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1 | INTRODUCTION

We study finite graphs and hypergraphs. Undefined terms would follow [2] for graphs and [1]
for hypergraphs. For two integers m and n with m < n, denote [m, n] = {m,m + 1, ..., n}.
Throughout the paper, for a positive integer m, we use Z,, to denote the additive group of
integers modulo m.

A hypergraph H is an ordered pair (V (H), £(H)), where V (H) is the vertex set of H and
E(H) is a collection of not necessarily distinct nonempty subsets of V (H), called hyperedges or
simply edges of H. For edges E; and E, in H, we write E; # E, to mean that they are distinct
edges in H, even if they could be the same as subsets of V (H); and we write E; = E, to mean
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that they are the same edge in H. A single element edge is referred to as a loop. We consider
loopless hypergraphs. The rank of a hypergraph H is r (H) = maxge ¢ {El}. Thus if r (H) = 2,
then H is a loopless graph with possible parallel edges. Following [2], a graph is simple if it is
loopless and contains no parallel edges.

A hypergraph J is called a sub-hypergraph of H if V(J) C V(H) and £(J) is a subcollection
of E(H). IfV (J) = V(H), then J is called a spanning sub-hypergraph of H. The line graph L(H)
of a hypergraph H, is a simple graph with vertex set V (L(H)) = £(H), where two vertices E;
and Ej are adjacent if and only if E; N E; # @ in H.

A trail of a hypergraph H is an alternating sequence

['= (woEgviEy -+ vs_1E5_1vy) ®
of vertices and edges such that

(T1) E; and E; are two distinct edges for each 0 < i < j <s;
(T2) v;, vip1 € E; and v; # v, foreach 0 < i < s.

We also view the trail T' in (1) as a sub-hypergraph (also denoted by I') with V (T") being the
vertices occurring in the trail and with £(T') = {Ey, Ej, ..., Es_1}. We also write the trail in (1) as
I' = (ExE; --- E;_1) in an edge sequence notation. Moreover, if r (I') = 2, then we can write the trail
in (1) asT = (vov; -+ Vg) in a vertex sequence notation. The trail T' in (1) is a closed trail if vy = vs.

Definition 1.1. Let T be the trail in (1). We define the pivot set PV (') of T as follows.

(i) Ifvy # v, then foreachi € [1,s — 2], PW%(E;) = (E;_1 N E;) U (E; N E;41), and define
PV () = Uiefo,s—21(Ei N Ej41).
(ii) If vy = v, then for each i€ Z,, PVr(E;) = (Ei_1 N E;)) U (E; N Ej;1), and define
PV () = Uiez,(Ei N Eiy1) = Uiez, PVr(E),
To describe a closed trail in an edge sequence (EoE; --- Es_;), we make the following
observations, which are immediate consequences of the definition.

Observation 1.1. Let the edge sequence I' = (EyE; --- E,_;) denote the trail in (1). Then,
I is a closed trail if and only if for each i, j € Z;, each of the following holds.

(CT1) E; and E; are two distinct edges for each j # i;
(CT2) E;n E; # @ for each j withli — jl = 1;
(CT3) |U|i—j|:1 E; n EJ| > 2.

A hypergraph H is eulerian if it has a closed trail T' with £(H) = £(T). Thus, an eulerian
sub-hypergraph of H is a closed trail of H. If a vertex v € PV;-(E;), then v is called a pivot of edge
E; with respect to the closed trail T'. A closed trail T' in H is pivot-spanning if PV (I') = V (H).
A hypergraph H is pivot-supereulerian if H has a pivot-spanning eulerian sub-hypergraph.
A closed trail T in H is dominating if for any E € £(H), E N PV (I") # @. We define a hyper-
graph H to be supereulerian if H has a dominating spanning eulerian sub-hypergraph.
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For a vertex v € V(H) and a sub-hypergraph J of H, define

EW)={Ee€ &) :v e E}.

A hypergraph H is heavy supereulerian if H has a dominating spanning eulerian sub-
hypergraph I such that I[Er(v)l > 2 for each v € V (H). In Figure 1, an example is presented to
indicate that a heavy supereulerian hypergraph may not always be pivot-supereulerian.
Nevertheless, we have the following observations from their definitions.

Observation 1.2. Each of the following holds.

(i) Every pivot-supereulerian hypergraph is heavy supereulerian.
(i) Every heavy supereulerian hypergraph is supereulerian.
(iii) If r(H) = 2, then a hypergraph H is pivot-supereulerian if and only if H is heavy
supereulerian, which is also equivalent to that H is supereulerian.

Harary and Nash-Williams [8] discovered a nice relationship between dominating eulerian
subgraphs in a graph G and Hamilton cycles in the line graph L(G).

Theorem 1.1 (Harary and Nash-Williams [8, Proposition 8]). Let G be a graph with at
least three edges. Then L(G) is hamiltonian if and only if G has a dominating eulerian
subgraph.

Li et al. [11, Corollary 7] charaterized the correspondent relationship between hamiltonicity
of a line graph of a hypergraph with rank 3 and the dominating structure in the root hyper-
graph. Thus, one of the purposes of this study is to extend Theorem 1.1 to hypergraphs.

