Table for Fundamentals of Series: Part I: Basic

Properties of Series and Products

August 19, 2011

1 Binomial Identities

Remark 1.1 Throughout these tables, we assume, unless specified, that n, j, k, o and r represent
non-negative integers. Furthermore, we reserve x, and y for arbitrary real(complex) numbers.

1.1 Basic Identities

Pascal’s Formula

Committee/Chair Identity

Cancelation Identity
n\(n+r\y (n+r
r r S \n—r

—1 Transformation

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)



e ) larn) :<_1)n+r( a ) (1.8)

_71 Transformation

= 2n\ 1
2 — (_1\"
(n>—( 1) (n)_22" (1.9)
% Transformation
: 2n 1
2\ _ (_q1\n+1
(2) = () mam=n (110)

LD -006 L) an

1.2 Binomial Identities From the Gamma Function

Identities from T'(x)T'(1 — z) = ==

sin(7wx)

7r
Nl )= — 1.12
i n) sin(n + 1)m (1.12)
(0= =)t = (-1)" (1.13)
—n—)(n—)=(-1)"r :
2 2
Identities from Duplication Formula: T'(2z) = 22\;1 L) (z+ 1)
1 m(2n)!
(n—2)!= Vrn): (1.14)
2 22np)!
227 (pl)? !
() __nivr (1.15)

@n+1)!  2(n+3)!

(5)! (n_1>! _ oV (1.16)

2 2 n
n 22n+1

(%) = W (1.17)

k n—k 22n+2
007 i

k n—k

n) | 2m(asl) g

<%> =— = 5 (1.19)
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1.3

Limit Formulas

(1.20)

(1.21)

(1.22)



2 Series: The Basic Properties

2.1 Indices Properties

Remark 2.1 In this chapter, we assume a is a nonnegative integer. We also let [x] denote the floor

of x, i.e. the greatest integer less than or equal to x.

n n a—1
S FR) =D Fk) =D f(k)
k=a k=0 k=0
Em m—1 kit1
G =D > fG), 1<m<oo
Jj=ko+1 i=0 j=k;+1
(5] n n
2 FER) =R+ (=D k), n>a+l
kzﬁ%i} k=a k=a
(24 n n
2 FEE=1) = f(k) =Y (-DFf(k), n>a+1
k:ﬁ%g} k=a k=a
Z(%n 1)90% gz
o + T
2.1.1 Bifurcation Formulas
Bifurcation Formula
n (3] (241
YFk)y= > fek)+ > f(k—1), n>a+l
k=a k=[] k=["37]

Let i = \/—1 in the following two equations.

(2571

n [
SRR =D f@k) +i > fRk+1),  n>1
k=0 k

2
k=0 =0

|3

(3] (2571

Z(—1)[%uk2f(k;) =D (=DFfR) +i Y (-D)FfRk+1),  n>1

k=0 k=0 k=0

(2.1

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)



Generalized Bifurcation Formulas

rn—1 r—1n—1
S fk)=> > f(rk+37), r>1
k=0 7=0 k=0

n =]

r—1 [
Zf(k)zz Z f(rk +3), n—a+1>r

0, ratr—1—j
J Ok_[¥]

n 2] 254 252]
WIOE FBR)+ > fBk+1)+ > fBk+2), n>a+2
k=a k=[212] k=[] k=[5]
n ) (274 [272) (73]
DRy =D fUR)+ D fUAE+ D)+ Y f(AE+2)+ Y f(4k+3),
h=a k=[242) k=[42] k=[] k=13l

wheren > a + 3.

Alternating Bifurcation Formula

n (3] (241
S(=DFfk)= > f@k)— > fRk—1), n>a+l
ha k=[] k=(252]

Generalized Alternating Bifurcation Formula
n—j ]

n r—1 [
Z(—l)kf(k) = Z Z (=)™ f(rk + 7), n>a+r—1

3=0 k:[a‘i"":l—j]

n (5] (254 (252]
SR = S0 (DGR - S (—DRBR+ D)+ S (—1F Bk +2),
k=a b=l e k=15]

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)



where n > a + 2.

n (%] [27] [272] [272]
D (=DFfk) = FAk) = > fAk+1)+ Y fAk+2)— ) f(4k+3),
k=a k=[=52] k=242 k=[] R=[3]
(2.16)
wheren > a + 3.
2.1.2 Basic Telescoping Identities
Y (k) = f(k+7) = (f(k) = f(k+n) (2.17)
k=1 k=1
Let Ay, f(k) = M Then,
1 1 ¢
= A f(k) == A f(k) (2.18)
gyt "=
2.1.3 Greatest Integer Function Identities
Zf(k‘)=§Zf<{—2 D (2.19)
k=1 k=1
n 1 2n—1 k
fR)=5) f (H + 1) (2.20)
k=1 2 2
n 1 2n—1 .
D (DR =5 Y (D (M + 1) 2.21)

2.2 Expansions of (1 + )" and (1 — )"
Remark 2.2 In Section 2.2, we let i = v/ —1.



Variation of Bifurcation Formula

D k)= D, (DR +i Y (CDMfRk-1)
k=a k:[aé»l] k‘Z[E;2]
Variation of Alternating Bifurcation Formula
n 5] (2]
> (k) = (—1)"f(2k) —i (=D f(2k 1)
k=a k=[231] k=[237]

2.2.1 Expansion of (1 + i)"

2n

S0 (5) = o

k=0

2 (-1 (;Z) = (DB (1 + (1)) 2"?

