Numerical Analysis Spring 2001 Professor Diamond

Polynomial inter polation:

The Polynomial Interpolation Problem: Find a polynomia p(x) = ap + aix + ... + anx"
which satisfiesthe n + 1 conditions p(xo) = Yo , pP(X1) = Y1,---,P(Xn) = Yn-

It is easy to see that the ”unknown” coefficients ay, .., a, areto satisfy asystemof n+ 1
equationsin n + 1 unknowns, which we write in shorthand asp(xj) = y; , i = 0,...,n

I. The "homogeneous’ system p(xj) =0, i = 0,..,nhasp(x) =0, i.e.
ap = a; = ... = ap = 0, asitsonly solution. Thisis obvious from agebra since a polynomial
of degree n which is zero at the n + 1 points Xo, .., Xn must be the zero polynomial. This
implies, from the theory of linear equations, that the genera system p(x;) =vyi , i = 0,...,n
has a unique solution for any given choice of yo, .., yn . Thus the solution of the polynomial
interpolation problem exists, and is unique.

[1. Direct construction of an interpolating polynomid: The L agrange Form , the Lagrange
fundamental polynomials.

Example: Consider this mysterious looking polynomial

p(x) =

(x=DKX=2)(x=3) X=0)x=2)(x=3) X=0)x=DXx-=3) X=0x=DXx=2)

+VY1 +Y2 +YVY3

Y- D0-20-3 1-001-2(1-3) 2-02-D2-3) B-0B-DHE-2
We can easly seethat p(0) = yo,p(1) = y1,p(2) = y2,p(3) = y3 . Generdizing this

construction to ageneral set of interpolation points xo,..,X, We obtain Lagrange form of the

interpolating polynomid:
pP(X) = YoLo(X) + yaL1(X) + ... + ynLn(X)

where L;(x) isthe L agrange fundamental polynomial satisfying
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Li) = {1ifx=x; ;0if x = x; forj # i} and is given explicitly by

(X—Xo) *o(X—Xi—1) (X—Xis1) eo(X— Xn)

Li® = (Xi —Xo) **(Xi = Xi-1)(Xi — Xiz1) **(Xi — Xn)

We have more efficient ways of computing than using the polynomial in this form, but
there isavery important theoretical & practical importanceto L;(x) ; it represents the
sendgitivity of the value of the interpolating polynomial p at x to changesin the datavaluey; , so
that if y; changes by Ay; then p(x) changes by (Ayi)Li(X) .

Newton form of theinter polating polynomial:

Here is another way of constructing the interpolating polynomial that leads to the so-called
Newton form the and theory of divided differences. It’ s the best agorithm for constructing and
evaluating the interpolating polynomial.

For notation purposes, it helpsto think of the y-values as coming from some function f(x),
S0 that we are interpolating the values f(x;) at the points {x; } , i.e. satisfying the equations
p(xi) = f(x;),i = 0,..,n. Note the following:

pPo(X) = f(Xo) interpolates the single value f(xo) with a polynomid of degree zero

p1(X) = f(Xo) + a1 (X — Xp) interpolates at x = X, and with the right choice of

_ fx1) —f(xo)

a1 X1 —Xo

also interpolatesat X = X

Now consider

P2(X) = P1(X) +a2(X— Xo)(X — X1)

Because of the form of the last term we added, p,(x) still interpolates at xo and x;. If we

now choose a, the right way we can make p,(x) interpolate at x, as well. We could

f(x2) — p1(X2)

writea, = % - X0) (X - X2

but there is a better way to calculate a, that we' ll see later.

For now, all we need to notice is that we can calculate the unique a, for which p,(x)
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interpolates at Xo, X1, X2 .

In thisway, we can construct, in principle, an interpolating polynomial of degree n of the
form

Pn(X) = @p + a1(X—Xg) + ... + &n(X—Xg) *o(X— Xn-1) = Pr-1(X) + @n(X — Xo) *o(X — Xn-1)
whose partial sums px(X) = ap + a1(X— Xg) + ... + ak(X — Xo) **(X — Xi_1) are interpolating
polynomials of lower degree and which solve the interpolation problem at x;,i = 0, ..,k. Note
that each ax can be described as the coefficient of x* in the interpolating polynomial py(x) - this
characterization does not depend on the form of the polynomia representation or the order in
which the interpolation points are used.

Thisis called the Newton form of the interpolating polynomial. The polynomia, once the
coefficients have been determined, can be efficiently evaluated recursively using nested
multiplication. The coefficients themselves are important in how they depend on the function
values f(x;) and the x; themselves. They are called divided differences, and thereisanice
theory that applies to them.

Divided differences:

Definition:

Let [to, .., tk] be avector of (for now, distinct) values. Given afunction f , we define the
divided difference of f at the values [to, .., tk] to be the coefficient of x¥ in the (interpol ating)
polynomia p of degree k that satisfiesp(t;) = f(t;) ,i = 0,..,k. We writef[to, .., tx] to denote
this divided difference. A divided difference over k + 1 pointsis referred to as ak™ order
divided difference.

Using the divided difference notation, we can write the Newton form of the interpolating

polynomia as
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Pn(X) = f[Xo]+f[Xo0, X1 ](X— X0) + ... + f[Xo, ..., Xn](X = Xo) #o(X — Xp-1)

We will seethat thisis adiscrete version of the Taylor polynomid P, in the sense that we
obtain P,, as the polynomial that interpolates the derivatives of f at x = a, and we add an n™
degree term on to Py, ; to obtain P,,. Also the k" order divided difference f[to, .., tk] will be
seen to be closely related to the k" derivative of f.

