Compute the higher derivatives

Facts For a function f, the derivative of f’, denoted f”, is the second derivative of f;
and the derivative of f”, denoted f” or f®), is the third derivative of f... With the notation

2
F@) = Duf@) =T () = Du(f'(@) = D)) = T,
3
) = D) = D;i(f(x» -2L
we define the nth derivative of f(x) to be
anf

(n) — D" _*J
£ @) = DR () = T4
Example 1 Compute the first three derivatives of f(x) = 22% — 323 + 62 — 17.

Solution: Compute the derivatives term by term to get

fllx) = 8239246
f"(x) = 242* — 182
f"(x) = 48z —18.

. . o 5 3
Example 2 Compute the first three derivatives of f(x) = 2z° + z2 — %

Solution: Compute the derivatives term by term to get

3 1
f’(a:) = 10(13 +2$2+@
3 1 1
"
f"(x) = 402° +4x 2—;
3 3 3
" _ 2 _3

Example 3 Compute the first three derivatives of f(z) = sin(x) cos(z).

Solution: Apply product rule to get

@) = cost(z) - sin(x)
f"(x) = —2cos(x)sin(z) — 2cos(x)sin(z) = —4 cos(z) sin(x)
f"(z) = —4(cos®(x) — sin®(z)).

Example 4 Compute the first three derivatives of f(x) = 22 cos(z).



Solution: Apply product rule to get

f'(x) = 2xcos(z) — x?sin(x)
f"(x) = 2cos(x) — 2xsin(x) — 2xsin(x) 4 22 cos(z) = 2 cos(z) — 4z sin(z) + 2% cos(z)
f"(x) = —2sin(z) — 4sin(z) — 4z cos(z) + 2z cos(z) — 2 sin(x)

= —6sin(z) — 2z cos(z) — 2” sin(x).

Example 5 Compute the first three derivatives of f(z) = zvz + 1.

Solution: Write f(z) = z(x + 1)% Apply product rule and chain rule in each step below.

F@) = @+DF 4+ et 1)
Flz) = %($+1)_%+%(a€+1)_%—%m(:anl)_%:(:E+1)_%—ix(x+1)_%
(@) = ) E - et ) E 4 e ) = S ) E 4 e 1)

Example 6 Given sin(y) = zy, compute % and %_

Solution: We need to use implicit differentiation. View y = y(x) and differentiate both sides
of the equation sin(y) = xy with respect to .

dy y

/ / /

cos =y+axy, andso — =y = ———.

W)y =y+azy iV T sy =

To compute % is to differentiate both sides of the equation cos(y)y’ = y + xy’ with respect to

x. This yields
—sin(y)y’ + cos(y)y” =y +y + ay”.

Substitute y' = COS(% to get
s 2
ysin(y) + cos(y)y” = Y + oy
cos(y) — x cos(y) — x
and so (cos(y) — x)y” = COS(ny)fx + cszEZ)(ﬁ)x Hence

2 ysin(y) .
y_ s T stz _ 2y +ysin(y)
cos(y) — x (cos(y) —z)*




Example 7 Given x? + xy + 3? = 3, compute % and %'

Solution: We need to use implicit differentiation. View y = y(z) and differentiate both sides
of the equation z2 + zy + y? = 3 with respect to .

d 9 —
20 +y+ay +2y =0, andso 2 =y = —— Y
dx T+ 2y
One way to compute 45 is to differentiate both sides of the equation 2z + vy + v/ + 2yy’ = 0

dx?

with respect to z. This yields
9 +y/ +y/ _'_xy// + 2(y')2 + ny// — 07 or 2 + 21// + 2(y’)2 —i—my” + 2yy// —0.

Substitute ¢ = =22¥ to get

T+2y
o — 2 —
T=Y < T -y

242
* T+ 2y T+ 2y

2
) + xy” + 2yy// =0.

It follows that
(x+2y)2 — 2z +y)(z+2y) + 1

(z +2y)?

(x4 2y)y" = -2

Thus
(z+2y)*— 2z +y)(z+2y) +1
(x +2y)3 ’
Another way to compute d% is to differentiate 3’ (using quotient rule below):

(=2+9)(z +2y) — (1 - 2¢) (22 — y)

yl/ — _2

y// = D:c(y/) = (l‘+ 2y)2
(24 D@+ 2y) + (125250 (22 + )
a (x + 2y)?
_ _2(1:+2y)2 — 2z 4y)(zr+2y)+1
a (z +2y)3 '

Example 8 Compute the first three derivatives of f(x) = sin(z)

xT

Solution: Apply quotient rule in computing f’, and quotient and product rules in computing
f/l and f///'

x cos(z) — sin(z)

fl) = =
) = (cos(x) — wsin(x) — cos(:nl)fQ — 2z(x cos(z) —sin(z)) _ —a?sin(z) — Qxxzos(a:) + 2sin(z)
gy~ (Z2wsin@) - 22 cos(x) — 2(:;2(95) + 2z sin(x) + 2 cos(z))a
~ 3a®(—a?sin(x) — 2;2 cos(x) + 2sin(x))
_ —23 cos(x) + 32 sm:[(gc):r 62 cos(z) — 6sin(z)) .



