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Hamiltonian s-properties, which means that the graph is Hamilton-connected if s =1,
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;f_efgr,(:fs,f{ed graphs For a real number a > 0, and for a k-connected graph G with order n, degree diagonal
Hamiltonian s-properties matrix D(G) and adjacency matrix A(G), we have identified best possible upper bounds
Eigenvalues for the spectral radius Aq(aD(I") + A(I")), where T is either G or the complement of G,
Quotient matrix to warrant that G possesses Hamiltonian s-properties. Sufficient conditions for a graph G

to possess Hamiltonian s-properties in terms of upper bounds for the Laplacian spectral
radius as well as lower bounds of the algebraic connectivity of G are also obtained. Other
best possible spectral conditions for Hamiltonian s-properties are also discussed.

© 2021 Published by Elsevier B.V.

1. Introduction

We consider simple, undirected and connected graphs with undefined terms and notation reference to [3]. As in [3],
G, a(G), k(G), 8(G) and d(v) denote the complement, the stability number (also call the independence number), the
connectivity, the minimum degree of a graph G and the degree of vertex v in G, respectively. Let K, denote complete
bipartite graphs on n vertices, where a+b =n.

A well-known result of Whitney [28] states that «(G) < §(G) for any graph G. A graph G is k-connected if x(G) > k. A
cycle (path, respectively) passing through all the vertices of a graph is called a Hamilton cycle (Hamilton path, respectively).
A graph G is called Hamilton-connected if every two vertices of G are connected by a Hamilton path. A graph containing
a Hamilton cycle is called a Hamiltonian graph. It is known that all Hamilton-connected graphs are Hamiltonian. A graph
containing a Hamilton path is said to be traceable.

For any graph G with the adjacency matrix A(G) and the diagonal degree matrix D(G), we define A1(aD(G) + bA(G))
to be the spectral radius of aD(G) + bA(G), where a >0 and b > 0 are two real numbers. When a =0 and b =1, the value
A1(aD(G) +bA(G)) is called the spectral radius of a graph G, denoted by p1(G).If a=1 and b =1, then A1 (aD(G) +bA(G))
is called the Q-index of a graph G, and is denoted by qi(G). Furthermore, for a real number « € [0, 1), 11(Aq(G)) =
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M (@D(G) + (1 — a)A(G)) is called the A,-spectral radius of G, formerly introduced by Nikiforov in [26]. We denote by
An(G) the least eigenvalue of G. The matrix L(G) = D(G) — A(G) is known as the Laplacian matrix of G. Let u1(G) >
MU2(G) > -+ > tp—1(G) > un(G) be the Laplacian eigenvalues of G. It is known that @,(G) = 0. The values w1(G) and
Mn—1(G) are called the Laplacian spectral radius of G and the algebraic connectivity of G, respectively.

The investigation on sufficient spectral conditions which warrant Hamiltonian s-properties of a graph was initiated by
Fielder and Nikiforov [11]. However, the results in the literature mainly focus on the spectral radius and the Q -index of
dense graphs. Hardly any of them involve graphs with uniform edge density and the Laplacian eigenvalues. Recently, Li [17]
initially proved sufficient conditions of p;(G) based on the connectivity to assure a connected graph to be Hamiltonian
and traceable. Inspired by a well-known theorem of Chvatal and Erdos [5], we present tight sufficient spectral conditions
on certain matrices arisen from graphs by taking a unified approach to assure a k-connected graph to possess Hamiltonian
s-properties. For an integer s with s € {1,0, —1}, we say that a graph G possesses Hamiltonian s-properties if each of the
following holds: if s =1, then G is Hamilton-connected; if s =0, then G is Hamiltonian; and if s = —1, then G is traceable.

Our ideas are also motivated by the literatures [6,8,13,19,18,20-24]. One of our goals is to investigate the relationship
between Hamiltonian s-properties, the spectral radius A1(aD(G) + bA(G)) and A1(@D(G) + bA(G)) of a k-connected graph
G. This provides a mechanism to take a unified approach to the adjacency spectral radius, the signless Laplacian spectral
radius, and the Agy-spectral radius of G. Another goal of this research is to initiate studies to find tight bounds of w1 (G),
Mmn—1(G) and w1(G) + 1y (G) to predict k-connected graphs to possess Hamiltonian s-properties. The main results are as
follows.

For real number q, integers k and § witha >0, 1 <k <4, and s € {1,0, —1}, define

k—s+1 e
b g_kis_] if a=0,
n 1 —
fla,nk,8,s) =1 nkrs— ifa=1, (1
s =T if ae(0,1),
max{as, L&=s+D if ae(1,+400)
> n—k+s—1 ’ :

Theorem 1.1. Let G be a k-connected graph of order n > 10 and minimum degree § = 5(G). Suppose that

A (@D(G) + A(G)) < f(a,n,k,8,5). (2)

Then each of the following holds.
(i)Ifa € {0, 1}, then G possesses Hamiltonian s-properties if and only if G 2 Ky k—s4+1.
(ii)If0 <a < 1orif1 <a < 4oo, then G possesses Hamiltonian s-properties.

