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of length 3 and every non-hamiltonian cycle in G is extendable. A connected graph G is a
split graph if the vertex set of G can be partitioned into a clique and a stable set. Dai et
al. (2022) [4] conjectured that every (r — 1)-connected K ,-free split graph is hamiltonian,
and they proved this conjecture when r =4 while Renjith and Sadagopan proved the case

I[i?_/rvysrref.graphs when r = 3. In this paper, we introduce a special type of alternating paths in the study of
Hamiltonian cycles hamiltonian properties of split graphs and prove that a split graph G is hamiltonian if and
Split graphs only if G is fully cycle extendable. Consequently, for r € {3, 4}, every r-connected K ,-free
Fully cycle extendable split graph is Hamilton-connected and every (r — 1)-connected K ,-free split graph is fully

cycle extendable.
© 2023 Elsevier B.V. All rights reserved.

1. The problem

In this paper, we consider only finite simple graphs and refer to [2] for notation and terminologies not locally defined
here. We call a graph G hamiltonian if it contains a hamiltonian cycle, i.e., a cycle contains all vertices of G. Furthermore, a
graph G of order n > 3 is pancyclic if G contains a cycle of each possible length from 3 to n; G is vertex pancyclic if each
vertex is contained on a cycle of each possible length from 3 to n.

Let r > 3 be an integer. A graph G is Ki ,-free if G does not have an induced subgraph isomorphic to K. A connected
graph G is called a split graph if its vertex set V(G) can be partitioned as the disjoint union of S and J (either of which
may be empty) such that S is a maximum clique of G whereas | is a stable set of G. Split graphs were introduced by Foldes
and Hammer [6] in 1977, and were studied further in [3], [5], [8], [9], [10], [11].

Theorem 1.1 (Renjith and Sadagopan [10]). Let G be a K1 3-free split graph. Then G is hamiltonian if and only if G is 2-connected.

Very recently, Dai et al. [4] proposed conditions for K1 3-free split graphs to be pancyclic and K 4-free split graphs to
be hamiltonian, respectively.

Theorem 1.2 (Dai, Zhang, Broerama and Zhang [4]). Let G be a K1 3-free split graph. Then G is pancyclic if and only if G is 2-connected.
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Theorem 1.3 (Dai, Zhang, Broerama and Zhang [4]). Let G be a K1 4-free split graph. If G is 3-connected, then G is hamiltonian.
The following conjecture is posed in [4].
Conjecture 1.4 (Dai, Zhang, Broerama and Zhang [4]). Let r > 2 be an integer. Every r-connected K1 r11-free split graph is hamiltonian.

Theorems 1.1 and 1.3 indicate that Conjecture 1.4 is valid for r € {2, 3}. This motivates this research. In Section 2, we
introduce a certain type of alternating paths in split graphs, which will be utilized to study the hamiltonian properties of
split graphs. We investigate the fully cycle extendability and Hamilton-connectedness for K 3-free split graphs in Section 3,
and those for K 4-free split graphs in Section 4. Our results extend Theorems 1.1, 1.2 and 1.3 to vertex pancyclicity and
Hamilton-connectedness.

2. Alternating paths

For two graphs G; and Gy, let G; U G, be a graph with the vertex set V(G1) U V(G) and the edge set E(G1) U E(G2).
We can consider a collection of subgraphs Gi, G,...,Gy in G as a subgraph U?:1 G; of G. If S is an edge (or a vertex)
subset of G, G[S] is the subgraph induced in G by S. For a subset A C V(G), we denote G — A = G[V (G) — A]; for a subset
X C E(G) and a subgraph H € G with XN E(H) =@, we denote G — X = G[E(G) — X] and write H + X for H U G[X].

Throughout this section, let r > 2 denote an integer. A path with endpoints u and v is often referred as to a (u, v)-path.
Let G be a split graph with V(G) =S U J, where S is a maximum clique of G, and ] is a stable set of G. We shall call
such an ordered pair (S, J) a split partition of G. Denote s = |S| and j = |]J|. Then G[S] = K;. Since complete graphs are
hamiltonian, we may assume that j > 0. Let | = {uy, uz,...,u;}. Then Ng(u) € S for any u € J. Suppose that «(G) >r.
As j > 0, every vertex u € J] must be adjacent to at least r distinct vertices in S, and so s > r. By the maximality of
|S|, s > 1+ 1. We define the interior of a path P = vqvy...vy41 to be P° = V(P) — {v1, V1), and P to be an (S, J)-
alternating path in G if v1 # vary1, {vi, V3, ..., Vary1} © S and {va, va,..., v} C J. If we allow vy = vy1 while keeping
both {vi,v3,...,v2r41} €S and {vy, v4,...,v2} C J, then P is an (S, J)-alternating cycle.

