 (2.15)
R =
k=0
21—932’“*1 = ll<1 (2.16)
k=0
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3 Bernoulli-Type Series and the Riemann Zeta Function

Remark 3.1 In this chapter, we will assume p and a are, unless otherwise specified, nonnegative
integers.

3.1 Evaluationof ) ;_, kP

3.1.1 Reduction Formula

n—1 r

ka—nka ! ZZW ! p>1, n>1 (3.1

r=a k=a

3.1.2 Iteration Formulas

Remark 3.2 In this subsection, we let r be a positive integer, and define Z?T) f(k) to be the
following r—fold sum:

ks ko

SLCED IS I B WIE
(r) kr=1k,_1=1  ko=1 k=1

le<n+r—1> (3.2)
™ "

- n+r
%k— (r+1) (3.3)

Z k= @ (3.4)
(1)

- s (2n+4r)(n+r)!

%: G+ (1) G-
9 2n+1

Zk >f ) (3.6)

13



Zk3 6n? +r6n+r—1)(n+r)

B (r+3)! (n—1)!

—_
~—
[N}

Zn:kgzn n -+

(1)

Z i (12n* +12rn—r(5—71))2n+7r) (n +7)!

B (r+4)! (n—1)!
A +1)(2n + 1)(3n* +3n — 1)
Zk 30
5 +1)%(2n? +2n — 1)
Zk 12

1)

Zkﬁ n(n+1)(2n+1)(3n* + 6n® — 3n + 1)
42

3.1.3 Euler’s Expansion with Bernoulli Numbers

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

Remark 3.3 In this subsection we let By, denote the k'™ Bernoulli number. The exponential gen-
erating function of (By)o2, is =*=. For values of the Bernoulli number sequence, the reader is

referred to the Online Encyclopedla of Integer Sequences (OEIS).

ka_Z(p k—l—l)'k'Bk’ n>1

3.14 G. P. Miller’s Determinant Expansion

n

Z P — det M ’
— (p+1)!

where M is the (p + 1) x (p + 1) matrix whose entry a; ; is determined by

(n+1)PH2=" — (n + 1), j=1
Qij = (fﬁ:ﬁ), j=>iand j#1
0, j<iandj#1
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3.2 Evaluationof ), _, kPx*

Remark 3.4 The reader should compare the formulas in this subsection with those in Section 2.2.

3.2.1 Differential Reduction Formula
§n prigh — §n krat (3.16)
dx
k=0 k=0

3.2.2 Applications of Differential Reduction Formula

- N

§ k3xk:( e where for = # 1, (3.17)
x_

k=0

N =n*z2"™ — (3n® +3n® = 3n + 1)a" ™ + (3n® + 6n* — 4)2"™? — (n+ 1)%2" ™ +2° + 42? + o

n—1 n k-1
k = (n—1)? >1 3.18
Sh(i) oo ez 318

d ()"
H <1+”—> =n?, n>2 (3.19)

"k "k 1
T (n+1)"1 (n i

) =n? n>1 (3.20)
k=1 k=1

3.3 Evaluationof ;' , (})k?

" /n
> <T> =2 (3.21)

r=0
i n
> ( )7‘ = p2n ! (3.22)
r=0 r
—~ (n 2 _ gn-2
(r)f‘ =2""n(n+1) (3.23)
r=0



("> r3 = 232 (n 4 3) (3.24)

(”) rt =2"""n(n+1)(n® + 5n — 2) (3.25)

n—1 p n
By LR o

3.4 Riemann Zeta Function: {(p) = > 7o, 5
3.4.1 Convolution Identity

Remark 3.5 The following identity is found in “A New Method of Evaluating ((2n)”, by G.T.
Williams, Amer. Math. Monthly, January 1953, Vol. 60, No. 1, pp. 19-25.

n—1 0o k
1 1
ZQ(k)C(n—k%—l):(n+2)<’(n+1)—22@z}, n>3 (3.27)
k=2 k=1 k=1
Extension of Convolution Identity
4¢(3)—2ii21—0 (3.28)
k=1 k* j=1 i .

3.4.2 Connections with Bernoulli Numbers

Remark 3.6 Recall that B,, is the n'"* Bernoulli number. See Remark 3.3.

Bop = (=1)"" g 3¢ (2n) (3.29)

n—1

C(2K)¢(2n — 2k) = (n + %) ¢(2n), n>2 (3.30)

k=1
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4 Finite Harmonic Series

4.1 Special Case of n!" Difference Inversion Formula

1

Z(_ )* ( >k+1 n41

IS NE WIS

k=1

n n\ e~1 1
— k-1 - = —
> (-1 (k)jzlj e n>1
4.2 Even and Odd Finite Harmonic Series
2n

1 2n+1 1 1
1_ — e+ DS — > 1
Zk: 2 kzk(Zn—kJrl) Cn+l)2 tan sy "2

k=1

3

2n—+1

3

1 1 |
1 ong2
D p=(n+) K2n—k12) ntl

k=1 k=1

4.3 Harmonic Series as Limit of Binomial Coefficient

Remark 4.1 In the following indentity, we let r be a positive integer.
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