It can be seen that when a =0 or 1, the upper bound on A1(aD(G) + A(G)) is tight in some sense in Theorem 1.1. For
graphs G and H, we use H C G to denote the fact that H is a subgraph of G. Let F(p,q) ={G: K, 4 S G S Kp v qKi} be a
family of graphs.

Theorem 1.2. Let G be a k-connected graph of order n > 10. If
21(@D(G) +AG)) < (a+ Dk —ys),

then G possesses Hamiltonian s-properties if and only if G ¢ F(k,k —s+ 1).

For the Laplacian matrix, tight bounds on w1(G) and u,—1(G) to assume a k-connected graph to possess Hamiltonian
s-properties are proved as follows.

Theorem 1.3. Let G be a k-connected graph of order n > 3 and minimum degree § = §(G). Each of the following holds.
n

i)l G) < ———— , then G possesses Hamiltonian s-properties.
O 1 (@) < p prop

(ii)[fé=n—k+s—1and u1(G) < .

n
ks 1 then G possesses Hamiltonian s-properties if and only if G ¢ F(k,k —s + 1).

Theorem 1.4. Let G be a k-connected graph of order n > 3. If

Mn-1(G)=n—k+s—1,
then G possesses Hamiltonian s-properties if and only if G ¢ F(k,k —s+ 1).

Theorem 1.5. Let G be a k-connected graph of order n > 3 and minimum degree § = §(G). If

11(G) + n(C) < % NHIE
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then G possesses Hamiltonian s-properties if and only if G 2 Ky k—s+1 for s € {1, 0}.

It can be observed that the upper bound on 11(G) + A,(G) in Theorem 1.5 is tight for s € {1, 0} in some sense. In the
next section, we display some tools to be employed in our arguments. The proofs of the main results are in the subsequent
section.

2. Preliminaries

We in this section will present some important results that will be used in our arguments. Recall that a bipartite graph
is called balanced if its two partite sets A and B have equal number of vertices.

Theorem 2.1. (Moon and Moser [25]) Let G be a balanced bipartite graph of order 2n with bipartition (A, B). If d(x) + d(y) > n for
every pair of nonadjacent vertices x € A and y € B, then G is Hamiltonian.

Theorem 2.2. (Jackson [16]) Let G be a 2-connected bipartite graph with bipartition (A, B), where |A| > |B|. If each vertex in A has
degree at least k and each vertex in B has degree at least |, then G contains a cycle of length at least 2 min(|B|,k +1 — 1, 2k — 2).

Moreover, if |A| = |B| and k =1, then G contains a cycle of length at least 2 min(|B|, 2k — 1).

Theorem 2.3. (Dirac [9], Ore [27]) Let G be a graph of order n > 3 and minimum degree §(G). If

n+s
8(G) > —,
(& 3

then G possesses Hamiltonian s-properties.

Theorem 2.4. (Chvatdl and Erdos [5]) Let G be a k-connected graph of order n > 3. If

a(G) <k —s,

then G possesses Hamiltonian s-properties.

Note that k > 2 is a trivial condition in Theorem 2.4 for s € {1, 0}.
Theorem 2.5. (Anderson and Morely [1]) Let G be a graph of order n > 2. Then j41(G) < n with equality if and only if G is disconnected.
Theorem 2.6. (Fiedler [10]) Let G with n vertices contain an independent set of size t. Then (p—1(G) <n—t.

Theorem 2.7. (Godsil and Newman [12]) Let G be a loopless graph, and (11(G) be the Laplacian spectral radius. For any independent

; pr1=di g _1 .
set I of sizet, we havet <n o ,whered| = ¢ i di.

Theorem 2.8. (Constantine [7]) If G is a graph of order n, then

wrz (2131

with equality if and only if G = KL%J’ ra7-
Let A = (a;j) and B = (b;;) be two n x n matrices. Define A < B if a;; <b;; foralli and j, and A <B if A<B and A #B.

Theorem 2.9. (Berman and Plemmons [2], Horn and Johnson [15]) Let A = (a;j) and B = (b;j) be two n x n matrices with the spectral
radii 11 (A) and A1 (B).If0 < A < B, then A1(A) < A1(B). Furthermore, if B is irreducible and 0 < A < B, then 11(A) < A1(B).

The main tool in our paper is the eigenvalue interlacing technique described below. Given two non-increasing real
sequences 01 > 6, > ---> 6, and ny > n2 > --- > Ny with n > m, the second sequence is said to interlace the first one if
6; > n; > 6Op_m+i for i=1,2,...,m. The interlacing is tight if exists an integer k € [0, m] such that ; =n; for 1 <i <k and
Op—myi=mni fork+1<i<m.