A collection P ={Pq, P, ..., Py} of (S, J)-alternating paths in G is a J-cover if both of the following hold:

(A1) for any {i, j} <{1,2,...,h}, V(P)) NV (Pj) =0, and
) ]EU?:] P?-

For a collection P = {Pq, Py, ..., Py} of (S, J)-alternating paths in G, let End(P) denote the collection of the endpoints
of all these alternating paths in P, and Inn(P) = (V(P)NS) — End(P)=SnN (U?:l P?). We also use P to denote the
subgraph ULl P;.

Lemma 2.1. Let G be a split graph with a split partition (S, J). Then, G is hamiltonian if and only if G has either a J-cover or a spanning
(S, J)-alternating cycle.

Proof. Assume that C is a hamiltonian cycle of G. Then the subgraph C — J consists of nontrivial paths and trivial paths.
Let A be the set of all degree 2 vertices in C — J, and E’ be the collection of edges of all nontrivial paths in C — J. Then
(C — A) — E' is either a J-cover or a spanning (S, J)-alternating cycle.

Conversely, it suffices to show that G is hamiltonian if G has a J-cover {P1, P2,..., Py}. Let 2,z be the endpoints of
each P;. Since U?:l{zg,zg’} C S is a clique of G, U iz 1+1} C E(G). Then P = (Ul 1 PHU (U z! x+1 D is a (27, z)-
path with J € V(P) by (A1) and (A2). As V(G) — P° 1s a clique of G, it follows that G — P° has a spannmg (zj,, Z})-path P/.
Thus, P U P’ is a hamiltonian cycle of G. O

A graph G is Hamilton-connected, if for every pair of distinct vertices u, v in G, there exists a hamiltonian path from u
to v.

Lemma 2.2. Let G be a split graph with a split partition (S, J) and a J-cover P, and let u, v be any two distinct vertices in V (G) —
Inn(P). If u, v are not the endpoints of an (S, ])-alternating path in P, then G has a hamiltonian (u, v)-path.

Proof. Let S1 =|Jp.p V(P)NS, S2 =S — 1, and let w be a new vertex distinct from V(G). Without loss of generality, we
assume first that u € J. If v € J, we assume that a € Ng(u)NSy and b € Ng(v)NS1 and a #b. Let G1 = G —{u, v}+{aw, bw}.
Then G is a split graph with a split partition (S, J’), where J'= JU{w}—{u, v}, and P —{u, v} + {aw,bw} is a J'-cover of
G1. Thus Gy is hamiltonian. Let C be a hamiltonian cycle of G;. Then C — {w} + {au, bv} is a hamiltonian (u, v)-path in G. If
v € S, UEnd(P), we assume that a € Ng(u) N S1 so that a does not belong to the alternating path in P — {u} that contains
v if v € End(P). Let G, =G — {u} + {aw, vw}. Then P — {u} + {aw, vw} is a (J U {w} — {u})-cover of the split graph G;.
Thus G; is hamiltonian. Let C be a hamiltonian cycle of G;. Then C — {w} + {au} is a hamiltonian (u, v)-path in G.
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We then assume that u € S and v € Sy U End(P), or u, v are the endpoints of different alternating paths in P, then we
set G3 =G + {uw, vw}. Thus P + {uw, vw} is a (J U {w})-cover of the split graph G3. So G3 is hamiltonian. Let C be a
hamiltonian cycle of G3. Then C — {w} is a hamiltonian (u, v)-path in G. O

Lemma 2.3. Let G be a split graph with a split partition (S, ]), a J-cover P and §(G) > 3. If the length of each alternating (S, ])-path
in P is 2, then G is Hamilton-connected.

Proof. As the length of each path in P is 2, Inn(P) = @. By Lemma 2.2, it suffices to find a hamiltonian (u, v)-path if u, v
are the endpoints of an alternating path P; in P. Let P; = uzv. As §(G) > 3, let b € Ng(z) — {u, v}. Then P’ =P — {zv} + {zb}
is a J-cover of G with u € End(P’) and v € S — V(P’). By Lemma 2.2, G has a hamiltonian (u, v)-path. O

For a split graph G with a split partition (S, J), we define a collection Q ={P1, P2, ..., Py,,C1,C2, ..., Cp,}, with hy >0
and hy > 0, of vertex-disjoint subgraphs of G to be a pseudo J-cover if Q satisfies each of the following.

(Q1) Each P; is an (S, J)-alternating path and each C; is an (S, J)-alternating cycle.
h h
(@) J < (Ui P?) U (U, viey).

For a pseudo J-cover Q = {P1, P2,..., Pp,,Cq,Ca,...,Cp,} of G, let End(Q) denote the collection of the endpoints of
the alternating paths U?;l P;, and Inn(Q)=SnN (U?;l PY). If we need to emphasize the values of h; and hy, we write
Q(h1, hy) for Q. By definitions, every J-cover is also a pseudo J-cover Q(hi, hy) with hy = 0. We also use Q to denote the
subgraph (U?;1 Py U (U?; C;). For a set C of some vertex-disjoint cycles in a graph G, we say that C is a 2-factor of G
if V(G) =UJcec V(C). We shall apply the following theorem to show that a pseudo J-cover will exist for an r-connected
K1,r+1-free split graph.