Theorem 1.2. Let H be a hypergraph with at least three edges. Then L(H) is
hamiltonian if and only if H has a dominating eulerian sub-hypergraph.

For a graph G, if G is supereulerian, then G has a spanning eulerian subgraph, which is
dominating. Theorem 1.1 indicates that every supereulerian graph with at least three edges has a
hamiltonian line graph. As indicated in Catlin's resourceful survey [4], supereulerian graphs play
an important role in the investigation of hamiltonian line graphs. Another purpose of this study is
to generalize certain supereulerian graph results to hypergraphs. Theorem 1.3 was first obtained by
Jaeger [9], and extended by Catlin in [3].

FIGURE 1 A heavy supereulerian but not pivot-supereulerian hypergraph



4 Wl LEY GU ET AL.

Theorem 1.3 (Jaeger [9] and Catlin [3, Theorem 2]). If a graph G has two edge-disjoint
spanning trees, then G is supereulerian. In particular, every 4-edge-connected graph is
supereulerian.

For a proper subset U C V (H), d(U) is the set of all the edges of H which intersect both U
and V(H) — U. For an integer k > 0, a hypergraph H is k-edge-connected if for every nonempty
proper subset U of V (H), 10(U)! > k.

Definition 1.2 (Frank, Kirdly, and Kriesell [6]). Let P(H) be the collection of all
partitions of V (H) such that a partition P = (W, V5, ..., V;) € P(H) if and only if P
satisfies each of the following:

(P1) V(H) = Ui_V,
P2) Vi#@,1<i<t, and
(P3) foreach1 <i<j<tVinV;=0a.

For a partition P = (W}, V5, ..., V) € P(H), each V; is a partition class of P. Let IPl = ¢
denote the number of classes of P, and let e(P) be the number of edges intersecting at
least two classes of P. A hypergraph H is k-partition-connected if e(P) > k(IPl — 1) for
every partition P € P(H).

We extend Theorem 1.3 to hypergraphs as follows.

Theorem 1.4. If H is a 2-partition-connected hypergraph, then H is supereulerian. In
particular, every 2r-edge-connected hypergraph with rank r is supereulerian.

Thus Corollary 1.5 follows from Theorems 1.2 and 1.4.

Corollary 1.5. If H is a 2-partition-connected hypergraph, then the line graph L(H) is
hamiltonian. In particular, if H is 2r-edge-connected with rank r, then L(H) is hamiltonian.

In [3], Catlin introduced a powerful reduction method to study supereulerian graphs. Let H
be a hypergraph. For an edge subset X C £(H), the contraction H/X is a hypergraph obtained
from H by identifying all vertices of each edge in X and then by deleting the resulting loops. If
J is a sub-hypergraph of H, then we write H/J for H/E(J). Moreover, if J is connected, then we
denote the new vertex by vy that all vertices in V' (J) are contracted into in H/J.

Theorem 1.6 (Catlin [3, Theorem 2]). Let G be a graph and L be a subgraph of G with two
edge-disjoint spanning trees. Then, G is supereulerian if and only if G/L is supereulerian.

In the current research, we prove the following, as an attempt to extend Theorem 1.6 to
hypergraphs.

Theorem 1.7. Let J be a 2-partition-connected sub-hypergraph of a hypergraph H. If
H /J has a dominating spanning closed trail T with v; € PV (T'), then H is supereulerian. In
particular, if H/J is pivot-supereulerian, then H is pivot-supereulerian.
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Corollary 1.8. Let H be a hypergraph and J be a 2-partition-connected sub-hypergraph
of H. Then, H is pivot-supereulerian if and only if H/J is pivot-supereulerian.

We will cover the necessary preliminaries in Section 2. In Section 3, we discuss the prop-
erties of partition-connectedness of hypergraphs and hypertrees. These are powerful tools in
the proof of the main results in Section 4. Some conjectures and discussions are displayed in
Section 5.

2 | PRELIMINARIES AND NOTATION

Let H be a hypergraph. We denote the number of connected components of H by w(H). If
W C V(H), then the hypergraph (W, &), where &y = {F € £(H) : F C W}, is the sub-
hypergraph induced by the vertex subset W, denoted by H [W]. If X C E(H) and Vx = Urex F,
then (Vy, X) is defined as the sub-hypergraph induced by the edge subset X, denoted by H [X].
For notational convenience, we often also use X to denote the hypergraph (Vx, X).

For a subset X C £(H),let H — X = (V(H), £(H) — X). Let H; and H, be two hypergraphs.
The intersection of H; and H,, denoted by H; N H,, has V(H; N H,) = V(H;) N V(H,) and
EH, N H,) = E(H)) n E(H,); and the union of H; and H,, denoted by H; U H,, has
V(HUH)=V{H)UV(H) and EH; U Hy) = E(H) U E(H,). If H, = {E} for some edge
E € £(H,), then we write H, U E for H; U H,.

2.1 | Contractions

We start with a formal definition of hypergraph contractions.

Definition 2.1. Let J be a sub-hypergraph of H with components labeled by
B, Ja, .y Js, and let Uy = {vy, vy, ..., vz }. Define a mapping ¢ : V(H) - V(H) U U; by

vy, ve VW,
cvy=4 " .
v, otherwise.