Consider an n x n real symmetric matrix

Mi1 Miz -+ Minm

Mz1 Mz -+ Map
M= ) . . ) ,

Mm,] Mm,2 Mm,m
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whose rows and columns are partitioned according to a partitioning X1, X2, ..., Xy of {1,2,...,n}. The quotient matrix
R(M) of the matrix M is the m x m matrix whose entries are the average row sums of the blocks M; j of M. The partition
is equitable if each block M; ; of M has constant row (and column) sum.

Theorem 2.10. (Brouwer and Haemers [4,14]) Let M be a real symmetric matrix. Then the eigenvalues of every quotient matrix of M
interlace the ones of M. Furthermore, if the interlacing is tight, then the partition is equitable.

3. Proofs
In the proofs of Theorems 1.1-1.5, we say that a graph possesses Hamiltonian s-properties, which means that the graph is
Hamilton-connected if s = 1, Hamiltonian if s =0, and traceable if s = —1. Before proceeding further, we present a technical

lemma for the spectral radius of nonnegative matrices of bipartite graphs.

Lemma 3.1. Let H be a bipartite graph with bipartition (X, Y).If |X| =x, |Y| =y and |E(H)| =T, then

1 r or ror ror
AM(@D(H) +A(H) = - (a(— +o)+ \/(az —DE -2+ + —)2> :
2 Xy X y A

Proof. Let R(aD(H) + A(H)) be the quotient matrix of aD(H) + A(H) with respect to the partition (X, Y). One can see that

ar

R(@D(H) + A(H)) = ( ¥ _) :
y y

A direct computation shows that the characteristic polynomial of R(aD(H) + A(H)) is
) ror ) r’
32 —a(=+ )i+ (@ —1)— =0,
Xy Xy

which yields

1 ror S T T 2 r2
Al(R(aD(H)-i-A(H))):i a(;+;)+ a (;—f-;) —4(a —1)5

1 ror ror ror
=—(a(—+—)+\/(az—1)(———)2+(—+—)2>.
2 Xy X y Xy

The result follows from Theorem 2.10. O
We are now in a position to present the proofs of Theorems 1.1-1.5.

Proof of Theorem 1.1. (i) It is routine to verify that G = Kj x_s4+1 does not possess Hamiltonian s-properties. Therefore, it
suffices to prove the sufficiency. We argue by contradiction and assume that

G 2 Ky k—s+1 and G does not possess Hamiltonian s-properties. (3)

We shall justify two claims below.
Claim1.n>2k—s+1.

In fact, if n < 2k —s, then §(G) > k(G) > k > ”T“ By Theorem 2.3, G possesses Hamiltonian s-properties, a contradiction.
Claim 1 holds.

By Theorem 2.4, «(G) > k — s + 1, and then there exists an independent set X = {u; € V(G)|1 <i <k — s+ 1}. Let
Y=V(G)\ X={vj|1 <j<n—k+s—1}. Consider the bipartite spanning subgraph H of G with the partitions X and Y.
Let r be the number of edges with one end-vertex in X and the other in Y. Then r > §(k — s + 1). For simplicity, define
& =k —s+ 1. By Theorem 2.9 and Lemma 3.1, we have

A1(@D(G) + A(G)) = A1 (aD(H) + A(H)) (4)

>1(a(5+ d )+\/(a2—1)<5— LR )2)
£ n—¢ £ n-§ £ n-t& )

Claim2. Ifae {0,1}, then 2k —s+1<n<2(k—s+1).
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Assume first that a = 0. By (4) and the assumption of Theorem 1.1, we have

A1(aD(G) + A(G)) = A1(aD(H) 4+ A(H)) = A (R(aD(H) + A(H)))

zr\/ 1 28\/5 :5\/ k—s+1
Emn—§) n—¢g n—k+s—1

> 21(@D(G) + A(G)). (5)
It follows that all the inequalities in (5) must be equalities. Hence G = H and r = §(k — s + 1). Furthermore, An(aD(H) +
A(H)) = —A1(aD(H) + A(H)) = —r Q(nli—s) = A2(R(@D(H) + A(H))), and thus the interlacing is tight. By Theorem 2.10,
the partition is equitable. That is to say, each vertex v; of Y in G has the same number of neighbors in X, and thus
m > 8(G). Then we have n <2(k —s+1). By Claim 1, we have 2k —s+1<n<2(k—s+1).
Next, we assume that a = 1. By (4) and assumption of Theorem 1.1, we have

*1@@D(G) + A(G)) = 11 (aD(H) + A(H)) = A1 (R(aD(H) + A(H)))

r r én on
>+ > =
TE& n—& " n—¢& n—k+s-—1
> 21(@D(G) + A(G)). (6)

It follows that all the inequalities in (6) must be equalities. Hence G = H and r = §(k — s + 1). Furthermore, An(aD(H) +
A(H)) =0=Xx2(R(aD(H) + A(H))), and hence the interlacing is tight. By Theorem 2.10, the partition is equitable. That is,
each vertex v; of Y in G has the same number of neighbors in X, and thus > §(G). Then we have n <2(k—s+1).
By Claim 1, we have 2k —s+1 <n < 2(k — s + 1). This proves Claim 2.

