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For a digraph D, if D contains a spanning closed trail, then D is supereulerian. If for any
pairs vertices z and w of D, D contains both a spanning (z,w)-trail and a spanning (w, z)-
trail, then D is strongly trail-connected. If D is a strongly trail-connected digraph, then
D is a supereulerian digraph. Algefari et al. proved that every symmetrically connected
digraph and every partially symmetric digraph are supereulerian. In this paper, we prove
that every symmetrically connected digraph and every partially symmetric digraph are
strongly trail-connected digraphs.
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1. Introduction

We only discuss simple graphs and strict digraphs without loops and parallel arcs
in this paper, terminologies and notations not given below follow [7] and [4]. An
ordered pair (z,w) denotes an arc oriented from vertex z to vertex w. We use paths,
cycles and trails as defined in [7] when the discussion is on an undirected graph G,
and to denote directed paths, directed cycles and directed trails when the discussion
is on a digraph D. As in [4], the number of the arcs of P is called the length of P.
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Data Statistical Analysis (No. [2019]5103) and Science foundation for Distinguished Young Scholars
of Xinjiang (No. 2022D01E13).

§Corresponding author.

2142016-1


https://doi.org/10.1142/S0219265921420160

January 4, 2022 15:47 JOIN 50219265921420160 page 2

J. Liu et al.

For any two vertices z,w € V(D), a trail (or path, respectively) from z to w is often
called a (2, w)-trail (or (z,w)-path, respectively). Let P, ,,) = viv2 - - - vp be a trail
(or path) in D. For 1 <i < j < p, we define P(vhvp)[vi,vj] = VjVi41Vit2 - - Vj—1U; tO
be the subtrail (or subpath). A null graph is one that does not have any vertices
nor arcs.

Let D = (V(D), A(D)) be a digraph. For B C A(D), we use D — B to donote
the spanning subdigraph of D with V(D — B) = V(D) and A(D — B) = A(D) — B.
For X C V(D), the subdigraph induced by V(D) — X is donoted by D — X. The
underlying graph of D is denoted by G (D). If G(D) is connected, then D is weakly
connected. If for any two distinct vertices z,w € V(D), D has both a (z,w)-
path and a (w, z)-path, then D is strong. An arc (z,w) is symmetric in D if

Axd
(w, 2), (2,w) € A(D). A path of D is a symmetric path, denoted by P, if every
<~
arc in A(P) is symmetric in D. If a digraph D has one vertex, or if D has at least
one arc and every arc in A(D) is symmetric, then digraph D is symmetric.

Notation 1.1. For any two vertices z1,zy € V(D), if there exists a symmetric path

<>
Jrom z1 to zg, we will use P, .,) to denote the symmetric path from vertex z1 to
vertex zy.

<~ e
(i) To emphasize that every arc in P,z 1 symmetric, we often express P21 ,20)

as an arc-disjoint union of a (21, z¢)-path and a (zg, z1)-path, as denoted by
<~
P21 ,z) = 2122 Z0-12020—1 - - 2221 (1)
(ii) We use P, .,
Zpzp—1 -+ - 2221 to denote the (zy, z1)-path contained in the symmetric path in
(1), respectively.
(iii) For any two different i and j with 1 <i < j < {, define

<>
Py 21205 2] = ziziv1 -+ 2j-12525-1 - Ziv1 2

= 2122212 to denote the (z1,2¢)-path, and P, .y =

g
to be the symmetric subpath from vertex z; to vertex zj of P(., .-

Following Bang-Jasen and Gutin [4], for any two subsets W, Z C V(D), the
following notation will be used:

(W, Z)p ={(w,2) € A(D) :w e W and z € Z}.
When Z = V(D) — W, we let
W) =W, V(D)—W)p and 0,(W)=(V(D)—W,W)p.

Digraph D[W] denotes the subdigraph induced by W. The out-neighborhood of a
vertex z, denoted by N (2),is {2 € V(D) : (z,2') € A(D)}; the in-neighborhood
of a vertex z, denoted by Nj(z), is {/ € V(D) : (¢,2) € A(D)}. Let D be a
digraph, for any two vertices z,w € V(D), D is weakly hamiltonian-connected
if D admits a spanning (z,w)-path or a spanning (w, z)-path; and D is strongly
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hamiltonian-connected if D contains both a spanning (z,w)-path and a span-
ning (w, z)-path. It is obvious that if D is strongly hamiltonian-connected, then it
is hamiltonian. In 1980, Thomassen [11] discussed strongly (weakly) hamiltonian-
connected tournaments. D is a weakly trail-connected digraph if for any two
vertices z and w of D, D admits a spanning (z,w)-trail or a spanning (w, z)-trail,
and a digraph D is strongly trail-connected if for any two vertices z and w of D,
D contains both a spanning (z, w)-trail and a spanning (w, z)-trail. Liu et al. in [10]
considered weakly (strongly) trail-connected digraphs. A digraph D is supereule-
rian if D contains a spanning closed trail.