Theorem 2.4 (Aldred et al. [1]). If G is an r-connected K1 ;1-free graph, then G has a 2-factor.
Lemma 2.5. Let G be an r-connected K1 ,1-free split graph with a split partition (S, J). Then G contains a pseudo J-cover.

Proof. By Theorem 2.4, G has a 2-factor F. Then the subgraph F — ] consists of some cycles, nontrivial paths, and trivial
paths. Let A be the set of all degree 2 vertices in F — J, and E’ be the collection of edges of all nontrivial paths in F — J.
Then (F — A) — E’ is a pseudo J-cover of G. O

Following Hendry [7], we call a cycle C in G extendable if there is a cycle C' in G such that |V (C")| =|V(C)| + 1 and
V(C) Cc V(C)). If such a cycle C’ exists, we say that C can be extended to C’ or that C’ is an extension of C. A graph
G is cycle extendable if it has at least one cycle and every non-hamiltonian cycle in G is extendable. A graph G is fully
cycle extendable if G is cycle extendable and every vertex in G lies on a cycle of length 3. By definitions, every fully cycle
extendable graph is vertex pancyclic.

Theorem 2.6. Let G be a split graph. Then, G is hamiltonian if and only if G is fully cycle extendable.

Proof. Suppose G is a hamiltonian split graph with a split partition (S, J). If |S| =2, then G = K3. It follows that G is fully
cycle extendable. Now we assume that |S| > 3. Thus every vertex in G lies on a cycle of length 3 by the definition of split
graphs.

To show that G is fully cycle extendable, it is enough to prove that G is cycle extendable. Suppose by contrary that G has
a non-hamiltonian cycle C such that there is no cycle C’ with V(C) c V(C’) and |V (C")| =|V(C)| + 1. As G is hamiltonian,
V(&I -IVIOIl=2.

Claim 1. V(G) — V(C) C J.

Assume that there is a vertex w € S — V (C). If there exists uv € E(C) such that u,v € S, then C' =C — {uv} + {uw, vw}

is a cycle with V(C’) = V(C) U {w}, a contradiction. We then may assume that C = x{y1X2¥2...XxYiX1, where x1,...,x. €S
and y1,..., Y € J. For y;j, if there exists z€ S — {x1, ..., X¢} such that zy; € E(G), then C' =C — {x;y;} + {xiz, zy;} is a cycle
with €’ = C U {z}, a contradiction. So, for each y;, we have Ng(y;) € {x1,..., yx}. Therefore, the number of components of

G —{x1,..., Xy} is at least k + 1, which is contrary to the hamiltonicity of G. Claim 1 holds.

Pick a vertex w € V(G) — V(C) C J. Let H be the subgraph induced by V (C)U{w}. Then H is a split graph with the split
partition (S, J’), where ]’ =V (C)N JU{w}. Let J* = J — J’. Since G is hamiltonian, by Lemma 2.1, G has either a J-cover
‘P or a spanning (S, J)-alternating cycle C*. Thus P — J* or C* — J* consists of some nontrivial paths and trivial paths. Let
P’ be the collection of all those nontrivial paths. Then P’ is a J’-cover of H. By Lemma 2.1, H has a hamiltonian cycle C’
with V(C") = V(C) U {w}, contrary to the choice of C. O
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Fig. 1. The graph Gg.
3. Ki,3-free split graphs

Theorem 3.1 (Wu [12]). Let G be a 3-connected Ky 3-free graph. If ), x dc(v) = |V (G)| + 1 for any stable set X with |X| = 3, then
G is Hamilton-connected.

By the structure property of K; 3-free graphs, we have the following lemma.

Lemma 3.2. Let G be a K1 3-free split graph with a split partition (S, J). Let a, b € ] such that Ng(a) N N (b) # @. Then for any two
vertices x, y € | — {a, b}, Ng(x) N Ng(y) = 9.

Lemma 3.3. Let G be a 2-connected K 3-free split graph with a split partition (S, J). Then G has a J-cover if and only if G # Gs,
depicted in Fig. 1.

Proof. By Lemma 2.5, G has a pseudo J-cover Q = {P1, P,..., Py, C1,Ca, ..., Chy}. Let S =S — V(Q). By Lemma 3.2,
hy <1.1If hp =0, then Q is a J-cover of G. Next we assume that hy = 1.

Let C;1 =aibiazb; - - -aybray, where ay,--- ,a, € J and by, ---, b, € S. By Lemma 3.2, 2 <k < 3. If either Sy # ¢ or hy > 1,
we choose x € Sy U End(Q). Since G[{b1, a1, az, x}] # K13, we have xa; € E(G) or xaz € E(G). Without loss of generality, we
assume that xa; € E(G). Thus Q — {a1b1} + {xa;} is a J-cover of G. So we assume that Sy = ¢ and h; = 0. Then, C; is a
spanning (S, J)-alternating cycle of G and |S| € {2, 3}.