By the assumption of Theorem 1.1, s € {1,0, —1}. If s=1, then n =2k, and so both n — (k —s+ 1) =k and d(v;) =§(G).
As d(uj) =d(vj) =8(G) = k(G) = k, we observe that G = Ky x = Ky k—s+1, contrary to (3).

Assume that s =0. Then by Claim 2, ne {2k + 1,2k +2}. If n=2k + 1, then n — (k —s + 1) =k and d(v;) > §(G) > k.
As d(u;) =68(G) > k(G) > k, we have G = Ky x4+1 = Kk k—s+1, contrary to (3). f n=2k+2, thenn—(k—s+1)=k+1 and
d(vj) =68(G). As d(uj) =d(vj) =8(G) > k(G) >k, it follows that G is a balanced bipartite graph of order 2k + 2 such that,
as k>2,d(u;) +d(vj) =2k > k41 for any u;v; ¢ E(G). By Theorem 2.1, G is Hamiltonian, which is contrary to (3).

Finally we assume that s = —1. Then by Claim 2, n € {2k + 2,2k + 3,2k +4}. f n=2k + 2, then n— (k—s+ 1) =k and
d(vj) > 8(G), and in this case, d(u;) = 8(G) > k(G) > k. Then G = Ky r42 = Ki k—s41, contrary to (3). If n =2k 4 3, then
n—((k—-s+1)=k+1and d(vj) > §(G) > k with d(u;) =8(G) > k(G) > k. Since n > 9, we have k> 3, and so k+1 <2k —2.
By Theorem 2.2, G contains a cycle of length 2k + 2. Since n =2k + 3 and k > 3, it follows that G has a path containing all
the vertices of G, and therefore G is traceable, contrary to (3). Assume that n =2k+4. Thenn—(k—s+1)=k+2=k—s+1
and d(vj) = §(G). By n > 10, we have k > 3. As d(u;) =d(vj) =8(G) = k(G) > k, it follows by Theorem 2.2 that G contains
a cycle of length 2k + 4 which implies that G is traceable, contrary to (3). This completes the proof of Theorem 1.1(i).

(ii) We argue by contradiction and assume that G does not possess Hamiltonian s-properties. If 0 < a < 1, then a>—1 < 0,
and so by (4),

_r
n—k+s—1

Mmmm+Aw»zl@@+—La+$@—nd— " el rﬂ)
2\ T § n—& & n-¢

>1<a(£+L)+\/(a2—1)(£+ A )2>
2\ § n-§ § n—§ § n—§
—a(L + ).

§ n—§

It follows that

21@@D(G) + A(G)) = »¢1(aD(H) + A(H))
a(£+ r )> asn asn
g E§ n—& " n—& n—k+s—1

contrary to (2).
If 1 <a < 400, then a2 —1 > 0, and so by (4),

5+—Lﬁ+$@—nd——LﬂLH5+JLV)

En—¢ § n-& & n—¢

>1G@+ r)+$ﬁ—né— L2+ (; - rﬂ)
En—¢ E n-& & n-¢

ar ar

Ai(aD(H) + A(H)) = % (a(
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It follows that

21@D(G) + A(G)) = A1(aD(H) + A(H))
ar
3

contrary to (2). We complete the proof of Theorem 1.1(ii). O

astk—s+1)

> max({ ,711_,{_’_5_1,

ar
, ——} > max{ad
n—=§

By definition, any graph G € F(k, k—s+1) is not Hamilton-connected if s = 1, not Hamiltonian if s = 0, and not traceable
if s=—1. Thus we have the following observation.

If G e F(k,k—s+ 1), then G does not possess Hamiltonian s-properties. (7)

Proof of Theorem 1.2. By (7), it suffices to prove the sufficiency. We assume that

G ¢ F(k,k —s+ 1) and G does not possess Hamiltonian s-properties. (8)

By Theorem 2.4, o(G) >k — s + 1, and thus there exists an independent set X = {u; € V(G)|1 <i <k —s+ 1} in G. Let
Y=V \X={vjl1<j<n—k+s—-1}.

If G[Y] is a clique in G, then Ky_s4q U (n —k + s — 1)K; is a spanning subgraph of G. It follows by the hypothesis of
Theorem 1.2 and Theorem 2.9 that

(@+1)(k—s) > 11(aD(G) + A(G))
> 21(@D(Ki—s+1 U (n —k+5 — 1)K1) + A(Ky_s41 U (n — k+5 — 1)Ky))
=@+1)k—s). (9)

Thus all the inequalities in (9) must be equalities. Hence G = Ky_s;1U(n—k+s—1)K1, and 5o G = Kp_j45_1 Vv (k—s+1)K;.
Since G does not possess Hamiltonian s-properties, by Theorem 2.3, we must have n —k +s —1=4(G) < ”T“ and so
2n—k+s—1) <n+s—1. This implies n —k +s — 1 < k. Note that G is k-connected. Then n —k +s—1=§(G) > k. Thus
G = Ky Vv (k — s + 1)Kq, which contradicts (8).