Supereulerian digraphs have been studied by a number of authors (cf. Algefari
et al. [1-3], Bang-Jensen et al. [5,6], Dong et al. [8], Hong et al. [9], Zhang et al.
[12], and related references). In particular, Algefari et al. [1] defined two kinds of
digraphs and proved that they are supereulerian.

Definition 1.1 ([1]). Let D be a digraph such that either D has one vertex or D
has at least one arc. If D has a symmetric (z,w)-path for any two vertices z and w
of D, then D is called a symmetrically connected digraph.

Definition 1.2 ([1]). Let ¢ be an integer with ¢ > 2, D be a weakly connected
digraph and {Hj, Hs,...,H.} be the set of all maximal symmetrically connected
subdigraphs of D. If for any proper nonempty subset J of {H1, Ho, ..., H.}, there
exist a subdigraph H; € J and a vertex w of H;, and an H; ¢ J such that

Np(w) NV (H;) # 0 and  Np(w) NV (H;) # 0,
then D is partially symmetric.

Theorem 1.2 (Algefari et al. [1], Theorem 1.3). Every symmetrically con-
nected digraph and every partially symmetric digraph are supereulerian.

By the definition of strongly (weakly) trail-connected digraph, if D is a strongly
trail-connected digraph, we know that D is weakly trail-connected and supereulerian.
Liu et al. in [10] characterized weakly (strongly) trail-connected tournaments. The
purpose of this paper is to prove that symmetrically connected digraph and partially
symmetric digraph are strongly trail-connected.

2. Main Results

Let M and M’ be two digraphs. Throughout this paper, we define the union M U
M’ (or intersection M N M’ respectively) of M and M’ to be the digraph with
VIMUM)=V(M)UV (M) and AMUM')=AM)UAM') (or V(M NM") =
V(M)NV(M') and A(MNM')=A(M)NA(M"), respectively). By definition, it is
possible that M N M’ is the null graph.

Let v,v',w and w’ be vertices of D. If T(,,y is a (v,w)-trail of D and
(v',v), (w,w') € A(D) — A(T(yw)), then we use (v',v)T(y ) (w,w’) to denote
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the (v',w')-trail D[A(T(y,)) U {(v',v), (w,w’)}]. The subdigraphs (v',v)T{, ) and
Tp,w)(w,w") are similarly defined.

Theorem 2.1. Every symmetrically connected digraph is strongly trail-connected.

Proof. Let D be a symmetrically connected digraph. Toward a contradiction, sup-
pose that D is not a strongly trail-connected digraph. By Theorem 1.2, D is supereu-
lerian, and therefore D is a strong digraph. Hence D has a nontrivial strongly
trail-connected subdigraph. Let C' be a strongly trail-connected subdigraph in D
with

|V (C)] is maximized among all strongly trail-connected subdigraph in D. (2)

Since D is symmetrically connected digraph but not strongly trail-connected, hence
there are a vertex z of C' and a vertex w of D — C such that (z,w), (w, z) € A(D).
Now we consider |[V(C)| < |V(D)| and the subdigraph D[V (C) U {w}], denoted
by D’.

Consider any two vertices u and v of D’. Since C' is a strongly trail-connected
subdigraph of D, if u,v € V(C), then there exist a spanning (u, v)-trail T{, ,) and a
spanning (v, u)-trail T{, .,y of C. Thus, T(, ,yU(w, 2)U(2, w) is a spanning (u, v)-trail
and T, ) U (w, 2) U (2,w) is a spanning (v, u)-trail of D'. If u = w and v € V(C),
since z € V(C'), C contains a spanning (2, v)-trail T(, ,) and a spanning (v, z)-trail
T(v,2)- Thus, (u,2) UT(, ) is a spanning (u, v)-trail and T{, ) U (2, u) is a spanning
(v, u)-trail of D’. The analyses above imply that D’ is also a strongly trail-connected
subdigraph of D, contrary to (2). Therefore, a symmetrically connected digraph is
strongly trail-connected. This proves the theorem. O

Next, we construct a new digraph from several strongly trail-connected digraphs
and prove that the new digraph is strongly trail-connected.