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)



2n—1 4n
—1)* _
(=1) <2k + 1) 0

k=0

n—1

Z(_l)k<2k2i 1) = (-DEa-(=ym2

k=0
n 9 1 i
— 2k + 1

2n +1

S () - core

n

2.2.3 Expansions of (cos (§) +isin (%)

N—

(3]

(5]
y n 2"/3 . /nm
;(-Uk <2k—|— 1)3k = —3 sin <?>

(2.30)

2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)



2.3 Index Shift Formula with Applications
2.3.1 Index Shift Formula
Index Shift Formula: Version 1

S Fk) =3 fn—k). a0

Index Shift Formula: Version 2
Y fky=> fla+n—k), a>0
k=a k=a

2.3.2 Applications of Index Shift Formula

n L, L4 (=1 (2n—1
:2271 2
> (o) =2 ()

otherwise, if n = 0, the sum equals 1.

"\ [4n 4n — 1
— 24n72
> (o) =2 (")

k=0

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)



Variation of Index Shift Formula
(3]

D f(k) =) (f(k)+ f(n—k+1) +

k=1

1—gawf(m+1

n [25]
B L+ (=1) n
F) = Y (R + fn— k) + ———f ([5]).  n=1
k=0 k=1
& n 1+ (=" (n
()
o \k 4 5]
k
k=0
Application of Index Shift Formula with —1 Transformation
D m—-1—k i + 2k
> ("7 T = cor o (M .z
k=0

k=n

10

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

1), n>2 (2.55)

(2.56)

(2.57)

(2.58)

(2.59)



2.3.3 Iterated Index Shift Formula

YD ki) =) fln—kymn—j)

k=0 j=0 =0 k=0

2.4 Series Properties of Periodic Functions

In the following identity, suppose f(x) = f(m — x).

n—1 n—1
2k+1 4k +1
(COB-C S
0 0

"_1(_1)kf<2k+1 > Zof(4k+1 ) o

k=0
In the following identity suppose f(x) = —f(2m — x)

%Z‘:l(_l)f<2k+1 ) Q"Z:f(4k+1 ) .

k=0
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(2.60)

(2.61)

(2.62)

(2.63)



3 Calculus Operations on Series

3.1 Four Basic Integral Formulas

Remark 3.1 In Section 3.1, we assume a and b are nonnegative integers. We assume p is a positive
integer. Furthermore, we assume that a, < api1 < ... < ap < apy1 < Apio < an13. Lastly, recall
the [x] is the greatest integer in .

3.1.1 First Integral Formula

Zw(r) / f(x) dz = (b) / Fyde + 3 (o(r) — o(r — 1)) / f(x) da

r=b+1
3.1
Applications of First Integral Formula

d(p(M) —p(r—1))(m+1—7)=) @(r)—(n—a+1)pa—1) (32

DAY =) =+ 1) = (1) = (1) (n—a+1) (3.3)
S (1), 1) = A2 G4

() erEl) s

3 (Z)r — ponl (3.6)

> f(r)=nf(n) - Z (f(r+1) = f(r)) (3.7)
—~ f(k) nfln+1) < ftk+1)  f(k)
Z ko n+l Zk( E+1 k) (38)

k=1

12



n n—1

Zr! =nn! — ZTQT!

r=1 r=1

S fREDNE (fn+ 1)
H( f(k) ) Iy f(R)

k=1

3

(k* — (k—1)") f(k) =nPf(n+1) ka flk+1) — f(k)

fEADN _ e T (k177
(Y5?) =+ v TLw)

b
Il 3
—

3.1.2 Second Integral Formula

;AfﬂmM=Lmﬂmm

Applications of Second Integral Formula

n

2r+3 1
;(r+1)2(7‘+2)2:1_m

n

— (r+2)*(r+3)? 4 (n+3)2

2”: 2r+2a+1 1 1
(r+a2(r+a+12 a (n+a+1)?

r=0

n

3r2+9r+7 1

(r+ 130 +273 0 (et 1P

r=0

13

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)



[e.9]

23T2+37‘+1 B
r3(r 4+ 1)3 N

r=0
- T 1
2 (r 1 1)! (n+1)!
“ r? 4+ 2r B 1
= (r+1)2(r!)? N ((n+1))?