If G[Y] is not a clique in G, then Ky_s,1 UG[Y] is a spanning subgraph of G. By the assumption of Theorem 1.2 and
Theorem 2.9, we have

(a+1)(k—s)>11(aD(G) + A(G))
> A1(aD(Kk—s+1 U G[Y]) + A(Kk—s11 UG[Y])). (10)

Note that (10) holds for any G[Y]. Then we have |Y|=n—k+s—1<k—s+1, and so n <2(k —s+ 1). By Claim 1 in the
proof of Theorem 1.1, we obtain that n > 2k — s + 1. Therefore, 2k —s+1<n <2k —s+1).

Assume that s = 1. Then n = 2k, that is, |Y| = |X| =k. As d(u;) > §(G) >k for any u; € X, we obtain that G € F(k, k) =
F(k,k —s+ 1), which is contrary to (8).

Next we assume that s =0. Then ne€ {2k + 1,2k + 2}. If n =2k + 1, then |Y| =k and |X| =k + 1. Since d(u;) > §(G) >k,
then we have G € F(k,k +1) = F(k,k — s + 1), contrary to (8). If n =2k + 2, then |Y| = |X| =k + 1. For any G[Y], we
assume that G is not Hamiltonian in (8). However, when G[Y] is an independent set, we observe that G is a balanced
bipartite graph of order 2k + 2 such that, as k > 2, d(u;) +d(vj) > 2k > k + 1 for any u;v; ¢ E(G). By Theorem 2.1, G is
Hamiltonian, a contradiction.

Finally we suppose that s = —1. Then n € {2k + 2, 2k + 3, 2k + 4}. If n =2k + 2, then |Y| =k and |X| =k + 2. Note that
d(uj) > §(G) > k. Then G € F(k,k +2) = F(k,k — s+ 1), contrary to (8). If n=2k + 3, then |Y|=k+ 1 and |X| =k + 2.
As n > 9, then we have k > 3, and therefore k + 1 < 2k — 2. For any G[Y], we always assume that G is not traceable in
(8). However, when G[Y] is an independent set, we observe that G is a 3-connected bipartite graph with bipartition (X, Y)
and |X| > |Y]. Note that d(u;) > §(G) >k and d(v;) > §(G) > k. By Theorem 2.2, G contains a cycle of length 2k + 2. Note
that n =2k + 3 and k > 3, it follows that G has a path containing all the vertices of G, and therefore G is traceable, a
contradiction. If n = 2k + 4, then |Y| = |X| =k + 2. By n > 10, we have k > 3 and k 4 2 < 2k — 1. For any G[Y], we always
assume that G is not traceable in (8). However, when G[Y] is an independent set, G is a 3-connected bipartite graph with
bipartition (X, Y) and |X| = |Y|. Note that d(u;) > §(G) > k and d(u;) > 6(G) > k. It follows by Theorem 2.2 that G contains
a cycle of length 2k + 4, then G is traceable, a contradiction. This completes the proof of Theorem 1.2. O

Before proving Theorem 1.3, we shall indicate that it suffices to consider graphs satisfying the inequality § <n—k+s—1
when discussing Theorem 1.3. In fact, assume that G is a graph with § >n —k+ s — 1. Then as § > k(G) > k, we have 2§ >
n+s, and so § > ”zﬁ By Theorem 2.3, G possesses Hamiltonian s-properties. Thus we only need to consider § <n—k+s—1,
or equivalently, % <n. By Theorem 2.5, the upper bound on (1(G) in Theorem 1.3 is well-defined.

6
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Proof of Theorem 1.3. Suppose, to the contrary, that G does not possess Hamiltonian s-properties. By Theorems 2.3 and 2.4,
thenn > 25 —s+1 and «(G) > k—s+ 1. Let X be an independent set in G such that |X| =k —s+ 1. Let r be the number of
edges between X and V(G)\X. Then r > §|X|. Accordingly, the quotient matrix R(L) of L(G) on the partition (X, V(G)\X)
becomes:

R(L) = < k—;—’g—l _k—rg—H > .
T n—k+s—1 n—k+s—1
Let ©1(R(L)), 2(R(L)) be the eigenvalues of R(L). Then w1 (R(L)) > u2(R(L)) = 0. By algebraic manipulations, we have

r r
R(L)) = .
H1(R(L) k—s+1+n—k+s—1

By Theorem 2.10, then

r r
G) > w1 (R(L)) = 11
11(G) = p1(R(L)) l<—s+l+n—k+s—1 (11)
S U o k—st1s=—"
“k—s+1 n—k+s—1 Tn—k+s—1

which contradicts the assumptlon of this theorem.
Furthermore, if ©1(G) < then all the inequalities in (11) must be equalities. So r = (k —s+1)8, and the partition

n— I<+s 1
is equitable. That is to say, each vertex of X has § neighbors in V (G)\X, and each vertex of V(G)\X has ;"_f_:“sl_)f neighbors

in X. Note that § =n—k+s—1. As G is k-connected, we have § > k. Thus 26 —s+1>8+k—s+1=n> 25 —s+1, forcing
8=k and n =2k — s+ 1. Hence G € F(k,k — s + 1), a contradiction. Conversely, it is obvious that G € F(k,k —s + 1) does
not possess Hamiltonian s-properties. O

Proof of Theorem 1.4. By (7), it suffices to prove the sufficiency. Let G ¢ F(k,k —s+ 1) be a graph. We assume that G does
not possess Hamiltonian s-properties. As n > 3, G cannot be a complete graph. By Theorems 2.3 and 2.4, thenn > 2§ —s+1
and a(G) >k —s+ 1. Let I be an independent set with size «(G) in G. By Theorem 2.6 and the hypothesis of Theorem 1.4,
we have

n—k+s—1<up—1(G)<n—a(G)<n—k+s—1.
Hence
n—k+s—1=n—ao(G) = un-1(G) <« (G) <4,
and so
§+k—s+1>n>2—5s+1>8+k(G)—s+1>6+k—s+1.
Therefore n =28 —s+1, § =« (G) =k and a(G) =k — s+ 1, implying that |V (G)\I| =k = . Note that for each vertex v €I,
d(v) > 4. Then G € F(k,k — s+ 1), a contradiction. O

Proof of Theorem 1.5. It is routine to verify that G = Kj y_s+1 does not possess Hamiltonian s-properties, where s € {1, 0}
be an integer. Therefore, it suffices to prove the sufficiency. We assume that

G % Ky k—s+1, wWhere s € {1, 0}, (12)

and

G does not possess Hamiltonian s-properties, where s € {1, 0, —1}. (13)

By Theorems 2.3 and 2.4, then n>2§ —s+1>2k —s+ 1, and «(G) >k —s + 1. Let I be an independent set with

size a(G) in G. By Theorem 2.7, a(G) < n“h d; and hence i > ”de) Note that d; > and «(G) >k — s + 1. Then

Combining Theorem 2.8 and the condition of Theorem 1.5, we have

d
M1 Z 7= a(G)Zn k+sl

e R e R | R e e FIEL

and therefore all the inequalities must be equalities, that is,

Hi= n—nZI(G) - n—klfs—l’ hn = LgJ {g—‘
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Soa(G)=k—-—s+1, GEK
respectively.
e s =1. Note that G is not Hamiltonian-connected by (13). Then G = K%g if nis even, and G = Ky n41 if n is odd.

if n is even, and G = K% nt1 if n is odd. Next we consider three different values of s,

non
22 i

7.
Consider even n. Note that «(G) = k. Then % =k, and hence G = K}k, contrary to (12). For odd n. Note that «(G) =k. Then
% =k, and hence n = 2k — 1, which contradicts n > 2k.

e s =0. Note that G is not Hamiltonian by (13). Then G = K%.%. Note that «(G) =k + 1. Then % =k+1, and hence

n=2k+1. So G = K r+1, which is contrary to (12).
e s=—1. It is obvious that K%’% and G = K%‘% are traceable, which contradicts (13). O

4. Corollaries of Theorems 1.1 and 1.2

Throughout this section, we assume that a and b are real numbers with a >0 and b > 0, k, s and § are integers with
1<k<é and s € {1,0,—1}. Next we consider the nonnegative matrix aD(G) + bA(G). Theorems 1.1 and 1.2 have the
following more general forms.

Corollary 4.1. Let G be a k-connected graph of order n > 10 and minimum degree §(G). If
}(@D(G)+bAG) <bf(3.n.k.5.5).

then each of the following holds.
(i)a=0ora=>b. G possesses Hamiltonian s-properties if and only if G 2 Ki x—s1.
(ii)0 < a < b ora > b. G possesses Hamiltonian s-properties.

Proof. Suppose that G does not possess Hamiltonian s-properties.
(i)a=0or a=>b. That is, % =0 or 1. Notice that K x_s4+1 does not possess Hamiltonian s-properties. Therefore, it suffices
to prove the sufficiency. Assume that G 2 Kj x—s+1. By Theorem 1.1(i), A1 (aD(G) + A(G)) > f(a,n, k, 8, s). Note that aD(G) +

bA(G) = b(%D(G) + A(G)). It follows that A1(aD(G) + bA(G)) = bM(%D(G) + A(G)) > bf(g, n, k,8,s), a contradiction.
(ii)0<a<borax>hb,ie, % € (0,1) or (1, 4o00). Similar to the last part of proof of (i), (ii) follows immediately. O

As one of main results of this paper, Corollary 4.1 can be applied to obtain sufficient condition in terms of the A, -spectral
radius A1(Ay(G)) for a k-connected graph G to possess Hamiltonian s-properties.