Notice that if (S, J) is a split partition of a split graph G, then S is a maximum clique of G. If |S| =2, then G = K4 — {e},
where e € E(K4). By the definition of a split graph, S = K3 and ] = Ky, a contradiction. So |S| = 3. Since G is K; 3-free, the
degree of each vertex in J is 2. Thus G =Gg. O

Corollary 3.4. Every 2-connected K1 3-free split graph is fully cycle extendable.
Proof. Corollary 3.4 follows directly from Lemma 2.1, Theorem 2.6, and Lemma 3.3. O

Lemma 3.5. Let G be a 2-connected K1 3-free graph with a split partition (S, J). If §(G) > 3 and |V (G)| = 9, then G has a J-cover
such that the length of each (S, ])-alternating path is 2.

Proof. By Lemma 3.3, we may choose a J-cover P = {Pq, P2,---, Py} so that h is maximized. Let S1 = U?:1V(Pl-) ns
and Sy =S — Sq. Assume that the length of P; is tj, and t; >t; >--->tp. By Lemma 3.2, t) =--- =ty =2,and 2 <ty <
6. If t; = 2, then this lemma is true. We then assume that t; € {4,6} and let P; = ajbjazb;---bsas+1, where s € {2,3},
ai,---,0as41 €S and by, -+, bs € J. Then Sy = . Otherwise, pick a vertex w € S». Since G[{az, b1, by, w}] # K1 3, we have
wb1 € E(G) or wby € E(G). Without loss of generality, we assume wbq € E(G). Then {a1b1w, Py — {a1, b1}, P2,---, Py} is a
J-cover, contrary to the choice of P.

Assume first that t; = 6. Then s =3. As |V (G)| > 9, we have h > 2. As t, =2, we set P, = xyz. Consider G[{as, by, b3, x}].
By Lemma 3.2, xb3 ¢ E(G). Thus xby € E(G). By Lemma 3.2, asy ¢ E(G). Since G[{x, as, y, ba}] # K13, we have byas € E(G).
Similarly, a;b; € E(G). By Lemma 3.2, Ng(b1) = {ay, az}, contrary to §(G) > 3.

Assume then that t;1 =4 and s=2. As |V(G)| > 9, h > 3. Let P; =x;y;zi(i=2,---,h). Since G[{az, b1, bz, x2}] # K13,
without loss of generality, we assume that byx, € E(G). By Lemma 3.2, for any i € {3,---,h}, baxj, bazi € E(G). As G is
K1 3-free and §(G) > 3, by Lemma 3.2, bjas € E(G). Thus Ng(y2) = {x2, 22}, a contradiction. O

Theorem 3.6. Let G be a 3-connected K 3-free split graph. Then G is Hamilton-connected.
Proof. By Theorem 3.1, we assume that |V (G)| > 9. Thus Theorem 3.6 follows directly from Lemma 2.3 and Lemma 3.5. O
4. K1 4-free split graphs

By the structure property of Ki 4-free graphs, we have the following lemma.

Lemma 4.1. Let G be a Ky 4-free split graph with a split partition (S, J). Let a, b, c € J such that N¢(a) N N¢(b) N Ng(c) # @. Then
for any three vertices x, y,z€ | —{a,b,c}, Nc(xX) N Ng(y) N Ng(z) =0.

4
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Lemma 4.2. Let G be a 3-connected K1 4-free split graph with a split partition (S, J). Then G has either a J-cover or a spanning
(S, J)-alternating cycle.

Proof. By Lemma 2.5, G has a pseudo J-cover. Let Q ={P1,..., Py, Cq,...,Cp,} be a pseudo J-cover such that

(i) hy is minimized;

(ii) subject to (i), hy is minimized.

We assume that hy > 1. Let S =V(Q)NS and S, =S — Sq. Let C; = aybiazby - --aybyay, where aq,---,a, € S and
by, ---,bi € J. By the choice of Q, we have

Claim 1. For any x € ] N V(C;), Ng(x) N (S2 U End(Q)) = @. Thus Ng(x) € S1 — End(Q).
Claim 2. S, = 0.

Assume that w € S,. Consider bq. Since §(G) > 3, there is a vertex y € S; —{aj, az} such that yb; € E(G). As y ¢ End(Q),
we assume that No() = {v1, v2}. As G[{y, b1, Vv1, v2, w}] # K14 and byw ¢ E(G), we have {viw, vow}NE(G) # (. Without
loss of generality, we assume that vow € E(G). By Claim 1, y € P;;. Thus (P;, U Cq) — {a1b1, yv2} + {b1y, vow} are two
alternating paths, contradicting the hypothesis that hy is smallest. Claim 2 holds.

Claim 3. N¢(b;) C {a1, - -, ax}. Therefore, h, =1.