14

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)



3.1.3 Third Integral Formula

i‘z(—w [ s@ e = -1

ap

apt1

An 2
f@yde+ (-1 [ f@)yde 629
An 41

Applications of Third Integral Formula

Y (1) (F(r+2) = F(r)) = (=1)* (F(b+ 1) — F(b)) + (-1)" (F(n + 2) — F(n + 1))

(3.29)
D_(=DM (R + 3k + Dkt = (=1)"(n+ D(n + 1)! (3.30)
k=0
- 1k 1 1 (—1)"
kz_;( ) (k+1)(k+3) _4+2(n+2)(n+3) (3.31)
; k+1D)(k+3) 4 (3.32)
- K + 3k + 1 nt 1
kT E3k+1 L nt 1
kz:%( g (k + 2)! = (=1 (n+2)! (3.33)
Dt Lt -

— (k+2)!

3.1.4 Fourth Integral Formula

n+3

(1) / " pa)de = 3 (1) / f (@) de + / f@de+ (0" [ f@) de

r=0 r=2 Ap 42

(3.35)
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Applications of Fourth Integral Formula

Y (1) (F(r+3) = F(r) =) (=1)" (F(r +1) = F(r)) + F(1)

+(=D" (F(n+3) — F(n+2))

3.2 Three Integration by Parts Formulas
3.2.1 First Integration by Parts Formula

S F(R)(p(k) — ok — 1)) = F(n)p(n) — FOL)p0) — 3 @(k)(F(k + 1) —

Applications of First Integration by Parts Formula

RSVIOENICESY

— k(k + 1) P E+1

o0

2k +1
k2k+1 Z/{;3k+1

— F(0)

(3.36)

(3.37)

(3.38)

(3.39)

f(k))
(3.40)

(3.41)

(3.42)

(3.43)



3.2.2 Second Integration by Parts Formula

Assume « is a nonnegative integer. Let S, = > a;.

n

> awb= > Sk (b — bey1) + Snbnt1 — Sabasr (3.44)
k=a+1 k=a+1

3.2.3 Third Integration by Parts Formula

1

n—1 n n—1 n
/ H u; du,, = H u; — Z/ <H 'u,i) — duy, (3.45)
i=0 i=1 k=1 i=1

U

3.3 Taylor’s Theorem

Remark 3.2 Let f(x) = Y1, a;z’, where the a; are independent of x. Let f*)(z) denote the k'
derivative of f(x). Let f*)(y) be the k™" derivative with respect to x evaluated at y.

Taylor’s Theorem
n ok
@) =3 ) 346
=0

Two Variations of Taylor’s Theorem

n k
faty) =3 50w (347)
k=0
fl@) =2 700 (3.48)
k=0 "

3.4 Taylor’s Theorem for Real Valued Functions of Several Variables

Let ¢ be a real valued function of n variables, say (z1, z, ..., ). Let
(with respect to the variable x;) of ¢(x1, ..., ) taken j; times. Then,

gji, be the partial derivative
z;

‘P(ml + hl, 2 + h2, ceeg Ly —|— hn) e

> 1 k! Q. g2 . QIn
Yo Y o (A Rk P(T1yeeey 1) (3.49)
= k! vio<n<k, J1tg2legn! ox, o0x, ox,,

Z?=1ji:k
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3.5 Leibnitz Formula: Generalized Product Rule for Differentiation

Remark 3.3 In Section 3.5, we assume u and v be r—times differentiable functions of x, where
r > 0 and integral.

Leibnitz Formula

d" N\ dFudto
gz (1Y) <k) dz™—F dak (3:50)

3.5.1 Applications of Leibnitz Formula

AN x" 1 (N 1+HEY
= (2n+k L o
Z( . >§_2 (3.52)

AN x” n n! = (r k! zk
S o _gn 3.53
— (r)x (1 —x)rtt o (r)x e — (k) (k—7r+n) (1 —a)kt! (3-53)

- 2n xk
_— 3.54
— (k + n> (1 — )kt (3-54)

~ (k+n\ , 1 2n\ , 2n ghtn
() mmm G- L) o

k=0 k=0

3.6 Three Versions of the Generalized Chain Rule

Remark 3.4 In Section 3.6, we will let D, represent differentiation with respect to z. Hence,
D" f(z) is the n'* derivative of f(x) with respect to z, i.e. D"f(z) = D.D.,...D.f(x), where
the product contains n factors. We will let D, represent differentiation with respect to x. We also
assume that x is a function of z, i.e. * = xz(z). Finally, we let, o, unless otherwise specified, denote
a nonnegative integer.

18



3.6.1 Version 1: Hoppe Form of Generalized Chain Rule

D f(x) =

Applications of Version 1

(e

D2 f(2)]:=atbe = binD; flx), b#£0

Remark 3.5 In the following identity, o is any real number. Also, we assume u = u(x).

Dy = zn:(—l)k(@ f:(—w‘ (’;) w® Dy

k=0 j=0

Remark 3.6 In the following identity, let x = €*. Then, D7 = (xD,)".