(2)

For a given mapping ¢, we denote the images of vertex ve V(H) and E € £(H) by
im@v)=c() and im(E)={c():v € E},

respectively. Conversely, the vertex v and the edge E are called preimages of im(v) and
im(E), respectively. Let U C V(H) and X C £(H). Then, im(U) = {im(v) : v € U} and
im(X) = {im(E) : E € X} are called the images of U and X, respectively.

The terms and notation of hypergraph contraction in Definition 2.1 allow us to make the
following observation.

Observation 2.1. Let J be a sub-hypergraph of a hypergraph H such that J has
components Ji, J, ..., J;, and let Uy = {vy, vy, ..., v;}. Define a mapping ¢ as in (2). Then
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the contraction H/J is the hypergraph with vertex set V (H/J) = im(V (H)) and edge set
EH)T) = im(E(H)). By definition, V(H/J) = (V(H) — V({J)) U U,.

Given a sub-hypergraph T of H, im(T') = (H/J)[im(V (T'))] is called the image of I'. Thus, if
every vertex v € V (I') lies in an edge E € £(T), then im(T) = (H/J)[im(E(T))]. In particular, if
I' = H[X] is a sub-hypergraph induced by the edge subset X, then im(T') = (H/J)[im(X)].

Conversely, given W C V(H/J),Y C £(H/J), and a sub-hypergraph I} of H/J. The pre-
images of W,Y, and LT are pre(W)={eVH):imQy)e W} pre(Y)={E € EH):
im(E) € Y} and pre(I}) = H [pre(V (I}))], respectively. The following lemma will be used in
our arguments. As a number of other lemmas will need to be developed to justify Lemma 2.1,
we postpone the validation of Lemma 2.1 to Section 4.

Lemma 2.1. Let H be a hypergraph and J be a sub-hypergraph of H. Each of the
following holds.

(i) If H is supereulerian, then H/J has a dominating closed trail.
(ii) If H is pivot-supereulerian, then H /J is pivot-supereulerian.
(iii) If H is heavy supereulerian and J is connected, then H /J is supereulerian.

2.2 | Collapsible graphs

Let G be a graph and O(G) be the set of all odd degree vertices in G. In [3], Catlin defined a
graph G to be collapsible if for every subset R C V (G) with IRl = 0 (mod 2), G has a subgraph I'x
such that O(I'g) = R and G — &(Iy) is connected. By definition, all complete graphs K, except
K, are collapsible. As shown in Proposition 1 of [10], a graph G is collapsible if and only if for
every subset R C V(G) with IRl = 0 (mod 2), G has a spanning connected subgraph Lz with
O(Lg) = R. As Ly is a spanning eulerian subgraph, every collapsible graph is supereulerian.

Theorem 2.2 (Catlin [3, Theorem 2]). Let G be a graph. If G has two edge-disjoint
spanning trees, then G is collapsible, and so G is supereulerian.

3 | PARTITION-CONNECTED HYPERGRAPHS AND
HYPERTREES

Frank, Kiraly, and Kriesell in [6] indicated the following proposition that k-partition-connected
hypergraphs can be characterized in a different form, which is often used in applications.

Theorem 3.1 (Frank, Kiraly, and Kriesell [6]). Let H be a hypergraph and k > 0 be an
integer. The following are equivalent.

(i) H is k-partition-connected,
(ii) for each partition P € P(H), e(P) > k(1P| — 1);
(iii) for each subset X C E(H), X1 > k(w(H — X) — 1).
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By definition, every k-partition-connected hypergraph must be k-edge-connected. Following
[6], a hypergraph is partition-connected if it is 1-partition-connected. In general, partition-
connected hypergraphs must be connected, but a connected hypergraph may not be partition-
connected.

Theorem 3.2. Let H be a hypergraph with a sub-hypergraph J and k > 0 be an integer.
Each of the following holds.

(i) (Frank, Kirdly, and Kriesell [6, Corollary 2.9]) If H is kr-edge-connected where
r = r(H), then H is k-partition-connected.

(i) (Gu and Lai [7, Proposition 4.1]) If H is k-partition-connected, then for any
E € E(H), H/E is k-partition-connected. Furthermore, if J and H/J are k-partition-
connected, then H is k-partition-connected.

A hypergraph H is a hyperforest if for every nonempty subset U C V (H), IE(H[U])I
<IUI —1. A hyperforest T is a hypertree if 1E(T)I =1V (T)l —1. For a partition
P=W, V.., V) of V(T),

t

e(P) = IE(T)! — zt:IS(T[Vi])I >V (MI-1) - -1)=t-1

i=1 i=1
It shows that every hypertree is partition-connected.

Theorem 3.3 (Frank, Kiraly, and Kriesell [6, Corollary 2.6]). Each of the following
statements holds.

(i) For each partition-connected hypergraph H,|1E(H)| > |V (H)| — 1 with equality if and
only if H is a hypertree.
(ii) Each partition-connected hypergraph contains a spanning hypertree.

Theorem 3.4 (Frank, Kirdly, and Kriesell [6, Theorem 2.8]). A hypergraph H is
k-partition-connected if and only if H has k edge-disjoint spanning partition-connected
sub-hypergraphs.

Lemma 3.5. Suppose that H is a partition-connected hypergraph and E € E(H) with
IE| > 3. Then there exists a vertex v € E such that with E' = E — {v},(H—-E)UE’' is
partition-connected.