Assume that x € Ng(by) —{a1,---, ag}. By Claims 1 and 2, x € V(C;) U Inn(Q) for some i # 1. Let y1y2xy3y4 be a section
in Q that contains x. Consider by and by. As G is K1 4-free, x ¢ Ng(b) UNg(by). As dg(b2) > 3, Ng(b2) N (S1 — End(Q)) # @.
By Lemma 4.1, Ng(b2) N{y1, ya} # @ and N¢(by) N{y1, ya} # ¥. Without loss of generality, we assume that by y4 € E(G). By
Claim 1, y4 ¢ End(Q). If by # by, then, as G is Kj 4-free, we have byys ¢ E(G) and so byy; € E(G). By Claim 1, y; ¢ End(Q),
contrary to Lemma 4.1. So by = by and Cq is a 4-cycle.

Assume that yq1y2Xy3yays is a section of some Pj, = y---y1Y2Xy3Yays---ys. Then yy3 ¢ E(G), otherwise, Pi, UCq —
{aib1, xy3} +{yys, xb1} is an alternating path, contradicting to the choice of Q with h, being minimized. Similarly, we have
YYys ¢ E(G) as bays € E(G). Thus G[{y4, y3. ¥s5, ¥, b2}] = K1 4, a contradiction. So y1y2xy3y4 (probably y; = y4) is a section
of some Cj,. Thus h; =0 (otherwise, let w be an endpoint of Pq. By Claim 1, G[{x, y2, ¥3, b1, w}] = K1 4, a contradiction.)

If y1 # ya, then |Cj;| > 6. Let Cjy = y1y2Xy3Y4ys---ysy1 (probably ys = ys). Then {bs, y3,ys5} S Ng(y4). As hy is
smallest and xb1, yaby € E(G), Ng(w) N{ay,ax} =0 for w € {y2, y3,¥s5}. As G is Kj 4-free, ysx ¢ E(G). As dg(ys) > 3, by
Lemma 4.1, Nc(¥s) = {y4, ¥6, ¥1}. S0 y5 # y1 and |Cj,| > 8. Since G[{y1, Y2, ¥s, ¥5,a1}] # K1,4, we have ysa; € E(G). Thus
C1UCj, —{¥1Ys, yays,aiba} + {yab2,a1ys, ysy1} is an alternating cycle, contrary to the hypothesis that h; is the smallest.
So y1 =y4 and Cj, = y1y2xy3y1 is a 4-cycle and by y1 € E(G).

As hy is smallest, Ng(y2) N{ay,az} =@ and Ng(y3) N{aq,az} =@. Consider yq. Using the above discussion, there is a
4-cycle Cj, = 2122232421 With 21,23 € S, 23,24 € ] such that y;z1, y3z3 € E(G). As hy is smallest, Ng(z2) N{ay,az,x, y1} =0
and Ng(z4) N{az, az, x, y1} =¥. Consider z4. Using the above discussion, there is a 4-cycle C;, = ujuausuquq with ug,uz €S,
Uy, ug € J such that zyuq, z4us € E(G). Thus {bq, ¥2, y3} € N¢(x) and {uy, ug, z4} € N¢(u3), contrary to Lemma 4.1. Claim 3
holds.

As G is Ki 4-free, by Claims 1 and 3, we have hy =0, and so V(G) =V (C1). O

Corollary 4.3. Every 3-connected K1 4-free split graph is fully cycle extendable.
Proof. Corollary 4.3 follows directly from Lemma 2.1, Theorem 2.6, and Lemma 4.2. O
Theorem 4.4. Let G be a 4-connected K1 4-free split graph. Then G is Hamilton-connected.

Proof. Assume that (S, J) is the split partition of G. As G is 4-connected, the number of edges between | and S is at
least 4|J|. As G is Kj 4-free, the number of edges between S and ] is at most 3|S|. So 4|J| < 3|S|, and hence |]| < [S|.
By Lemma 4.2, we may assume that P = {P1, P2,---, Py} is a J-cover of G. Let Sy =V(P)NS and S; =S — S;. Let
P; = x'i y'ixgyg ~~-x}'ciy;'<ix;;i+1. where y'i, ,y}<i e ], x"l, ,x};i_H € S1. Assume that G is not Hamilton-connected. Then
there exist u, v € V(G) such that G does not have a hamiltonian (u, v)-path. Thus uv ¢ E(P). By Lemma 2.2, either {u, v}N
Inn(P) # @ or u, v are the endpoints of some P; € P.

Claim 1. If S, =, then h > 2.
As Sy, =@, we have S =S1 and so |S| =|]J|+ h. Then 4|]J| <3|S|=3(|J| +h), i.e, |J| <3h.If h=1, then |J| <3 and

so n <3 +4=7. Then the subgraph of G induced by the edge set between S and ] is isomorphic to K34, and so G is
Hamilton-connected, a contradiction. Claim 1 holds.
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Claim 2. u, v cannot be the endpoints of some alternating path P;.