Gunnert’s Formula

n

D7 f(x) = (xD)"f(x) = ) D"f(:v)e“z

a=0

Derivatives of Reciprocal Functions

2 (3) -2 ()7
(7w) = ;)JZO(_ ¥ (5) GaypaD: v@r
(7@) - JZO(" "G i) e

xJ

D (f(x))

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

Remark 3.7 In the following identity, assume f(x) = > ;- a;x", with f(0) = ag # 0. Note that

all a; are independent of x. Furthermore, assume for a nonnegative integer 3,
(f(x))ﬁ = ZJ o bgﬁ)xj. Once again, all bgﬁ) are independent of x.
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T i1\ o
o Zﬁz(_”k(m 1) e (369

Remark 3.8 In the following two identities, both u and x are functions of z.

n kE  «
D (2) =" (Z) DNy (~1) ((;) #D';xﬂ' (3.65)

k=0 a=0 j=0

. . e = (k1) (<1,
nO-EQmE () o

k=0 j=0

Remark 3.9 In the following two identities, assume f is any n—times differentiable function. Also
assume a is independent of x

(a —;;)"HDZ (C{(_xl) _ 3 (a ;!x)kD];f(m) sen
a—z)" a) — flx " (a— )
( n!)+DZ(f(C)L_£( ))Zf(a)_kzzo( . ) D} f() (3.68)

Remark 3.10 In the following identity, due to G. H. Halphen, we assume [ and ¢ are n—times
differentiable functions. We also let ¢) (%) denote the k' derivative of ¢ (%) with respect to %

Dy (f<w>¢ (i)) = i(—l)’“ (Z) x—lm““’ (%) Dyt (%) (3.69)

k=0
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Remark 3.11 The following identity is a generalization of the Version I due to R. Most. He as-
sumes that both f and ¢ are (n + m—)times differentiable functions, where m is an arbitrary
nonnegative integer.

n _n+m(—1)k E(F() bl - ik k=i pn 37_j
pis =3 Shptueeen S () () e

Remark 3.12 In the following identity, due to R. Most, o and 3 are arbitrary real numbers.

o . n+m a+p—j
7=0

3.6.2 Version 2: Operator Form of Generalized Chain Rule

D f(x) =)  A7}(2)Dif(x), (3.72)

Jj=0

where A?(z) are independent of f and calculated by

1 .
Aj(z) = ﬁDi (e™**D7e) |i=o (3.73)

3.6.3 Version 3: Faa di Bruno’s Formula for the Generalized Chain Rule

" t 1 n! I\ 1\
D f(x) =) D (). > D) (D) . BT
E—1 H 1 a*

Jilgalga!

where the inner sum is extended over all partitions such that >} j; = k and Yy ;| jik; = n.
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4 Iterative Series

Remark 4.1 In this chapter, recall that x| is the greatest integer in x.

4.1 First Example of an Iterative Series

n (3] (2] n
DD A=) ) Ak (4.1)

r=0 k=0 k=0 2k

4.1.1 Applications of the First Iterative Series

5] -n[3]- 3

n n (3] 2k—1
= 5170 =13] ;f () =22 1) 4.3)
S 3] =S
i (5] 2k—1
2 (r) H = [5] 2 - 2. 2 (T) 4.5)
- [5) = [3) @

Remark 4.2 In the following identity, assume {a,}:° , is a sequence which obeys the Fibonacci
recurrence, i.e. G, = Qn_1 + Qp_o forn > 2

r—k
(k)=§mz%ﬁ—1 @.7)
0

22



3

SN T 23 ((n+ D7
g 2" cos <§> = sin | ———
r=0

Generalization of First Iterative Series

n 7] (] n
SN A => > A,

k=a i=a i=a i

where r and a are integers such that r > 1 and a > (.

4.2 Second Example of an Iterative Series

n [Vn]l n
D Z Ak =, D Au
k=1 i=1 =1 k=i2
4.2.1 Applications of the Second Iterative Series
n [Vn] n
D IVHF(R) =) f(k)
k=1 i=1 k=2

6

" VE
L QZW— o

8

k=1 i=1

23

S IV = [y (1 - VI

(4.8)

4.9)

(4.10)

4.11)

(4.12)

(4.13)

(4.14)



4.3 Third Example of an Iterative Series

n 2t—1 2" —1 n
DD A=) D A
=1 k=1 k=1 i=1+[log, k]

4.3.1 Applications of the Third Iterative Series

on_1 n_1 n 2'—1
> logy klf(k)=n ) f(k) - f (k)
k=1 k=1 i=1 k=1
2" —1
log, k] = (n —2)2" 42
k=1
2n—1
log,(2k)] = (n —1)2" + 1
k=1
2n—1
> [logy(2k — 1) = (n—2)2" " +1
k=1
on_1
(—1)"[logy k] = 0
k=1

> (DM logy k] =n

k=1

n 2—1 2n—1 n

NS ra=Y > f6)
1=1 k=1 k=1 i=1+[log, k]

4.4 Standard Interchange Formula for Iterative Series

Remark 4.3 In Section 4.4, we assume a is a nonnegative integer with a < n.

n k n n
DD A=) ) A

k=a i=a i—a k=1

24

(4.15)

(4.16)

4.17)

(4.18)

4.19)

(4.20)

4.21)

(4.22)

(4.23)