Definition 2.1. For a given integer ¢t with ¢ > 2, let Sq, 5o, ..., S; be strongly trail-
connected digraphs, and y},y?, v} be three vertices (yi1 = ygz is allowed, ji,j2 €
{1,2,3}) in V(S5;) for 1 < ¢ < t. We shall define a digraph M with V(M) =
V(S1)UV(S2)U- UV (S,) and A(M) = U, (A(S)U@E v 1)U (1. 51) (Consider
modulo t) (See Fig. 1).

Theorem 2.2. Let M be a digraph defined as in Definition 2.1. Then M is strongly
trail-connected.

Proof. Let 51,S59,...,5; be strongly trail-connected digraphs, and y},yf,yf’ be
three vertices in V(S;) for 1 < ¢ < t. Thus, S; contains a spanning (z, w)-trail T(iz w)
for any two vertices z and w of S;. Let u and v be any two vertices of M, we want

to prove that M contains a spanning (u,v)-trail and a spanning (v, u)-trail. Let

0t 1,2 41 301
T = Uiz (55w ) U T(’ygﬂjy?ﬂ) U (W51, %))
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Fig. 1. A digraph defined as in Definition 2.1.

If u,v € V(Sk) for some index k with 1 < k < ¢, then
(T" = W1 98) = AThp ) = (W k1)) U T
is a spanning (u, v)-trail of M. Similarly,
(T/ - (yliflayl%) - A(T(];g,yg)) - (yga yli—l)) U T(’Z,u)

is a spanning (v, u)-trail of M.
If u € V(Sk) and v € V(Sy) for indices k and ¢ such that 1 < k < ¢ < ¢, then

r- Uk (A(T(J§§,y§)) U} yi-1) ¢ — W1, 90)
‘7:

/—1
k J 12
UT, 1) U U Tz Y Tz
ji

is a spanning (u,v)-trail of M, where the addition operation takes modulo ¢. Simi-

larly,

Z .

U W1 ¥ VAT 2 ) ¢ = (Wi k1)

: 373

-1
4 J k
VTG vf) ¥ U T yhyd) UT(y,LU)
]7

is a spanning (v, u)-trail of M. This proves the theorem. O
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Next, we will prove that every partially symmetric digraph is strongly trail-
connected. Before the proof is given, we define a useful digraph from a weakly
connected digraph.

Definition 2.2. For a given integer ¢ such that ¢ > 2, let D be a weakly connected
digraph and {Hj, Ho,...,H.} be the set of all maximal symmetrically connected
subdigraphs of D. We shall define a digraph D’ in the following steps.

(i) Contracting all maximal symmetrically connected subdigraphs Hi, Ha, ..., H,.
as vertices of D’ with V(D') = {hy, ha, ..., h.}.

(ii) For any two different vertices h;, hj € V(D'), (hi, h;) € A(D’) if and only if H;
has a vertex w satisfying

NA(w)NV(H;)#0 and Np(w)NV(Hj) #0.

Lemma 2.1. For a weakly connected digraph D, let D' be a digraph constructed
from D as in Definition 2.2. Then D is a partially symmetric digraph if and only if
the digraph D’ is a strong digraph.

Proof. If D is a partially symmetric digraph and D has maximal symmetrically
connected subdigraphs Hy, Ho, ..., H., let H = {Hy,Ha,...,H.}. And let D’ be
constructed by Definition 2.2 with V(D') = {h1, ha,..., hc}.

On the one hand, we show that if D is a partially symmetric digraph, then D’ is
a strong digraph. Toward a contradiction, suppose that D’ is not a strong digraph,
then there exists a subset J' = {h;,, hiy, ..., hi,} C V(D') such that |05, (J")| = 0,
where 41,49, ...,is € {1,2,...,c}. By Definition 2.2 and J’, we can get the subset J
of H with J = {H;,, Hy,, ..., H;.}. Since |07, (J")| = 0, hence there are no vertex w
of H;, € J with 1< q<s,and H; € H — J with j € {is41,7s12,...,4c} such that

NA(w)NV(H;) #0 and Np(w)NV(H;) #0.