Proof. Foravertexu € E,letE, = E — {u}and H, = (H — E) U E,,. By Theorem 3.3(ii),
H contains a spanning hypertree. If E is not contained in this hypertree, then for each
vertex u € E, H, is partition-connected. Thus we assume that E lies in every spanning
hypertree of H. Let T be a hypertree of H such that

T contains E as an edge with |V (T)| minimized. 3
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As T is partition-connected, by Theorem 3.1, 1 = I{E}l > w(T — E) — 1, which implies
that w(T — E) < 2. As|El > 3, it follows that there exist two vertices u, v € E such that
both u and v are in the same component of T — E.

Claim 1: T' =(T — E) U E, is a hypertree.

Suppose to the contrary that T’ is not a hypertree. Since V(T') = V(T) and
IE(T")I = 1E(T)I, by definition, there exists a nonempty subset U C V(T’) such that
IE(T'[UDI > Ul — 1. Since T is a hypertree, IE(T[UDILIUI -1 <IET[U)L
It follows that IE(T[UDI =I1E(T'[UDI—1 and E—- U={v}. Then, U —-1<|
E(T'[UDI < 1UIl, which leads to IE(T'[U]I =IUl and IE(T[U]I =10 —1. Let
U' =UuU ). Then IE(T[UDI = IET[UNDI+1=1UI=1U'l —1. As T is a hypertree,
IE(T[U'DILIUT -1, and then IE(T[U'])I=IU'I—-1, which means T[U’]
is also a hypertree. By (3), we have T = T [U’]. Since IE(T [U])I =lUI — 1 = IE(T [U'])I
— 1, E is the only one edge satisfying both E N U # @ and v € E. It follows that v is an
isolated vertex in T — E, which contradicts the fact that vertices u and v are in one
component of T — E. This contradiction implies that T’ must be a hypertree. This proves
Claim 1.

By Claim 1 and Theorem 3.2(ii), both T’ and H, /T’ = H/T are partition-connected.
Hence by Theorem 3.2(ii), H, = (H — E) U E, is also partition-connected. O

Lemma 3.5 motivates the concept of partition-connected mappings on hypergraphs when
studying partition-connectedness of hypergraphs. Let 2X = {F : F C E € X} be the power set
of a multiset X. An injective mapping g : E(H) — 25D is a partition-connected mapping
(or pc-mapping) of a hypergraph H if each of the following holds:

(PC1) Forany E € E(H),g(E) C E, and (H — E) U g(E) is partition-connected, and
(PC2) g(H) :=g(&(H)) is a connected (multi)graph with V (g(H)) = V (H).

Corollary 3.6. Let H be a partition-connected hypergraph. Each of the following holds.

(i) H has a pc-mapping.
(i) If g(H) is supereulerian where g is a pc-mapping of H, then H is pivot-supereulerian.

Proof. Suppose that H is a partition-connected hypergraph. We shall argue by induction
on 8(H) = Ypcean.ms3(IEl — 2) to prove (i). If 6(H) = 0, then as H is a (multi)graph,
the identity mapping is a pc-mapping of H, and so we are done. Thus we assume that
O(H) > 1 and that (i) holds for partition-connected hypergraphs with smaller values of 6.
Since 6(H) > 1, there exists an edge E, € £(H) with |[Eygl > 3. By Lemma 3.5, there exists
a vertex v € Ey such that with E; = E, — {v}, H' = (H — Ey) U E| is partition-connected.
By definition, we have 6(H') < 8(H) and V (H') = V (H), and so by induction, H' has a
pc-mapping g'. Set g : E(H) — 2°UD with g(E) = g'(E;) if E = E,, and g(E) = g'(E) if
E # E,. Since g’ is injective, g is injective as well. Note that g(H) = g’(H’) is a connected
graph and V(H) = V(H') = V(g’(H')) = V(g(H)). This means that g satisfies (PC2).
Note that g(Eo) =g'(Eg) CEg C Ey and (H — Eo) U g(Eo) = (H' — Eg) U g'(Eg) is
partition-connected. For each edge E € £(H) — E,;, we have g(E) =g'(E) CE and
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(H-—E)Ug(E)=(H — E) U g'(E) is partition-connected. Thus, g satisfies (PC1) and
then it is a pc-mapping of H, and so (i) follows by induction.

To prove (ii), we assume that g(H) has a dominating spanning closed trail
I' = ([ F, -+ E,) where each F, € £(g(H)). Then T = H[g 1(£(I"))] =(g~ ' (F)g ' (F)
-- g7(E,)) is a closed trail. AsV(H) 2 PV(I) 2 PV (I") =V (g(H)) = V(H), we have T
is a pivot-spanning closed trail in H. O

Corollary 3.7. Let H be a hypergraph and J,, I, ..., J; be a list of pairwise edge-disjoint
partition-connected sub-hypergraphs of H. Then, there exists an injection g : E(H) — 280
such that:

(i) glgw) is a pc-mapping of J; for each i;
(ii)) V(g(H)) = V(H) where g(H) = g(E(H)), and for each E € E(H),g(E) CE.

Furthermore, if g(H) is supereulerian, then H is supereulerian.