4.4.1 Variations of Standard Interchange Formula

n n—a n—k

§ E Az k — E § A'Ln k
k=a i=a k=0 i=a
n k n n—i
E E Aip = E E A jti
k=a 1=a i=a k=0
n k n—a n
E E Ai,k = E E An—i,k
k=a i=a =0 k=n—1
n k n—a 1
E Az k= E g An—z k+n—i
k=a 1=a 1=0 k=0
n k n—a n—a
E E Az,kz = E E An—z k+n—i
k=a i=a k=0 i=k
n n  n—a
E E Azk - E E An i,k—a+n—1
k=a i=a k=a i=k—a

n k n n
Z Z Ai,kz = Z Z An—i+a,k+n—i

k=a i=a k=a i=k

4.4.2 Applications of Standard Interchange Formula

n 2n—k 2n 14
ZZAzk—ZZAZ kk — Z Z Aikk
k=0 =0 =0 k=0 i=n-+1 k=n+1

n k n n

I @ =D> @

k=a j=a j=a k=j

25

(4.24)

(4.25)

(4.26)

4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)



~ k(k) B mn+n+m(n+1>
— \m m+ 2 m+1
where m is a nonnegative integer

4.5 Fourth Example of an Iterative Series

(4.33)

(4.34)

(4.35)

Remark 4.4 In Section 4.5, we assume a and r are integers such that 0 > a > n and r > 1.

n rk n n
D A=, > A

k=a i=a i=a k:[i""’_l]

4.5.1 Applications of the Fourth Iterative Series

S A=Y Y A

k=1 =1 i=1 f— z+1]

S A=Y Y A

k=1 i=1 i=1 p— H-?]

_ [z — 1] rn(n2— 1)

1=

2n i— [n+1]( )

ZM—Z 2 A

k=0 i=k 1+1]

26

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)



S A=Y Z]Am

k=0 i=k =0 f—[itl

S A=Y Y A

k=0 i=k 1=0 f— 122]

DD A= D Ak
k=1 i=k =1 k=0

4.6 Fifth Example of an Iterative Series

Remark 4.5 In Section 4.6, we assume p is a positive integer.

S An=3 Y Auw

k=1 i=1 =1 p= 14+[ ¥i—1]

4.6.1 Applications of the Fifth Iterative Series

n k2 n? n
2.2 Aw=) )L Au

k=1 i=1 =1 k=1+[/i—1]

n k3 n3 n
DD Aw=d D Au
k=1 i=1

=1 p=1+[{/i-1)

2.0 Aw=d >, Au
k=2 i=2k

1=2 fk=1+4[yi—1]
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(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)



4.7 Two Special Iterative Series

Remark 4.6 In the following identity, we define ! ™! as the inverse function of \. That is, x! = n if
and only if \"'n = x. Furthermore, we assum =11 = 1.

> Z Aig = Z Z Ak (4.48)

k=2 =2 =2 k=1+[1"1(i—1)]

Remark 4.7 In the following identity, we assume g(x) is a function such that x* = z if and only if
x = g(z).

ZZAM—Z Z A (4.49)

n
k=2 i=2 =2 k=1+[g(i—1)]

4.8 Iterations of the Hockey Stick Identity
Let

n k'rl

SEDID 3 3R oI

=0kyr—2=0  k1=0

(T)kl

be the r—fold iterated sum of f (k).

Iterated Hockey Stick Identity

- J _(n+T
%:(Q_(kw)? r>1  nk>0 (4.50)
4.9 Iterated Sums with Deleted Terms
SN A=) A=) ) A=) > Ay (4.51)
7j=0 2=0 1=0 7j=0 7,#0 1=0 _7;0
17 JF
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4.9.1 Applications of Deleted Terms Identity

Remark 4.8 In the following identities, let A; ; = w,;v;.

where the left hand side is an r— iterated product, for r and n fixed positive integers.

=0 =0

]O’LO

O
j=0 i=0 =0
Aig =Y A=) > Ay
j=0 i=0 1=0 j=0 =0
i#En—j
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(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)



5 Three Convolution Formulas for Finite Series

5.1 First Convolution Formula

Z Zf(i)so(j) = (Z f(i)> (Z <p(j>)

= Zf(k)cp(k) +> D (F@eE+3d) + fFE+ D)), n>2

j=1 =1

5.1.1 Applications of First Convolution Formula

(Z AZ> (Z Bj) Z ALBy + Z Z ApBrir + Ak+er> n>1
i=0 =0

r=1 k=0

<Zf(i)) Z(f(k)) +2ZZf(k:)f(k—|—r), n > 2

r=1 k=1

n 2 n—1 n—r
Zl Z
=1

k=1

0 [ee) 1 oo k-1 1 71_4
D ) M el v
r=1 k=r+1 k=2 r=1

5.2 Cauchy Convolution Formula
Remark 5.1 In this Section 5.2, we let [x] denote the greatest integer in .

k=[5 (k—n)

(Zf(’@) Z Y. F@f(k—1i)

k02[+](k n)

30
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<Zf(k)> (ZW>_ D sy (R

(5.1)

(5.2)

(5.3)

(5.4)

(5.5

(5.6)

(5.7)

(5.8)



5.2.1 Applications of Cauchy Convolution Formula

K2

> (") - (1)

where k, r, and q are nonnegative integers.