Corollary 4.2. Let G be a k-connected graph of order n > 10 and minimum degree §(G), and let o be a real number with o € [0, 1). If
o
M(Ag(G) =(1— Ot)f(1
—«a
then each of the following holds.
(iJ)a=0o0ra= % G possesses Hamiltonian s-properties if and only if G % Ky k—s+1.
(ii) a € (0, %) ora e (%, 1). G possesses Hamiltonian s-properties.

9 n? k? 5? S)’

Particularly, sufficient conditions on p;(G) and q1(G) are as follows.

Corollary 4.3. Let G be a k-connected graph of order n > 4 with minimum degree §(G). If

k—s+1
G) <8, ———M—,
p16) = n—k+s—1

then each of the following holds.

(i) G is Hamiltonian-connected if and only if G 2 Ky x—s+1 fors =1.

(ii) (R. Li [17]) G is Hamiltonian if and only if G 2 K x—s+1 for s =0, wheren > 6.
(iii) (R. Li [17]) G is traceable if and only if G 2 K k—s+1 for s = —1, where n > 10.

Corollary 4.4. Let G be a k-connected graph of order n > 4 with minimum degree §(G). If
én
n—k+s—1

then each of the following holds.
(i) G is Hamiltonian-connected if and only if G 2 Ky k—s+1 fors =1.

q1(G) <

8
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(ii) G is Hamiltonian if and only if G 2 K x—s4+1 for s =0, where n > 6.
(iii) G is traceable if and only if G 2 K x—s4+1 for s = —1, where n > 10.

At the end of this paper, tight upper bound on A;(aD(G) +bA(G)) are proposed.

Corollary 4.5. Let G be a k-connected graph of order n > 10 and minimum degree §(G). If .1(aD(G) +bA(G)) < (a+b)(k — s), then
G possesses Hamiltonian s-properties if and only if G ¢ F(k,k —s+ 1).

Proof. Note that F(k,k —s+ 1) does not possess Hamiltonian s-properties. Therefore, it suffices to prove the sufficiency.
For G ¢ F(k,k — s+ 1). Suppose that G does not possess Hamiltonian s-properties. By Theorem 1.2, 11(aD(G) + A(G)) >

(@+1)(k - s). Since aD(G) + bA(G) =b(§D(G) + A(G)), it follows that 11(aD(G) + bA(G)) =birq (%D(E) +A@G)) > b(g +
1)(k —s) = (a+ b)(k — s), a contradiction. O

By choosing different values of a and b, sufficient conditions in terms of p1(G), q1(G) and A;(A«(G)) for a k-connected
graph G to possess Hamiltonian s-properties are easily obtained.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgement

The authors would like to thank the anonymous referees for their helpful comments on improving the presentation of
the paper. The research of Ruifang Liu is supported by NSFC (Nos. 11971445 and 12171440) and NSF of Henan Province (No.
202300410377). The research of Hong-Jian Lai is partially supported by NSFC (Nos. 11771039 and 11771443).