Proof. By Corollary 3.6, let g, &, ..., g, be the corresponding pc-mappings of i, L, ..., Jy.
Take g : E(H) — 280D with g(E) = g,(E) if E € £(J;); otherwise, g(E) = E. Then, g is an
injection satisfying (i) and (ii).

Suppose that g(H) has a dominating spanning closed trail I' = (R F, --- F,) where
each F € £(g(H)). Let T = H[g 1 (EM))] = (g1 (F)g ' (F,) --- g7Y(Ey)). Then, T is a
closed trail in H with PV (T') 2 PV (I"). AsV(H)2V() 2 V({I") =V (g(H)) = V(H),T
is spanning. Pick an edge E € £(H). Since I' is dominating and g(E) CE,@ #
g(E)nPV(I'") CEnNPV(I') CEn PV (T), which implies that I' is dominating. Hence,
H is supereulerian. O

Proposition 3.8. Let H be a hypergraph and T be a partition-connected sub-hypergraph
of H. Then the following are equivalent.

(a) T is a spanning hypertree;
(b) T has a pc-mapping and for every pc-mapping g of T,g(T) is a tree with
V(M) =V (H);

(c) T is an edge-minimum spanning partition-connected sub-hypergraph of H.

Proof. Suppose that T is an edge-minimum spanning partition-connected
sub-hypergraph of H. By Theorem 3.3(1), IE(T)I > IV(T)I-1=IV(H)l —1. By
Theorem 3.3(ii)), T has a spanning hypertree T. It follows that [E(T)!
=IV(T)l =1 =1V(T)I — 1< IET)I. If 1E(Ty)! < 1E(T)I, then it contradicts the
assumption that T is an edge-minimum spanning partition-connected sub-hypergraph
of H. Then, IV (T)l — 1 = 1E(Ty)l = IE(T)! and then T is a hypertree by Theorem 3.3(i).
Thus, (c) implies (a).

Now, we show that (a) implies (b). As T is a spanning partition-connected sub-
hypergraph of H, by Corollary 3.6, T has a pc-mapping g and V (g(T)) = V(T) = V(H).
Since T is a hypertree, we have IE(g(T))! = IE(T)I = IV (T)I — 1 =1V (g(T))! — 1, which
implies that g(T) is a tree as g(T) is connected.

Then, we claim that (b) implies (c). Suppose T is a spanning partition-connected sub-
hypergraph of H. By Corollary 3.6, T; has a pc-mapping g. Then, g (Tj) is a connected
graph with 1€(g ())! = IE(T)! and V (g,(T1)) = V(T) = V (H). It follows that
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1E@G (T 2 IV (g () —1=1VH) - 1=1V(E) - 1=I1Eg((T)I,

which shows that T is an edge-minimum spanning partition-connected sub-hypergraph
of H. O

4 | PROOFS OF THE MAIN RESULTS

For notational convenience, we allow an empty sequence to denote an empty trail (or path) in a
hypergraph. If I} = (voEoviEy -+ vj_1Ej_1v) and I = (VEjvj41Ej4q1 -+ Vpo1Eq—1Vn) are two
edge-disjoint trails, then we use I}I; or, to emphasize the termini of the trails, voLiv;ILv,, to
denote the trail ' = (voEqv,E; -+ V,—1E,—_1v,) obtained by amalgamating the trails [} and L.
Thus if I, is an empty trail, then G = Ii. AsT' = (Ejvi41Ej41 -+ E)) is a subtrail of T, this trail
amalgamating notation allows us to rewrite I as (VoEoVi1Ey -+ viI"Vjpq1 -+ Vo1 E,_q1Vp). If some
vertex v € V(I') and some indices i and j with j > i, we have v, = viy; = ---= v =V, then
we define a v-subsequence of ' to be (v;Ejvi41Eit1 -++ ViEjvj41). If vi_; # v and vy, # v, then the
v-subsequence is a maximal v-subsequence. A maximal v sequence of I' is denoted by I;.

41 | The proofs of Theorems 1.2 and 1.4

Proof of Theorem 1.2. To prove the sufficiency, we assume that H has a dominating
eulerian  sub-hypergraph H’' = (v{E;V,E, --- W E,v;). Define S, ={Fe &H) —
E(H') : v; € F}. Inductively, for each i > 2, assume that S, ..., S;_; have been defined,
we set

S; = {Fe EH) — (E(H’) U (U SJ]] VNS F}

j<i

It is possible that some of the S;'s may be empty. Since H’ is dominating in
H,&(H) — E(H') can be partitioned into S;,S,, .., S;. For each ie[l,t], let
S; ={F, F% .., Ff"} and P, = (F'F? --- F*) denote a path from F' to F*? in the line
graph L(H) of H. Thus we obtain a Hamilton cycle in L(H) by amalgamating the paths
P, P, ..., B, as follows:

(E:PE\P; -+ E1RE)).