> ()= ()

Vandermonde Convolution

Companion Binomial Theorem: Let n be a positive integer

(1—x>n_z§y(k+n_1) = @m> <t

k=0
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(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)



5.2.2 rt" Power of an Infinite Series

Let 7 be a positive integer. Assume f(z) = >~ aj,z". Then,

where

(f(w))r = Z ar,kwka

k

Qrf = g Qr—1,:01 k—;

=0

5.3 Third Formula Convolution Formula

Remark 5.2 In Section 5.3, we let [x| denote the greatest integer in .

(2]

Zazanz—ZZazanz—Fl—H 1)n [g], n>1

Variation of Thlrd Convolutlon Formula

1_( 1)n a?

Zaza’n i+1 — 2Za’zan i+1 + [ +1]7
2

5.3.1 Applications of Third Convolution Formula

2n

n
E a;Agp—iy1 = 2 g i A2n—i+1, n=>1

i=1 i=1

2n+1 n
2
E Ai2n 1o = 2 E @jA2p—i4+2 T Qp g, n=>1

i=1 =1

n—1

_ Qop—1
E QrQon—1—k = 9
k=1
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(5.19)

(5.20)

(5.21)

(5.22)
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(5.24)



"o+ 1\?  1/4n+2
- 7 2\2n+1

6 Finite Products: Elementary Properties

(5.25)

(5.26)

Remark 6.1 In this chapter, we assume, unless otherwise specified, that a and p are nonegative

integers.

6.1 Basic Properties

6.1.1 Communativity Property
[I rR)e(k) = T £(k) [] e(k)
k=a k=a k=a

Applications of Communativity Property

n 2n—+1

[T 7@k fk+1) H f(k n>0
) EEACRE, P
k=0 f(2k + 1> k=0
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(6.2)

(6.3)
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6.1.2 Exponent Property

[[o/® = aSie s

k=a

Applications of Exponent Property

6.1.3 Logarithm of Product Property

log, [ [ (f(k)" =p_ log, (k)

6.1.4 Product as an Exponential Function

H f(k) = eXk=a0f(k)
k=a

- n n oo 1 (F(R)
[T+ f(k)) = eXime /B Xiee DZCDTH0E 1 ()] < 1, a <o <
k=a
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(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

6.11)

(6.12)
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6.1.5 Factorial as a Finite Product
H k= n! (6.14)

Remark 6.2 In the following identity, we assume b is a nonnegative integer. If the reader wants to
let b be an arbitrary complex number, then he or she must use the convention T'(b) = (b — 1)!.

k]:[ (k+b) = % (6.15)

Remark 6.3 In the following identity, we assume b is a positive integer greater than n. Otherwise,
the reader must use the fact that I'(b) = (b — 1)! whenever b is a complex number which is not a
negative integer.

(b—a)!

[[e—k) = G—n=1 (6.16)

Remark 6.4 In the next eight identities, v is any complex number for which the corresponding
factorial expression will be defined via the Gamma function (see Remark 6.2).

n Zy|
H(2j+x) :2““—(Z+ 2)", n>0 (6.17)
=0 (5 - 1)
n —z)|
12— :2n+1<”x_2)-|, n>0 (6.18)
j=0 (_5 - 1)
ﬁ(4j2 7?) = 922 (n+35)! (n—3)! ’ n>0 (6.19)
EIEESIEES
n ztl))
H(2j+1+x>—2n+l(z—+1_ 2 )|’ n>0 (6.20)
i (5 - 1)!
n —z+1Y)
H(2j+1_$):2n+1(7j:+1—z>>'-, n>0 (6.21)
o (5= - 1!
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H ((QJ ! 1)2 - $2) - <nn++x?) (nn—:?) (n+ 1>‘)27 =0
[ -5 = (590;_”{),, >0
[0+ = (N nzo

(6.23)

(6.24)

Remark 6.5 In the following identity, we assume b is a positive integer. The resulting factorial

expressions are evaluated by use of the Gamma function (see Remark 6.2).
[T +0k) nty)
e G

H(2k+1)_(2"—1'1)', n>1

n

[[26k=2"n!, n>1

[T+ kP =((n+1))
k=1

6.1.6 Binomial Coefficient as Finite Product

[ (D)L 2)- (50 nen o

k=1 k=1

k=1
& ny _ (2n)!
IE(HE) = "2l
n—1
(1 - %) = (—1)™, o >2
k=1
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(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)



Remark 6.6 In the following three identities, we assume a is a positive integer. The corresponding
factorials are evaluated via the Gamma function (see Remark 6.2).

n 1
] (1ii> _ (”iﬁ), n>1 (6.33)
ak n

k=1

1 <1 B ) _(n +.i)!_(7"f —.i)! n>1 (634)