Assume that u, v are the endpoints of P; and u =x} and v =x,1]+1. Then Nc(yil) N (End(P)U S, — {u, v}) =@ for each
ie{l,---,k1} (otherwise, assume that wyil € E(G) for some w € End(P)U Sy — {u,v}. Then P’ =P — {x}y}} + {Wy}} is
a J-cover of G with u,v ¢ Inn(P’) and u, v are not endpoints of some path of P’. By Lemma 2.2, G has a hamiltonian
(u, v)-path.)

Consider y}. Since dg(y]) > 4, there is z € Inn(P) — {x}} such that zy} € E(G). If z€ V(P7), then h=1 and S, =0
(otherwise, there are three vertices y},z/,z” € Np,(2) N J such that G[{z,y},z’,z”, w}] = K14 for some we S U {x%},
a contradiction). If z ¢ V(P1), then h =2 and S; = { (otherwise, assume without loss of generality that z = xiz. As
G[{y},xf,yi{],y?,w}] # K14 for any w e S, U {x?}, we have wyl{] € E(G) or wyi2 € E(G). We may assume that
wy? € E(G). Then P’ =P — {x]yl.x2y?} + {y]z, wy?} is a J-cover with v € End(P’) and u ¢ V(P'). By Lemma 2.2, G
has a hamiltonian (u, v)-path, contrary to our assumption that G has no hamiltonian (u, v)-path). By Claim 1, h > 2. Thus
h=2 and z € V(P3). Assume that z = x,.z. Similarly, consider y%l, we have there is some z' € V(P3) such that y}{l Z € E(G).

If yi # yy,, then, by Lemma 4.1, 2 € {x?_;,x7 ;). Without loss of generality, we assume that z' = x7 ;. Then x7y; ¢

E(G) (otherwise, P’ =P — {x2y? x}yl} + (x3y?,x2yl} is a J-cover of G with v € End(P’) and u € S(P’). By Lemma 2.2,
G has a hamiltonian (u, v)-path, a contradiction.) Similarly, x{y? ; ¢ E(G). Therefore, G[{xZ,,, yZ, yZ,,. y}q,xf}] =Ki4, a
contradiction. So y] = y}ﬁ, and the length of Py is 2.

As d(;(y}) > 4, there is a vertex x% € V(P3) such that y}x? € E(G). We assume that j > i. By Lemma 2.2,

{x%yiz,x%y?,xﬁzﬂyiz_l,xﬁzﬂy?_l} NE(G) =¢. As ylx? ¢ E(G) and G[{x?, vl y?, y?_px%}] # Ky 4, we have x%y?_1 € E(G).
Similarly, yizxifrl €EG). Let P'=P —{x]yl, x}y?, x?y?_l} +{yix2, x%y?_l, y?xﬁzﬂ}. Then P’ is a J-cover with u ¢ V (P’)
and v € End(P’). By Lemma 2.2, G has a hamiltonian (u, v)-path, contrary to our assumption. This completes the proof of
Claim 2.

By Claim 2, {u, v} N Inn(P) # @. Now we may assume that P = {P1, P2,..., Py} is a J-cover such that
(i) |{u, v}NInn(P)| > 1 is minimized, and
(ii) subject to (i), h is maximized.
Assume that u = x}o, where 1 < ip < kq + 1. Thus we have the following.

Claim 3. (i) For any w € J, Ng(w) N Sy = .
(ii) If there is z € S such that [Ng(z) N J| =3, then S, =@ and h > 2.

Claim 4. If v #x!, then Nc(yilo) C {v,x}o,x}UH, ,x,1<1+1}; if v ¢XI11+1' then Nc(y}0,1) - {v,x},xé,...,x}o}.
By symmetry, we only prove Ng(y) S {v,x0,x} j,---.x ) if v #x]. Assume that z e Ne(y}) — (v, x} X} 4.,

XI]<1+1}' By the choice of P, x}y,.]0 ¢ E(G). By Claim 3(i), z ¢ S;. Furthermore, z ¢ End(P) — {v} (otherwise, P’ =P — {x,-]oyilo}—l—
{zy}o} is a J-cover with |{u, v}NInn(P’)| < |{u, v} N Inn(P)|, contrary to the choice of P). Thus z € Inn(P) — {x}o,xiloﬂ}. By
Claim 3(ii), S, =¥ and h > 2. Without loss of generality, assume that v # x%. Thus, y}ox% ¢ E(G).

Assume that z = x? € V(P5). Consider G[{x?,x}, y}o, J’?,p y?}]. We have either y?ilx} € E(G) or y?x} € E(G). Without
loss of generality, we assume that x] y?q € E(G). Then P' =P —{x; y} , x?yi1 b {x] y?q , y}ox?} is a J-cover with [{u, v}N
Inn(P")| < l{u, v} N Inn(P)|, contrary to the choice of P. So Nc(y,.]o) CV(Pq7) and z :x}o for some joe{2,---,ip—1}.