References

[1] W. Anderson, T. Morely, Eigenvalues of the Laplacian of a graph, Linear Multilinear Algebra 18 (1985) 141-145.
[2] A. Berman, R. Plemmons, Nonnegative Matrices in the Mathematical Sciences, Academic Press, New York, 1979.
[3] J. Bondy, U. Murty, Graph Theory, Grad. Texts in Math., vol. 244, Springer, New York, 2008.
[4] A. Brouwer, W. Haemers, Spectra of Graphs, Springer Universitext, 2012.
[5] V. Chvétal, P. Erdds, A note on Hamiltonian circuits, Discrete Math. 2 (1972) 111-113.
[6] S. Cioabd, D. Gregory, W. Haemers, Matchings in regular graphs from eigenvalues, ]. Comb. Theory, Ser. B 99 (2009) 287-297.
[7] G. Constantine, Lower bounds on the spectra of symmetric matrices with non-negative entries, Linear Algebra Appl. 65 (1985) 171-178.
[8] D. Cvetkovi¢, P. Rowlinson, S. Simi¢, An Introduction to the Theory of Graph Spectra, Cambridge University Press, Cambridge, 2010.
[9] G. Dirac, Some theorems on abstract graphs, Proc. Lond. Math. Soc. 2 (1952) 69-81.
[10] M. Fiedler, Algebraic connectivity of graphs, Czechoslov. Math. J. 23 (1973) 298-305.
[11] M. Fiedler, V. Nikiforov, Spectral radius and Hamiltonicity of graphs, Linear Algebra Appl. 432 (2010) 2170-2173.
[12] C. Godsil, M. Newman, Eigenvalue bounds for independent sets, J. Comb. Theory, Ser. B 98 (2008) 721-734.
[13] X. Gu, Regular factors and eigenvalues of regular graphs, Eur. . Comb. 42 (2014) 15-25.
[14] W. Haemers, Interlacing eigenvalues and graphs, Linear Algebra Appl. 226 (228) (1995) 593-616.
[15] R. Horn, C. Johnson, Matrix Analysis, Cambridge University Press, 1986.
[16] B. Jackson, Long cycles in bipartite graphs, ]. Comb. Theory, Ser. B 38 (1985) 118-131.
[17] R. Li, The largest eigenvalue and some Hamiltonian properties of graphs, Electron. J. Linear Algebra 34 (2018) 389-392.
[18] Q. Liu, Y. Hong, X. Gu, H.-J. Lai, Note on edge-disjoint spanning trees and eigenvalues, Linear Algebra Appl. 458 (2014) 128-133.
[19] Q. Liu, Y. Hong, H-]. Lai, Edge-disjoint spanning trees and eigenvalues, Linear Algebra Appl. 444 (2014) 146-151.
[20] R. Liu, H-J. Lai, Y. Tian, Spanning tree packing number and eigenvalues of graphs with given girth, Linear Algebra Appl. 578 (2019) 411-424.
[21] R. Liu, H-J. Lai, Y. Tian, Y. Wu, Vertex-connectivity and eigenvalues of graphs with fixed girth, Appl. Math. Comput. 344-345 (2019) 141-149.
[22] R. Liu, H-J. Lai, L. Guo, ]. Xue, Fractional matching number and spectral radius of nonnegative matrices of graphs, Linear Multilinear Algebra (2021),
https://doi.org/10.1080/03081087.2020.1865252.
[23] H. Lu, Regular factors of regular graphs from eigenvalues, Electron. J. Comb. 17 (2010) #R159.
[24] H. Lu, Regular graphs, eigenvalues and regular factors, J. Graph Theory 69 (2012) 349-355.
[25] J. Moon, L. Moser, On Hamiltonian bipartite graphs, Isr. J. Math. 1 (1963) 163-165.
[26] V. Nikiforov, Merging the A-and Q -spectral theories, Appl. Anal. Discrete Math. 11 (2017) 81-107.
[27] O. Ore, Note on Hamiltonian circuits, Am. Math. Mon. 67 (1960) 55.
[28] H. Whitney, Congruent graphs and the connectivity of graphs, Am. J. Math. 54 (1932) 150-168.


http://refhub.elsevier.com/S0012-365X(21)00487-8/bib25EC916D56B8212E569DBF2E4E4B51D4s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bibFC32B5DE7C7335A85A6D5A7B27D2912Es1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib5089FA881630360A9B3361469C1A0C5Ds1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib0FF3F8F1FF7E6C4F2967505691754470s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib7A86131338BF955E0A56311F264AA6AAs1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib8D7E99C73CD5A10ADAAF4C9F9A520368s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib5202C6586CAC8BEE468E86D1FF854231s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib22D51EE0C812123C541F2A1BDF794FD1s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bibF623E75AF30E62BBD73D6DF5B50BB7B5s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib800618943025315F869E4E1F09471012s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bibD9D729A2FC731C33EA1360682D73AAD5s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bibACCB66F0ECD826AAC89065990E1DA97Fs1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bibC9313DEF424921AF28947A25C62FCEF5s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib1ECA8248E9C23207D0DBEE6520DC8611s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib2CC035F6075F054152A67441BE7AC673s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bibDDD70BBAF5BE05E1E9CADED444C03095s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib90A7C45EAFFBD575CA6FB361E6D170A4s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib0C5945224373EC36DC01D722C1CC2FDEs1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bibB257D37077C57E888EDF71BA5E71762As1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib6C23FDCA4725AE9B0FE984723BB95DEFs1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib4B2D58D12858CB58D273513F36D285A8s1
https://doi.org/10.1080/03081087.2020.1865252
http://refhub.elsevier.com/S0012-365X(21)00487-8/bibE97F8B3A2D6BF864D174862179A657D9s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib9BAA28DE57945EDD0FD77DCF2AE8F951s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib734655D7006CB5084E7F8C597C7B0C17s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib103150D0FF470A13F5E4652934310223s1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bibF186217753C37B9B9F958D906208506Es1
http://refhub.elsevier.com/S0012-365X(21)00487-8/bib780AE67BAA1845D4C966D54362606F66s1

	Hamiltonian s-properties and eigenvalues of k-connected graphs
	1 Introduction
	2 Preliminaries
	3 Proofs
	4 Corollaries of Theorems 1.1 and 1.2
	Declaration of competing interest
	Acknowledgement
	References