Conversely, we assume that L(H) is hamiltonian to prove the necessity. Let
(EgE; -+ E;_1E) be a Hamilton cycle in L (H) where each E; € £(H). By the definition
of L(H), for each i€ Z,,EiNE;1# @ and then let v;; € E;N E;y1. Then,
I' = WEonE; -+ Vy_1En_1vy) satisfies (CT1) and (CT2). Let V = {vy, vy, ..., Vu_1}.
Construct a new sequence I'=T/U,ey [, by contracting every maximal
v-subsequence T, into the vertex v for every v € V. Then each two consecutive vertices
in I'" are distinct. It follows that I satisfies (CT1)-(CT3) and then I" is a closed trail by
Observation 1.1. By the definition of I/, for any edge E € £(H) — £(I), there exists a
vertex u € V such that E € £(T,,), and sou € E. Hence, I’ is a dominating eulerian sub-
hypergraph of H. O
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Proof of Theorem 1.4. If H is 2-partition-connected, then by Theorem 3.3(ii) and
Theorem 3.4, H has two edge-disjoint spanning hypertrees T; and T,. By Corollary 3.7,
there exists an injection g: E(H) — 2 such that each of glgr;) and glgz,) is a pe-
mapping, and V (g(H)) = V (H) where g(H) = g(E(H)). As each of glgr) and glg(p) is a
pc-mapping, it follows that the graph g(H) has two edge-disjoint spanning trees by
Proposition 3.8. This follows that g(H) is supereulerian by Theorem 2.2. Applying
Corollary 3.7 again, we conclude that H is supereulerian.

By Theorem 3.2(i), if r(H) = r, then every 2r-edge-connected hypergraph H is
2-partition-connected, and so H is supereulerian. O

4.2 | The proofs of Lemma 2.1, Theorem 1.7, and Corollary 1.8

Since Corollary 1.8 is an immediate consequence of Lemma 2.1 and Theorem 1.7, it suffices to
validate Lemma 2.1 and Theorem 1.7.

We adopt the terms and notation in Definition 2.1 in our discussions. Let J be a sub-
hypergraph of a hypergraph H with its components labeled as J;, J, ..., Js. As in Definition 2.1,
we denote Uy = {vy, vy, ..., 5}, where vy is the image of V (J;) for each i € [1,s]. If H has a
closed trail ', then we define

U@ ={v,el:VU)nPVI) # 2},
and
XU, D={E€ &M@ :E-V{J)+# @, PV(E) C V() for some i}.
By definitions, im(PV (I)) = (PV () — V() U Us(T) C V(H/J).

Lemma 4.1. Let H be a hypergraph with a closed trail T' and J be a sub-hypergraph of H.
IfEN PV (T) # @ where E € £(H), then im(E) n im(PV () # @.

Proof. Pick E € E(H). Suppose that there exists a vertex ve EN PV (). If v € V(J),
then im(v) € U;(T'); otherwise, ve PV () — V({J), then im(v) € PV (') — V().
It follows that im(v) € PV(@) — V) u U@ =im(PVT)). As im((v) € im(E),
im(E) n im(PV () # @. O

Lemma 4.2. Let H be a hypergraph with a closed trail T and J be a sub-hypergraph of H.
Then, L = im(E) — X (J, T)) is a closed trail of H/J with PV (L) = im(PV (')).

Proof. Let T = (EyE; --- Es_1) be an edge sequence satisfying (CT1)-(CT3) and let
Y=E6T)-X{,T). For each i€ [0,s—1], let F=im(E) if E;€Y, and let
L =im(Y) = {F ) Ky - F¢-1} where y(0) <y(1) < - <y(t — 1).

Claim 2:  Uiez,(Fy) N B 41)) = im(PV (D).

Note that a vertex v &€ PV (I') — V(J), if and only if v € (E, N E,y1) — V(J) for some
E:, Ery1 € EI), if and only if v € (B N Fy1) — Ui(T) € Uiez, (B N F@+1)) — U (). Then,
PV (D) = V) = Uiez, (Fyo) N Fa+ny) — U (D). As im(PV(I)) = (PV(I) — V(J)) U U(D), it
suffices to show that Uy (") € Uiez,(Fyq) N F,+1))- Pick u € U; (). By the definition of U; (T),
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there exists v € V (J;) n PV (') such that u = im(v) and J; is a component of J. It follows that
V € Ex N Ey4, for some edges Ey, Ex+1 € E(T). Letk; < k be the largest integer with Ey, € Y and
let k; >k be the smallest integer with Ey, € Y. It means that u € Fy, N F, C Uiez,
(Fyay N Fyvn)-

Claim 3: L is a closed trail.

We can view L = im(Y) = (F,F,q) -~ F¢-1)) as an edge sequence. By Observation 1.1, it
suffices to show that L satisfies (CT1)-(CT3).

Pick F,u, F,(j) € L. Since E,; and E,; are distinct edges, F,; = im(E);) and
E,(j) = im(E, ;) are distinct edges as well, which means that L satisfies (CT1).

To show that L satisfies (CT2), by symmetry, it suffices to show that F,;) N F,41) # @. If
y(@i+1)—y(@)=1, then Eyiy+1 €Y and Eguy = E@+1- Since  Eyg NE,o+1 # D,
EopnNEgn#o. If yi+1) —y@) =q>2, then {E,i+1, Eyy+2: - Eyyrq-JEX J, ). Tt
follows that for each k € [1,q — 1], PVr(Eyiy+k) € V (Ji) for some component Ji of J. As
PVE(Eyy+r) N PVE(Eyyers1) # @ for each k € [1, g — 2], Ukerg-11 PV (Eyy+x) € V () for
some component J, of J. This implies that v; € F,; N Fyi41). Hence, L satisfies (CT2).