ﬁ (1 B a21k2) - (%)!1(—1)! = Singg) (6.35)

k-1 2 k-1 7.2 k :
n (=) k <2k> (Qn) (n - j)
1 - .—) = — . : (6.36)
e ( ]2 92k n2 ]Z:; 2] k -7
ot n2\ (=1 (2n
(1) C0 ) -
o 7 2 n
6.1.7 Index Shift Formula
[[ &) =] f(n —k+a) (6.38)
k=a k=a
Applications of Index Shift Formula
[[¥#=m) n>1 (6.39)
k=1
n—1
[[kn =) =((n-1))* n>2 (6.40)
k=1

”Zl—1>:1, n>1 (6.41)



k=0 k=0 k=0 k=0
n 1 n—1 n—1 B\ (k+1)
— = —(k+1) _ 2
- I(-5) o e
k=1 k=0 k=0

6.1.8 Two Cancellation Properties
ﬁ fk+1) fn+1)

L f(k) f(a)
“ k-1 _fla-n)
e R

Applications of the Cancellation Properties

n

H(1+%>p:(n+1)p, n>1

k=1

(6.42)

(6.43)

(6.44)

(6.45)

(6.46)

(6.47)

(6.48)

(6.49)

(6.50)

(6.51)



3
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(6.52)

(6.53)

(6.54)

(6.55)



Remark 6.7 In the following identity, we assume r is a positive integer such that r > n + 1,
for fixed integer n > 1. If the reader prefers to let r represent an arbitrary complex number, the
factorials must be evaluated by the Gamma function (See Remark 6.2).

nr_k_(nil)_ (r—1)!

Wes1™ ) ~ i —n—1) (6.56)

1

Remark 6.8 In the following identity, we assume v = 0 or r = 1. If the reader prefers to let r be
any complex number which is not a positive integer greater than or equal to 2, he or she should
ignore the binomial coefficient representation and evaluate the factorial by the Gamma function
(See Remark 6.2).

Sok+1l (MY (n+ DI —1)!
]Hk+1—r_ (i)  (n+l—r) nzl 6.57)

6.1.9 Three Product Identities From Identity (3.7)

n

H<1+1)k: (a=Dint D"y (6.58)

P k a®1n!

n n k2
[ =e+0"] <L> ., n>1 (6.59)
k=1 k=1 k +1

n n 1\" '
111 (1 + E) = (n+1)", n>1 (6.60)
k=1 k=1

6.1.10 Iterative Product Formula

ITII £k = T[T )™ =[] (f(n — k))EH 6.61)

i=0 k=0
Applications of Iterative Product Formula

[]## = ()", n>1 (6.62)
k=1
[[+ k=), n>1 (6.63)
k=1
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6.2 Trigometric Products

Remark 6.9 In Section 6.2, we assume the reader is familiar with the Weirstrass Factorization
Theorem. The reader may find this important theorem on the Wikkipedia website.

Product for sin(0)

0 2
sin(0) =60 ] [ (1 — k;) (6.64)
k=1

Product for cos(0)
- 462
k=1

7 Intermediate Level Calculations Involving Products

Remark 7.1 In the following chapter, we assume, unless otherwise specified, that v and n are
positive integers.

7.1 Defining n! as a Product Limit

) rn! B
i (r+1)(r+2)...(n+r) =n 7.1y

) rr B
Tlgg} n+1)(n+2)...(n+r) =n (7.2)

. 1
lim 7 [ [ —— =n! (7.3)
re g (1+%)

lim (1 n ﬁ) _ 1 (7.4)

r—00
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7.2 Products From a Recursive Sequence

Remark 7.2 In Section 7.2, we assume a such that a > 2. We assume n is a nonnegative integer.
We define the sequence (u )52, by the recursive definition (an — 1)ug, = g nt+1 with ugy = 1.

r—1

Uo i1 = Uon—rs1 | [(an — ka — 1) (7.5)
k=0
Up 1 = U0 H(an —ka—1) (7.6)
k=0

Remark 7.3 In the following four identities, we let a = 2. Also, any noninteger factorial is
evaluted by the Gamma function, i.e. I'(x + 1) = x, for all complex numbers x, except negative
integers.

n—1 .
2 F(Qn 1) a7

[Jn—2k-1)= —% (n — %)1 (7.8)

II O (7.9)
n 2n+1ﬁ

2%k +1) = 7.10

e ] o
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7.3 Applications of Binomial Coefficient as Product Formula

2r41 r
("+T> :i<2") H—2"+2k+1, (7.11)
n 22n \ 2 o 2k+1
where 1 is a positive integer and r is a nonnegative integer.
z 2n\ 2 1
(1)~ (o
n n 2
n+3\  /2n)(2n+1)(2n+ 3) (1.13)
n ) \n 3 * 22n '
n+3\ _ (20 (2n+1)(2n+3)(2n +5) (7.14)
n n 3% 5% 220 '
n+1 2n\ (2n+1)(2n+3)(2n +5)(2n + 7)
= o (7.15)
n n R ENEY

Remark 7.4 In the following three identities, any non integer factorials are evaluated via the
Gamma function (see Remark (7.3))

n+ ¢ 2n + «a)! (e=2)!
( +2> - gn n! ) ( i—>1 !’ (7.16)
n 22nIn! (n + T)
where n is a positive integer and « is a nonnegative integer.
n+k 2n + 2k)! (24!
( . ) - e (717)
n 227(2k)!n! (n + )!