As G[{x}o, y}0_1,y}0, y}o,x%} # K14, W? have either y}o_]xf € E(G) or y}ox% € EG). If y}o_lx% € E(G), we set 73" =
P =y, 1%, XV} + 4y 4 xj vi b if y] ] € E(G), we set P/ =P — {x} yj XL yi}+ (x{y] %] yi}. Then P’ is a
J-cover with [{u, v}NInn(P")| < |{u, v} N Inn(P)|, contrary to the choice of P. Claim 4 holds.

* o J * o

Claim 5. v € S;.

Assume that v ¢ Si. Then v € J U Sp. By Claims 3 and 4, Ng(yj) C {x.x 4.~~~ % 4} and Ne(y} ;) €
{(xl,xl, - ,x}o}. As §(G) > 4, there exist z; € {x}0+2,x}0+3,~-~ ,x,lq} and z; € {x}.x}, - ,x}rz} such that zlyl.lo,zzyi](r1 €

E(G). This contradicts Lemma 4.1. So Claim 5 holds.
Claim 6. v € Inn(P).

Assume that v ¢ Inn(P). Then v € End(P). Without loss of generality, we assume that v # x}. By Claim 4, N¢ (yilo) c

x1 x!

1
{V’ ig? “ig+10 T ’Xk]+1}'

Claim 6.1. N (yf) = {v.x}, x .0 ).
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Otherwise, there is a vertex x € {xI 42 xk } such that Yi, x1 € E(G). By Claim 3(11) So =% and h > 2. By sym-
metry, we assume that v 7éx1, Where te{l1,2---,h}. If x1y107] € E(G), we let P/ = {x le 1+ {lel _1}- Then
P’ is a J-cover with [{u,v} N Inn(P")| < [{u, v} N Inn(P)|, contrary to the choice of P. So x]ylr1 € E(G). Similarly,
x‘ly,.lo,xﬁy}_l,x}yilo,x}y}_l ¢ E(G). As G[{x}, y}o, y}_l, y},xﬂ}] # K14, we have xﬂy} € E(G) for each t € {1,---, h}.

We first claim that v = X11<1+1- Otherwise, we assume that v = x,f(rH for some t # 1. By Claim 4, NG(yiloq) C
{x,ﬂtﬂ,x},x%, e ,x}o}. By Lemma 4.1, Ng(y,.lo_l) = {x%,x}o_pxgo,x,‘(tﬁ}. Consider P/ =P — {y}0_1x}0}+{y}0_1x,2[+1}. Then P’
is a J-cover with |{u, viNInn(P)| = [{u,viNInn(P)| =1, u :x}o € End(P’) and v e Inn(P’). Consider ylfq in P’. By Claim
4 and Lemma 4.1, we have N¢ (¥}, ) = {xit, xiﬁl,xﬁ,xgo}. Let P" =P — {y}oqxilo, x,-]oyilo, y,thi[_H} + {x}ﬂyf{[, y}oilxlitﬂ, y}oxﬁ}.
Then P” is a J-cover with |{u, v} N Inn(P")| < |{u, v} N Inn(P)| = 1, contrary to the choice of P. So v =X11<1+1-

We next claim that Nc(yilo_]) = {x},x}o_pxgo,x,llﬂ}. By Lemma 2.2 and Claim 2, Ng(y,.lo_l) N (End(P) — {x},v}) =
f. By Lemma 4.1, we have Ne(y}_p) S (X, X\ 1 &0, x0 g0 X X0 ) IF vl yx) ) € E(G), let P/ =P —

1,1 1 1,11 1,1 1 1 1,11, if 41 1 1,2 1 1 1 1
{xioyioil,xioﬂyio,xjyj} + {ying- yioilxioﬂ,xlyj}, if Yip—1Xj_1 € E(G), then VioXi € E(G) as G[{xjil, Yip—1-¥j_1:Yj_2>
XN #Kia let PP =P —{xiyl 1 Xj 1 yi )+l %,y ox3h if vl X, € EG), let PP =P — (x} yi 1. X, 1¥}}+
{x%y},x}ﬂy}o_]}. Then u, v € End(P’). By Claim 2 and Lemma 2.2, G has a hamiltonian (u, v)-path, a contradiction. There-

1 1,1 1,1
fore, NG (yio_l) = {Xl’xio—l’ X,'07 Xk1+1}'

Notice that if yilox,lq+1 € E(G), then x%y}<1 € E(G) since G[{x,lqﬂ, y,ll,y}r],yilo,x%}] # Ky 4. Thus P/ =P — {y}oflxgo,
y11<1"111+1} + {y}(1 x%, y}o 1><,‘(1+]} is a J-cover with u,v € End(P’). Then G has a hamiltonian (u, v)- path a contradiction. It
1mplles that Ng(y! R= {x,o, LR ,x}q}. As 8(G) > 4, by Lemma 4.1, y}.ox}_H € E(G). Thus P’ = {xloylo y] 1+1} +
{y,0 1+l y } is a J-cover of G with u, v € End(P’). So G has a hamiltonian (u, v)-path, a contradlctlon. Hence, Ng (ylo) =
{v,xl0 x}ﬁl,xklﬂ}. Claim 6.1 holds.