It can be obtained from Definition 1.2 that D is not a partially symmetric digraph.
This proves that D’ is strong.

On the other hand, for any subset J7 C V(D'), let J1 = {hy, s, ..., hi/g/} C
V(D') and let J% = {hj,, hj,, ..., hj,} = V(D) — J}. As D' is a strong digraph,
hence there exists (h;, hj,) € A(D’) such that hy € J} and hj, € J4. By Definition
2.2, this implies that for any J1 = {Hii’ Hy,... ,Hi/g/} C H, there exist at least one
vertex w of Hy for 1 <7 < s" and an H;, of H — J1 for 1 < p < s” such that

Nh(w)NV(H;,)#0 and Np(w)NV(H;,) #0.
It follows from Definition 1.2 that D is a partially symmetric digraph. This proves

the lemma. 0O

Lemma 2.2. Let H; be a strongly trail-connected digraph and Ho be a symmetri-
cally connected digraph. If V(Hy) NV (Hs) # 0, then the union Hy U Hy of Hy and
Hs is a strongly trail-connected digraph.
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Proof. Let H; be a strongly trail-connected digraph and Hs be a symmetrically
connected digraph, by Theorem 2.1, Hs is also a strongly trail-connected digraph.
Let J be a spanning connected symmetric subdigraph of Hs. Denote D = H; U Ha,
if V(D) =V (H;) or V(D) = V(Hz), we are done. In the following, we only need to
assume that V(D) # V(H;), V(D) # V(Hz) and prove that for any two vertices u
and v of D,

D contains a spanning (u, v)-trail and a spanning (v, u)-trail. (3)

Since V(Hy) N V(Ha) # 0, let X1 = {z11,%12,...,%1¢,} = V(H1) NV (Hz), we
consider the following two cases.

Case 1. ¢ = 1.

X1 ={zn} =V(H)NV(H). If u,v € V(H;), as H; and Hy are strongly trail-
connected digraphs, then H; contains a spanning (u,v)-trail T(Zlv) and a spanning

(v, u)-trail T(v}u), and Hs contains a spanning (x11, 211 )-trail T(l‘fl,rll)' Thus, T(ufv) U
(Zfl r1p) 18 @ spanning (u,v)-trail and T(Ijlu) U Tgil £1p) 18 @ spanning (v, u)-trail

of D. Similarly, we can get the result for u,v € V(H3). Hence assume that u €
V(H;) and v € V(Hsy), then H; contains a spanning (u,z11)-trail T(Z,I:m) and a
spanning (x11, u)-trail T(Zihu), and Hy contains a spanning (11, v)-trail T(Zfl’v) and
a spanning (v, x11)-trail T(ijmu). Hence T(Z}mu) U T(gfl’v) is a spanning (u,v)-trail

and T(f?mu) U Tg;l’u) is a spanning (v, u)-trail of D.

Case 2. 1 > 2.

X1 = {z11,712,...,%1¢,} = V(H1) N V(Hz). In this case, we will consider three
subcases to prove that (3) holds for any two vertices u and v of D.

Subcase 2.1. u,v € V(Hy).
Since H; is a strongly trail-connected digraph, hence there exist a spanning
(u,v)-trail T(Z}v) and a spanning (v,u)-trail T(ﬁlu) of Hi. Let V(H2) — X; =
{y11,Y12, - - -, Y15, }- Since Hy is a symmetrically connected digraph, by the Defini-
tion 1.1, Hy has a symmetric path

A4

Pv11,01my) = V11012 Vlmy V1(my—1) ** " V12011
from wv1; to vim,, where vy; = =17 and vy, = y11. Since x1; € X; and
y11 € V(Hz) — Xj, there exists a largest integer t; with ¢; > 0 such that
Vit —1) € X1 and vigy, Vi 41)s -+ -5 Vimy € V(H2) — X1. By Notation 1.1 (44i), we

<

4
use P(Ul1,v1m1)[vl(t1—1)vUlml] to denote the symmetric subpath of P from

V11,V1my )
V1(t1—1) 1O Vim,. Then

Hq g
T(u,v) U P(’Ullvvlml)[vl(hfl); Ulml]
>
U(J — A(HQ[V(P(vu,mml)[01(t1—1),fulml])]) — A(Hg[Xl]))
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is a spanning (u,v)-trail of D and

H
Tow

g
) U P(vn,vlml) [Ul(hfl)? vlml]

U<J - A(H2[V($(uu,vlm1)[Ul(trl)7 Vimy))]) — A(H2[X1D)
is a spanning (v, u)-trail of D.
Subcase 2.2. u € V(H;) and v € V(H3).
If v € Xy, then v € V(H;), by the similar analysis as in Subcase 2.1, (3) holds.