2

where n is a positive integer and k is any real number.

21
(271247—12]{) (2:) _ g2 (n :L_ k:) (n +n 5 )7 (7.18)

where n is a nonnegative integer and k is any real number.
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Remark 7.5 In the following three identities x is an arbitrary complex number, h is any nonzero

complex number and n is a positive integer.

n—1
L g1
||(x+k;h):h”n!(h+n )
n

X
lim h""n! <h> ="
h—0 n

7.4 Induction on Three Product Expansions

Remark 7.6 In Section 7.4, we let [x] denote the greatest integer in x.

7.4.1 First Product Expansion

lﬁk%l :nkl:[l(l_i_[\/g])? n>2
[vn] n
(val+ Ve TRt = Tla+ [VR). nz2

7.4.2 Second Product Expansion
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(7.19)

(7.20)

(7.21)

(7.22)

(7.23)

(7.24)

(7.25)

(7.26)



7.4.3 Third Product Expansion

g(u%):w—lﬂ_l)n, n>2

7.5 Three Product Functions
7.5.1 First Product Function

n

[1G+2H0 2% = H (1— a9 :H _ )

i=1 j=n+1
7.5.2 Second Product Function

n 2n

H(1 — ) (1= 2P = H(1 — a7)

7.5.3 Third Product Function

n n

[T +2*)+2%) =] +2%)

i=1 j=1

7.6 The Product Functions [[_, 2 and [[7_,(1 + =)

(7.27)

(7.28)

(7.29)

(7.30)

Remark 7.7 In Section 7.6, we assume a is any nonzero real number, except 1. Also, we may
assume that x is any nonzero complex number for which the products and resulting functions are

defined.
n k a"+1—1
H v =x o1
k=0
ﬁ n 1 =z 1
o z?*)  x—1 x2"tt
n+1
ﬁ (14a*) = @ —1
r—1

k=0
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k=1

"1 ( 1) 1 1
—(1-—=)= n>1
2k 2k 2 2n+17

k:1$ A xr s
=1 1 -
Zﬁ 1_m2k = 2 ] =1
k=1

Remark 7.8 In the following four identities, we let v = 2.

n

H 22’f _ 22"+171

k=0

o0

H<1+2%):2

k=0

7.6.1 Product Identities Involving Geometric Series

n r—1 r*—1 n
_ 1—=x"
H ac“”kl:Zaﬂzl , n,r>1, *x #1
k=1 i=0 7j=0 -
n 3 1 o 3n
H(l—l—xgkl—l—xQ*%_l): 1 z , n>1, x#1
—x
k=1
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(7.40)
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8 Relationships Between Finite Series and Finite Products

8.1 Series as a Product
J(k) = f(1 1+ == 1> > 2 (8.1)
s =so 1 (155 )

8.1.1 Applications of Series as Product Formula

"1 u 1 1
> 5T = H2 (1 + e 2) =2- 5 (8.2)

- 1
H<1+2k_2>:2 (8.3)

ECESVIE S AN = (8.4)
>y U eT) =0
ﬁ(“ : ):2 (8.5)
k2 —1
k=2
o k(k+2) 3,!_[2 <1+ (k — 1)(k:+2)(3l<;+2)) T A(n+1)(n+2) (8.6)
i a(k +1) 9
,g <1+ (k — 1)(k+2)(3k+2)) T4 (8.7)
2k (’Hl)!:H(H(kzﬂ)!—k—JZQ_M (8.8)
=1 k=2
1(: : =2 (8.9)
,!_[2(+(k+1)!—k—1>_ .
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~ k(k+2) 3¢ k(k +2) L 1
k4%+W%W_ZH(HYhHW%W—D>_1((

o k(k+2) 4
IIO+%+D%WV—D>_§

8.2 Product as a Series
k—1

[I+rk) =1+701)+) f(k) H 1+ f(3))

8.2.1 Applications of Product as Series Formula

Remark 8.1 In the following five identities, we assume r and n are positive integers.

z’"‘: k+r—1\1_1/n+r\ 1
r Er\ r r

k=1

0l &Kk 1 1
lim = —
r—oo =1 = r Jk+r nl

—

GRSy
M T4k

o =

Remark 8.2 In the following two identities, we assume 0° = 1.

z”:(1+k)’f—kk (n+1)"

prd k! n!
1
n kE_ 1k n
hm( (1+k) k:) .
k=0
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n+1))?

(8.10)

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)

(8.16)

(8.17)

(8.18)

(8.19)



8.3 Schlomilch Series to Product Identity

n k+1
> ui H B
=0 1= Ouz

8.4 Schlomilch Product to Series Identity

H v; = vo + vo(v1 — 1) + vov1(va — 1) + ... + VeV1V2... V1 (Vv — 1)

=0
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