Next we have a nice theorem which provides a recursive formulafor calculating divided

differences.

f[Xo,Xl, ...,Xn_1] — f[Xl, ...,Xn_l,Xn]

Theorem: f[Xo, X1, ..y Xn-1,Xn] = e

This theorem espresses an n™ order divided difference as a (first-order) divided difference
of n— 1% order divided differences.
Proof: Suppose the polynomia P(x) interpolatesf at g, X1, ..., Xn_1 SO that
P(i) = f(xi) , i = 0,..,n—1; suppose the polynomia Q(x) interpolatesf at Xj, ..., Xn-1, Xn SO
that Q(xi) = f(x;) , i = 1,..,n Now we create as follows a polynomia p(x) that interpolates f

a X0s X1y -0y Xn-1, Xn -

(Xn = X)P(X) + (X = X0)Q(X)

(Xn — Xo)

pP(x) =
Clearly p(xo) = P(X0) = f(Xo) and p(xn) = Q(Xn) = f(xn) andfori = 1,..,n— 1 we have

= G = Xi)PXi) + (X =X0)QX) _ (Xn = X)F(Xi) + (Xi = X)f(XD) _
p(xi) = (Xn — Xo) = (Xn — Xo) = f(xi)

Now in p(x) the coefficient of X" is, by definition, the divided difference

f[X0, X1, ---sXn-1,Xn] ; ON the right, in the expression p(x) = (Xn _X)Pg? ki E(X)_ X0)Q() the
n — A0

coefficient of x" is the highest power coefficient of Q(x) minus the highest power coefficient of
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P() , ivided by (Xy — Xo) , or TX0XtawaXoet] “MX X1 X0l | g equating the

coefficient of X" on both sides, we obtain

f[X0s X1, ey Xne1] — F[X1, -0 Xn=1, Xn ] .

f[XO|X1|"'|Xn—1|Xn] = Xn_XO

Let’suse thisresult for apractical purpose: Computing the coefficientsa; = f[Xo, .., Xi ] of
the Newton polynomial.

We begin with an array of x-values Xy, ..., X, and an array of function values f(xp), ..., f(Xn).
We compute the first order differences between adjacent points, then the second order

differences, and so on. In tabular form, this produces the divided difference table

i f[xi] f[xi, Xis1] f[Xi, Xis1, Xiv2 ]
Xo fxo)
f[Xo0,X1] N
X1 f(xa) < f[Xo, X1, X2 ]
f[X1,X%2] $ N
f[Xo, s Xn]
f[Xn-2,Xn-1] < 4
Xne1 f(Xn-1) < f[Xn-2,Xn-1,Xn]
f[Xn-1,Xn] 4
Xo  foxn) 7

The coefficients of the Newton interpolating polynomia appear on the top
downward-doping diagona of the table. One might aso note that any path through the table
provides the coefficients of p(x) in (a different) Newton form. If one wishesto interpolate at an
additiona interpolation point, x,.1, then this may be added to the bottom of the table and the
bottom upward-doping diagonal computed to find the coefficient an.; = f[Xo, .., Xn, Xn:1] Of the

additional term an.1(X — Xo) ee(X — Xp).
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Now we demonstrate the connection between divided differences and derivatives:

Theorem: Assuming that f has an n'" continuous derivative, f[Xo, ...,Xn] = %f(”)(é) where

¢ is between the smallest of the x; and the largest.

Proof: Let p(x) interpolate f(x) at Xo, ..., Xn and consider the difference f(x) — p(x). This
function is zero at the n+1 points Xo, ..., Xn. Now if afunction is zero at two points, its
derivative is zero somewhere in between (Roll€ s theorem). If afunction is zero at three points,
then the first derivative is zero at two points (in between) and the second derivative is then zero
at one point in between the three. Continuing, a function that is zero at n + 1 points has its n™"
derivative zero at one point in between. Also note that the " derivative of p(x) is
n! x coeff of X" = nf[Xo, ..., Xn]. We now have:

F—p)™M(E) = fMW(E) —p™(E) =0, fM(E) —nlf[xo,...,xa] = 0and the theorem

follows.

Findly, we provide an important theorem analogous to Taylor’ s Theorem which says how
well a polynomial interpolant p,(x) of degree n approximates the function f(x)

Theorem: The error in polynomial interpolation satisfies

109 ~Pn0) = fX0, . X0, X0~ X0) #0(x = Xn) = 7l gsr D)X~ X0) ev(X— o)

where¢ is between the smallest and largest values of the x;.

Proof: We are given the points Xo, .., Xn and values f(x1), ..,f(Xn) , and pn(X)
interpolates the values of f at the given x-values. Now pick some other x-value, say x = t and
interpolate a Xo, .., Xn, t With the polynomia py.;(x) written in Newton form as
P (X) = pPn(X) + f[Xo, -.s Xn, t](X — Xo) *¢(X — Xn) . NOW Since pp.1 interpolatesat x = t we

have f(t) = pna(t) = pn(t) + f[Xo, .., Xn, 1]t — Xo) *o(t — Xn) . Now sSmply replace t by x on
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both sides and obtain f(xX) — pn(X) = f[Xo, .., Xn, X](X — Xo) *¢(X — X,) and the latter expression

1
(n+1)!

can be replaced by fMD(E) (X — Xg) »o(X — Xpn) by the previous theorem.

We sometimes say that the remainder in polynomia interpolation is given by

1

Wf(ml)(é)(x — Xp) *¢(X—Xpn) . Thiscan be estimated in a manner similar to the

remainder in Taylor’s theorem.
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