Hence assume that v € V(Hz) — X;. Since Hy is a symmetrically connected digraph,

hence H, contains a symmetric path
<

P(Uu,ulm) = V11012 * * * Vlmy V1 (me—1) * " V12711
from v11 to vipm,, where vi; = x11 and vy, = v. Since z1; € X, v € V(Ha) — Xj,
thus, there exists a largest integer fo with to > 0 satisfying vyy,_1) € X1 and
Vltys Vi(ta+1)s - - - » VImy € V(Hz)— Xj. Since Hj is a strongly trail-connected digraph,
there exist a spanning (u, vy(,—1))-trail T(u,lvl(tQ_l)
T(vll(trn,u) of Hi. By Notation 1.1 (i), we use P ) = P(U117U1m2) and P, 4,,) =
Ploy, or1) to denote the (vi1,v)-path and (v, v11)-path contained in the symmetric
s
path P(U117U1m2)
Py11)[V; v1(t,—1)] 18 a subpath of P, ) from v to vy,_1). Then

T, U Py W1(ta-1), 01U (T = A(HaV (P ) V1, -1):0])]))

(U7U1(t271))

) and a spanning (vy(,_1), u)-trail

; 80 Py, w)[V1(t—1), v] is a subpath of P, . from vy, 1) to v, and

is a spanning (u,v)-trail of D and

P(U,vn)[v’ Ul(tz—l)] uTh U (‘] - A(HZ[V(P(MLU)[U’ Ul(t2—1)])]))

(Ul(t271>7u)

is a spanning (v, u)-trail of D.

Subcase 2.3. u,v € V(Ha).

If u,v € Xy, then u,v € V(H;), by the similar analysis as in Subcase 2.1, (3) holds.
If u € X7 and v € V(Hy) — X1, by the similar analysis of the second case as in
Subcase 2.2, (3) holds. Finally, we consider the case that u,v € V(Hy) — X;. Since
Hy is a symmetrically connected digraph, hence there is a symmetric path from
to v, for convenience, let ]g)(u,v) = ULUL * * * UmsUms—1 * * - U2U1 be a symmetric path
as longer as possible with u; = v and uy,, = v.

If V(]g)(uw)) N X1 # 0, then there exist a smallest integer s with 1 < s <
ms3 and a largest integer t3 with 1 < #3 < mg such that usy; € X; and
UL, U2, ..., us € V(Hz) — X1, and uy—1 € X1 and gy, Uggt1, - - -, Umg € V(Ha) — X1.
Since H; is a strongly trail-connected digraph, there exist a spanning (ts41, tg—1)-
trail T(Iii+1,ut3—1) and a spanning (u,—1, us41)-trail T(Z;,l,usﬂ) of Hy. We use
Prywylu, usp1] and Py y)[uz—1,v] to denote the subpaths of P, ,) from vertex u
to vertex usy1 and from vertex uy 1 to vertex v, and we use P, [ust1,u] and
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Pyuy[v, utz—1] to denote the subpaths of P, ,) from vertex usy1 to vertex u and
from vertex v to vertex us,—1. Thus,

P(u,v) [’LL, u5+1] U TH

1
(Ust1,ut3—1)

U P(u,v) [ut;g—la U]

U(J - A(HQ[V(P(uﬂ}) [ua us—l—l])]) - A(H2 [V(P(u,v) [ut3—17 U])]))
is a spanning (u, v)-trail of D, and

Plou) [v, ugg—1] U T/h ) U Plo,u) [Ust1,u]

(utg—1,us41
U('] - A(HQ[V(P(v,u) [USJrla u])]) - A(H2 [V(P(v,u) [Ua ut3*1])]))
is a spanning (v, u)-trail of D.
EV(Puw)NX1= (), since Hs is symmetrically connected digraph, hence there
exist a vertex T1 of Xj for 1 < ¢} < ey, a vertex uj of P(u,v) for 1 <j<msanda

symmetric path ﬁ(% , uy) from x1 to u; such that V(;(zl ) OV(g(u v) = {uj}
<l e 3
<>
and V(P(mlc/l ,uj)) NV(H;) = {xlc/l}. Then

