


Ph.D. Entrance Exam — Real Analysis

August 20, 1997

Instruction: Complete 6 of the following 7 problems. In all these problems measurable
and integable are in the sense of Lebesque, m* denotes the Lebesque outer measure, and

m the Lebesque measure, and / the Lebesque integral.

1. For a set E C [a,b] (a bounded interval) with m*E = [ > 0, show that for any
a € (0, ), there exists a set E, C E with m*E, = a.

2. For measurable sets E,, C E with nhrgo mkE, = mE < oo, prove that there holds

lim / f= / f for every integrable function f on F.
n E

n—oo

3. (a) State the definition of a measurable function.

(b) Use the definition to deduce that, if f is measurable on a measurable set £, then
for every o € R, the set E, = {x € E: f(x) = a} is measurable.

(c) Construct a function f on E = (0,1) to show the converse of (b) is not true.
(Note: You may assume the ezistence of a non-measurable set S C (0,1).)

4. Use the Holder inequality to establish the generalized Holder inequality:

Let p; > 1 with Y 1/p; = 1. Then || [] il < [T f:

i=1 =1 i=1

p»: for any f; € LP(0,1).
(Note: It would be su cient if you just show the case m = 3.)

5. (a) State the definition of an absolutely continuous function on a bounded interval
[a, b].

(b) Prove that, if f is absolutely continuous on [a, b], then for any set E C [a, b] with
mE = 0, there holds m(f(F)) = 0.

6. Suppose {f,} and f are measurable functions and f, — f a.e. in F with mFE < oo.
Show that there exists a sequence of measurable sets { Ey}72,, such that

U Ey=FE, mEy=0, and f, — f uniformly on each E} for k=1,2,---.
k=0

7. Construct a closed nowhere dense (i.e., Cantor-like) set K C [0,1] with 0 < mK < 1.
(Note: A set is said to be nowhere dense if its closure contains no nonempty open
interval.)



Ph.D. Entrance Exam — Real Analysis

August 28, 2001

Complete all problems:

1. Let E be a set in R with m*E = > 0. Show that for any « € (0, 3), there exists a
set B, C E with m*E, = a.

2. Suppose Ey, Es, -+, E, are n measurable sets in [0, 1], and every x € [0, 1] belongs to
at least ¢ of these sets. Show that, there is at least an Ej such that mEy > g/n.

3. Let f be nonnegative and measurable on F, and E, = {x € E : f(z) > n}. Show

that if Z n-mkE, < oo, then f is integrable on E, but the converse is not true.

n=1

4. Let f(x,y) be a bounded function on the unit square = (0,1) x (0,1). Suppose
for each y, that f is a measurable function of z. For each (z,y) € @, let the partial

derivative Iz exist. Under the assumption that Iz is bounded in @), prove that
x x
d ! Lof
@ ) de = / Y (. y) da.
dy/o flz,y) de= | ay(xy) x
5. Prove:

(a) If f is absolutely continuous on [a, b], then for any set E' C [a,b] with mE = 0,
there holds m(f(E)) = 0.

(b) For a continuous and increasing function f on [a,b], if m(f(E)) = 0 for every E
in [a,b] with mE = 0, then f is absolutely continuous on [a, b].

6. For f € L?[a,b] (p > 1), set f = 0 outside of [a, b] and define

1 z+h

fa(@) = o

ST f(t)dt for h>0.

Show that
1 fally < 1Al and i {|fn = fll, = 0.

(Note: You can use the fact, without giving its proof, that for integrable ¢, there holds

/m Nz < [ lot)|d)