As dGU’xO) >4 and v € End(P) — {x}}, we have h > 2. Without loss of generality, we assume that v = x%.
Thus v # XI1<1+1' By applying the discussion in Claim 6.1 on y}ofl, we have Ng (y}ofl) = {xl,xl‘O,x,0 1,xl}. Since
Gl{x2, yll0 1’3’:]0 y%,x,%ﬁl}] # K1 4, we have y%xf i € E(G).

If h > 3, then y1x1 € E(G) since G[{xl yl0 1,yl0 y1,x1}] # K1.4. Consider P’ = {yl0 1x }+{y,0 lx1} Then P’ is a
J-cover of G with x1 e Inn(P) and x S End(P) By applymg the discussion in Claim 6.1 on y1 in P/, we have N¢ (yl) =
{x1,x2,xk2+1,x }. So x y1 € E(G). Thus P = {x y,O x1y1}—|—{x1y10 y1x1} is a J-cover of G with u, v € End(P’). So G
has a hamiltonian (u, v) path, a contradiction. So h=2.

Consider yl. By Lemma 4.1, Nc(y}) c {x},x%,x}0_1,x}oﬂ,x;lﬂ,x%,xiﬁ]} If y}x,l 1 €E@G), let P = {y,l0 1x1 ,

1,1 1 1,1 1. 1.
X1¥1} + {xk]+1y1’yi0—1xl} if yix z+1 € E(G), let P’ = {x10+]y10 x1y1 ylo 1" b+ {yzoxk1+l’ zo+1y1 yno 1% if
Yixp, 41 € EG), let P'=P — (xjy},yi ¥} + {ylxl<z+1’y10 X if Y15 € E(G), let P =P — {yix3, x]y1, ¥i 1%} +
{y%xizﬂ,x%y}, y}o 1X1}. Then P’ is a J-cover of G with u,v € End(P’). Thus G has a hamiltonian (u, v)-path, a contra-
diction. Therefore, Nc(yl) = {xl,xz, io_1}, contrary to the hypothesis that §(G) > 4. This completes the proof of Claim
6.

By Claim 6, v € Inn(P). Consider yll Then Nc(yllo) N (End(P) — {x,]< D) =0. As d(;(y} ) > 4, there is z € Inn(P) —
{x ,xmﬂ} such that zylo € E(G). By Claim 3(ii), Sp =@ and h > 2. If z ¢ V(Py), we assume that z _x € V(P3), where
1 < j <ky+1. Since G[{xj, yj 1 yj,ylO xl} # K1 4, we have either x! yj 1 €E(G) or x1yj € E(G). Without loss of generality,
we assume that xly] € E(G). Then P’ = {x yl‘j X4 y]} + {ylox],x ?} is a J-cover of G such that u € End(P’) and
v € Inn(P"), contrary to the choice of P.So ze€ V(Py).If z _x], where 1 < j < ip, then either x%y} € E(G) or x%y}fl € E(G)

since G[{x}, Vi Viips Vi X # Kia I X3v] | € E(G), let P'=P — {xjy}_ 4, x] ¥} +{x]y]_y. %y} }: if X3y} € E(G), let

P =P {x}y},x}oy}o} + {x%y},xjy}o}. Then u € End(P’) and v e Inn(P’), contrary to the choice of P. So Nc(y}o) c
{x! ,x,0+1, *Xl]<1+1}' Similarly, Nc(y}o_l) Cixl,xd, - x Xi 1} As 8(G) > 4, there exist z; € {x,0+2, }0+3, ,x,lq} and z; €
{xz,x3, S 1'10—2} such that z; y}o, zzy}O_1 € E(G). This contradicts Lemma 4.1. The proof of Theorem 4.4 is done. O

5. Concluding remarks
In view of Theorem 2.6, we may restate Conjecture 1.4 in the following seemingly stronger version.
Conjecture 5.1. Let r > 2 be an integer. Every r-connected K ;11-free split graph is fully cycle extendable.

It is natural to consider the Hamilton-connected version of the conjecture above. We consider the following example.
Let H be a copy of the complete bipartite graph K;_1,(r > 3) with the bipartition (X,Y), where X = {x1,x2,---,X—1}

7
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Fig. 2. r-connected K1 ;41-free non-Hamilton-connected graph G.

and Y = {y1,y2,---,¥r}. Let K be a copy of K, with V(K) ={y1,¥y2,---,yr, w}. Then G = HU K (see Fig. 2) is an r-
connected Kj r41-free graph, but G is not Hamilton-connected (there is no hamiltonian (y1, y,)-path). This, together with
Theorems 3.6 and 4.4, motivates the following conjecture.

Conjecture 5.2. Let r > 3 be an integer. Every r-connected K1 r-free split graph is Hamilton-connected.
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