We are to show that L satisfies (CT3). By contradiction, and by the fact that L satisfies
(CT2), we assume that IUji—ji=1 F,4) N Fyjl = 1 for some i, say {u} = F,;) N Fyi-1) = K N
F,(i+1)- By Claim 2, either u € PV (I') — V(J) or u € Uy(I'). If u € U;(I"), then E, ;) € X(J, )
contradicting with Ey,; €Y =£&ET) - X(,TI); otherwise, ue€PV(I)—-V({J), then
yi—-1)=y@{@)—-1,y>(i+1)=y@{)+ 1, and {u} = Eyi) NEy -1 = Ey N Eyiy+1, Which con-
tradicts that I satisfies (CT3).

By Claims 2 and 3, L is a closed trail with PV (L) = im(PV (I)). O

Proof of Lemma 2.1. Let I' be a closed trail of H and X = X(J,T'). By Lemma 4.2,
L = im(E) — X) is a closed trail of H/J with PV (L) = im(PV (I)).

(i) Suppose that I" is dominating and spanning in H. Pick an edge E’ € £(H/J). Let E
be the preimage of E’ in H. Since I is dominating in H, E N PV (I') # &, and then,
by Lemma 4.1, @ # E’ n im(PV (I')) = E’ n PV (L). It shows that L is dominating
in H/J.

(i) Suppose PV (I') = V(H). Then, U;(I') = Uj;. This follows that PV (L) = im(PV (")) =
PEv@-v)uuM=WVMH)-VUI)uU=V(H/]), and then H/J is
pivot-supereulerian.

(iii) Suppose that for each vertex v € V (H), IE&r(v)l > 2. Since J is connected and T is
dominating, IU;l = IU; (D)l = 1. Let {v;} = Uy = U;(T). Then, vy € im(PV (I')) = PV
(L). For each edge E € £(H), we denote E’ = im(E) to be the image of E in H/J.
We shall verify (iii) by showing the following claims.

Claim 4: For each vertexu € V (H/J) — V (L), there exists a pair of edges {E,, F,} C X
such that C, = (v E,,uF,v;) is a closed trail.

AsV(H/J)— V(L) =V (im(X))n V(H), for each vertex u € V(H/J) — V (L), there exists
E, € X such thatu € E;, N E,. Then, there exists F, € £(T') such thatu € F, # E, as|&(u)l > 2. If
E, & X, then u € V (L), which contradicts with u € V(H/J) — V(L). Thus, F, € X and then
u € F,. As{E,, E}} C X, we have {v;, u} C E, n F,,. Hence, C, = (vyE,;uF,vy) is a closed trail.
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Claim 5: There exists a subset W C V(H/J) — V(L) such that Cy = Uyew C, is a
closed trail with WU {v;} C PV (Cy) and V (Cy) U V(L) = V(H/J).

By Claim 4, we assume that W; C V (H/J) — V (L) such that Cy; = Uyew; Cy is a closed trail
with Wi U {v;} € PV (Cw;) and IV (Cy;)| maximized. If V (Cw;) — {v;} = V(H/J) — V (L), then
V(Cw) U V(L) = V(H/J) and so we are done by taking W = W;. Now, we consider that there
exists a vertex we V(H/J) — V(L) — V(Cw). By Claim 4, there exists a pair of edges
{Ew, Fy} € X such that C, = (WE,wF,v;) is a closed trail. If {E,, F;,} N &(Cw;) # @, then
w € V(Cw), which contradicts with we V(H/J)— V(L) — V(Cw). Then {E,, F,}n
E(Cw) = @. Set W5, = W4 U {w}. Then, Cy, = Uuew, Cu = Cw; U Cy, = (W Cwy vy Cyy1y) is a closed
trail with PV (Cy;) 2 PV (Cw;) U {w} 2 W U {v;, w} = W4 U {7} and IV (Cwy)! > IV (Cy)l, which
contradicts the maximality of IV (Cw)!.

Claim 6: L U Cy is a spanning closed trail of H/J.

AsT is a closed trail and by the definition of contraction, every pair of edges in L U Cy, are
distinct. Then, as vy € PV (L) N Cyw, L U Cy = (v Lv;Cyvy) is a closed trail of H/J. By Claim 5,
VILUCy)=V(ICw)UVL)=VH/).

Claim 7: L U Cy is dominating.

Pick F' € E(H/J) — E(L U Cy). Suppose F' N PV (LU Cy) =@. Since PV(LUCy)2
PVLYUW, @ =F n(PV(L)U W)=F n({imPV())u W), which implies that F’'n
im(PV (I')) = @. Then, by Lemma 4.1, Fn PV (I') = @ where F is the preimage of F'. It
contradicts that I' is dominating in H.

Combine Claims 6 and 7, H/J is supereulerian. O

Proof of Theorem 1.7. Suppose that J is 2-partition-connected and H/J has a
dominating spanning closed trail I with vy € PV ('). Let X = {E € £(T) : vy € PV (E)}.
Then IXI = 0 (mod 2). For each F € pre(X), since FnN V(J) # @, we choose a vertex
v e Fn V(J).Let R be the collection of all these vertices. Note that there may be a pair of
vertices v; and v, in R such that v; = v,. Remove this pair of vertices and repeat this
operation such that the rest of vertices form a set of vertices R’. Then R’ C V (J) and
IR'l =0 (mod 2).