<> <>
Pluwy UT U Py ) U (J — A(Ha[V (Puw)]) — 14(15’2[‘/(13(;516,1 an)l)

(xlc’1 7x1c’1)

is a spanning (u,v)-trail of D, and

“ “
P(v,u) U TH1 ,1) U P(mlcll ;) @) (J — A(HQ[V(P(U,U))D — A(I‘IQ[V(P(IIC,1 ,uj))]))

(‘7‘,1c’1 e

is a spanning (v, u)-trail of D. This proves the lemma. O

Theorem 2.3. Let D be a partially symmetric digraph. Then D is strongly trail-
connected.

Proof. If D is a partially symmetric digraph, and digraph D has maximal sym-
metrically connected subdigraphs Hy, Ho, ..., H., let H = {Hy,Hs,...,H.}. By
contradiction, suppose that D is not a strongly trail-connected digraph. By Theo-
rem 1.2, D is a strong digraph. Therefore, D has a nontrivial strongly trail-connected
subdigraph. Let C' be a strongly trail-connected subdigraph in D with

|V (C)] is maximized among all strongly trail-connected subdigraph in D. (4)

For any H; of H (1 <i < ¢),if V(H;)NV(C) # 0, we can claim that V(H;) C V(C);
otherwise, if V(H;) € V(C), by Lemma 2.2, C U H; is a strongly trail-connected
subdigraph of D, contrary to (4). Since D is not strongly trail-connected, hence
[V(C)| < |[V(D)| and there exists some H; with V(H;) N V(C) = (). Assume that
V(C) = V(H) UV(H2) U---UV(Hp) for 1 < b < ¢ — 1. By Definition 2.2,
we can construct the digraph D' with V(D') = {hy,ha,..., hp, hpt1,...,hc} and
the digraph C" with V(C") = {hq,ho,...,hy}, where C’ is obtained by contract-
ing Hy, Ho, ..., Hy as b vertices. By Lemma 2.1, D’ is a strong digraph. Therefore,
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there exist two vertices hy, hyy € V(C') and a vertex h;, € V(D') — V(C’) satis-
fying (hg, hi,) € A(D’). As D’ is a strong digraph, hence D’ has an (h;,, hy)-path
denoted by P, n,,) = hihi, ... hi,, where h;, = hy. Since h;, € V/(D') = V(C’)
and hy € V(C'), hence there exists ¢ with 1 < ¢ < p, satisfying h;, € V(C’) and
V(P(hil,hk/)[hiuhiqu) g V(D/) — V(Cl> Thus,

hihiyhiy - i b, (5)

is a path (or a cycle when hy = h;,) of D' from hy to h;, such that hy,h;, €
V(C') and hyy,...,hi,, € V(D') = V(C'). Next, we consider the subdigraph
D[V(C) U V(H;) UV (Hy,) U--- UV (H;,_,)] of D. Digraphs H;,, H;,,... H;,_,
are symmetrically connected subdigraphs of D, and so they are strongly trail-
connected by Theorem 2.1. By (4), C is strongly trail-connected. By Definition 2.2
and (5), for 1 < k < b there exists at least one vertex yi of Hj such that
N (i) NV (Hy,) # 0 and Ny (y) NV (Hy,) # 0. Let y2 € Nj(yi) NV (H;,) and
y? € Np(yp) NV(H;, ). And there is at least one vertex yilq_1 of H;, _, such that
Nﬁ(ygq,l) NV (H;,) # 0 and NB(y}qil) NV (H;,) #0. Let y?q € Ng(y}qil) NV (H;,)
and yg’q € NB(yilq_l) NV (H;,). And for any s with 2 < s < ¢ —1, there exists at least
one vertex y. _ of H;,_, such that N (yl )NV (H;,) # 0 and Np, (yl )NV (H;,) #
0. Let y? € Nj(yi._ )NV (H;,) and y? € Np(yi ) NV(H;,). By analysis above,
D[V(C) UV (H;) UV(H,) U---UV(H;,_,)] has a spanning subdigraph which
is isomorphic to the digraph defined as Definition 2.1. Thus, by Theorem 2.2,
D[V(C)UV (H;,)UV (Hy,)U---UV(H;, )] is a strongly trail-connected subdigraph
with more vertices than V' (C'), contrary to (4). Hence D is strongly trail-connected.
This proves the theorem. O
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