Casel. r(J) = 2.

Since J is 2-partition-connected and r (J) = 2, by Theorems 2.2 and 3.4, J is collapsible. It
follows that J has a spanning connected subgraph L with O(L) = R’ as IR’l = 0 (mod 2).
Then, I; = L U pre(I') is a closed trail of H with PV(}) = V({J) U (PV () — {v}).
Since V(I}) = V(L) U V(pre(T)) = V() U (V(pre(@) - V(I)) =V u V@) — {w}) =
VAHuWEHT) —{vw}) = V(H), I is spanning. Pickanedge E € E(H). fENV ({J) # &,
then E n PV (I)) # @; otherwise, im(E) = E, then EN(PV () = ENn [V{J) U (PV(T) —
WhHl=En @V () — {v}) =im(E)n (PV () — {v}) # @ asT is dominating. Thus, T is
dominating spanning a closed trail of H and then H is supereulerian.

In particular, if PV(I@)=V(H/J), then PVI) =V{)u @V - {vy}) =
V) u W EH/T) — {v}) = V(H). This implies that H is pivot-supereulerian.
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Case 2. r(J) > 3.

As J is 2-partition-connected, by Theorem 3.3(ii) and Theorem 3.4, J has 2 edge-
disjoint spanning hypertrees ; and T,. By Corollary 3.7, there exists an injection
g : E(H) — 28U satistying that glg(s is a pc-mapping of T; for each i, V (g(H)) = V (H)
where g(H) = g(E(H)), and for each E € £(H), g(E) C E. By Proposition 3.8, g(T;) is a
tree with V (g(T;)) = V(J) for each i = 1, 2. Let H; = g(T}) U g(T5) U (H — £(J)). Then,
V(H) =V (H). Since H/(@(Hh)vg(R)=H/J and r(@g(h)Vg(h)=2,H is
supereulerian by Case 1. Let L be a dominating spanning closed trail of H;. Then
V() C PV(L). As H, is a spanning sub-hypergraph of g(H), to show that g(H)
is supereulerian, it suffices to prove that for each edge E € &(g(H)) —
EH),ENPV(L)+# @. Pick Ee€&(gH))—EMH). Then ECV({), and so
ENPV(L)# @ since V(J) C PV(L). Therefore, g(H) is supereulerian and so, by
Corollary 3.7, H is supereulerian.

In particular, if H /J is pivot-supereulerian, H; is pivot-supereulerian by Case 1. Let L; be a
pivot-spanning closed trail of Hy. As PV (L,) = V (H;) = V (H), H is pivot-supereulerian. []

5 | REMARKS

By Theorem 1.2, the line graph of a supereulerian hypergraph is always hamiltonian. Let J be a
graph. A graph G is J-free if G does not have an induced subgraph isomorphic to J. Thomassen
[14] conjectured that every 4-connected line graph is hamiltonian. Matthews and Sumner [12]
also conjectured that every 4-connected K 3;-free graph is hamiltonian. Chen and Schelp ex-
tended the conjecture of Matthews and Sumner in the following.

Conjecture 5.1 (Chen and Schelp [5, Conjecture 2]). Let r > 2 be an integer. Every
2r-connected K; ,1-free graph of order n > 3 is hamiltonian.

When r = 2, Conjecture 5.1 is exactly Matthews-Sumner Conjecture, and Ryjacek in [13]
proved that it is equivalent to Thomassen Conjecture. It is known that if H is a hypergraph with
rank 7, then L (H) is a K ,41-free graph. The following is a weaker form of Conjecture 5.1 which
is also of interest on its own.

Conjecture 5.2. Letr > 2 be an integer.

(i) There is an integer @(r) such that every ¢(r)-connected line graph of a rank r hy-
pergraph is hamiltonian.
(ii) Furthermore, we conjecture that ¢(r) = 2r.

Thomassen [14, Conjecture 2] conjectured that ¢ (2) = 4, which motivates Conjecture
5.2(ii). While Ryjacek [13] indicated that Conjectures 5.1 and 5.2 are equivalent
when r =2, it is currently not known whether such equivalence exists for large
values of r.

Recently, the class of line graphs of hypergraphs of rank 3 has been investigated by Li et al.
in [11]. They obtained the equivalent versions of Thomassen conjecture in [14] for line graphs
of hypergraphs of rank 3. A graph G is Hamilton-connected if G has a hamiltonian (u, v)-path
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for any u,v € V(G). A cycle C in a graph G is called a Tutte cycle if each component of
G — E(C) has at most three neighbors on C.

Conjecture 5.3 (Li et al. [11, Conjectures 1-4]).

(i) every 2-connected line graph of a rank 3 hypergraph has a Tutte maximal cycle
containing any two prescribed vertices.
(ii) every 3-connected line graph of a rank 3 hypergraph has a Tutte maximal cycle
containing any three prescribed vertices.
(iii) every connected line graph of a rank 3 hypergraph has a Tutte maximal (u, v)-path
two vertices u, v.
(iv) every 4-connected line graph of a rank 3 hypergraph is Hamilton-connected.
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