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Supereulerian graphs

1. Introduction

We consider finite graphs without loops but permitting multiple edges, and follow [1] for undefined terms and
notations. In particular, for a graph G, «(G), ¥'(G), §(G) and A(G) denote the connectivity, edge-connectivity, the minimum
degree and the maximum degree of G, respectively. We use c¢(G) and g(G) to denote the circumference and the girth of
G, which are the length of a longest cycle in G and the length of a shortest cycle of G, respectively. A graph is trivial if it
has no edges. We write H C G to mean that H is a subgraph of G. If X C E(G), then G[X] is the subgraph of G induced
by X. If H and K are subgraphs of a graph G, then we define H U K = G[E(H) U E(K)]. Throughout this paper, we use Py
to denote a path of order k. For integers sy, $5,s3 > 0, let Ny, 5, 5, denote the graph formed by identifying each vertex
of a K3 with an end vertex of three disjoint paths P, 1, Ps,11, Ps;41 of length sy, s, and s3, respectively. A graph G is
{Hy, Hy, ..., Hg}-free if G contains no induced subgraph isomorphic to any copy of H; for any i. If s = 1, then an {H;}-free
graph is simply called an H;-free graph. A claw-free graph is just a K; 3-free graph. As in [1], a graph is hamiltonian if it
has a spanning cycle and is Hamilton-connected if every pair of distinct vertices is joined by a spanning path.

The line graph of a graph G, denoted by L(G), is a simple graph with vertex set E(G), where two vertices in L(G)
are adjacent if and only if the corresponding edges in G are adjacent. A few most fascinating problems in this area
are presented below. By an ingenious argument of Z. Ryjacek [32], Conjecture 1.1(i) is equivalent to a seeming stronger
conjecture of Conjecture 1.1(ii). In [33], it is shown that all conjectures stated in Conjecture 1.1 are equivalent to each
other.
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Conjecture 1.1. (i) (Thomassen [35]) Every 4-connected line graph is hamiltonian.

(ii) (Matthews and Sumner [30]) Every 4-connected claw-free graph is hamiltonian.

(iii) (Kucel and Xiong [19]) Every 4-connected line graph is Hamilton-connected.

(iv) (Ryjdcek and Vrdna [33]) Every 4-connected claw-free graph is Hamilton-connected.

Towards Conjecture 1.1, Zhan gave a first result in this direction, and the best known result is given by Kaiser and
Vrana, as shown below.

Theorem 1.2. Let G be a graph.

(i) (Zhan, Theorem 3 in [37]) If k(L(G)) > 7, then L(G) is Hamilton-connected.

(ii) (Kaiser and Vrdna [18]) Every 5-connected claw-free graph with minimum degree at least 6 is hamiltonian.

(iii) (Kaiser, Ryjdacek and Vrdna [17]) Every 5-connected claw-free graph with minimum degree at least 6 is 1-Hamilton-
connected.

There have been many researches on hamiltonian properties in 3-connected claw-free graphs forbidding a N ¢ o, as
seen in the surveys in [2,11,13,14], among others. The following have been proved.

Theorem 1.3. Let Q* be the graph obtained from the Petersen graph by adding one pendant edge to each vertex. Let G be a
3-connected simple claw-free graph.

(i) (Brousek, Ryjdcek and Favaron, [4]) If G is N4 o o-free, then G is hamiltonian.

(ii) [24] If G is Ng ,0-free, then G is hamiltonian. Moreover, the graph Q* indicates the sharpness of this result.

(iii) (Fujisawa, [12], see also Ma et al. [29]) If G is Ng ¢ o-free graph, then G is hamiltonian unless G is the line graph of Q*.

It is natural to seek necessary and sufficient conditions for hamiltonicity of line graphs. For an integer s > 0, a graph
G of order n > s + 3 is s-hamiltonian (s-Hamilton-connected, respectively), if for any X C V(G) with [X| <5, G—X
is hamiltonian (G — X is Hamilton-connected, respectively). It is well known that if a graph G is s-hamiltonian, then G is
(s + 2)-connected, and if G is s-Hamilton-connected, then G is (s + 3)-connected. Broersma and Veldman in [3] initiated
the problem of investigating graphs whose line graph is s-hamiltonian if and only if the connectivity of the line graph is
at least s + 2. They define, for an integer k > 0, a graph G to be k-triangular if every edge of G lies in at least k triangles
of G. The following is obtained.

Theorem 1.4 (Broersma and Veldman, [3]). Let k > s > 0 be integers and let G be a k-triangular simple graph. Then L(G) is
s-hamiltonian if and only L(G) is (s + 2)-connected.

Broersma and Veldman in [3] proposed an open problem of determining the range of an integer s such that within
triangular graphs, L(G) is s-hamiltonian if and only L(G) is (s 4 2)-connected. This problem was first settled by Chen et al.
in [10].

Theorem 1.5. Each of the following holds.

(i) (Chen et al. [10]) Let k and s be positive integers such that 0 < s < max{2k, 6k — 16}, and let G be a k-triangular simple
graph. Then L(G) is s-hamiltonian if and only L(G) is (s + 2)-connected.

(ii) [21] Let G be a connected graph and let s > 5 be an integer. Then L(G) is s-hamiltonian if and only if L(G) is (s+2)-connected.

An hourglass is a graph isomorphic to Ks — E(C4), where C4 is a cycle of length 4 in Ks. The following are proved
recently.

Theorem 1.6. Each of the following holds.

(i) (Kaiser, Ryjacek and Vrdna [17]) Every 4-connected claw-free hourglass-free graph is 1-Hamilton-connected.

(ii) [25] For an integer s > 2, the line graph L(G) of a claw-free graph G is s-hamiltonian if and only if L(G) is (s + 2)-connected.
(iii) [25] The line graph L(G) of a claw-free graph G is 1-Hamilton-connected if and only if L(G) is 4-connected.

(iv) (Hu and Zhang [16]) Every 3-connected {K; 3, Ny 3}-free graph is Hamiltonian-connected.

In view of Conjecture 1.1 and motivated by Theorems 1.2, 1.3, 1.5 and 1.6, it is conjectured [21] that for any integer
s > 2, L(G) is s-hamiltonian if and only if ¥(L(G)) > s + 2. The main goal of this research is to investigate if Ng ¢ in
Theorem 1.3(ii) can be replaced by other Ny, 5, 5, and if further evidences to support the conjecture in [21] can be found.
The following results are obtained.

Theorem 1.7. Let s be an integer.

(i) Let N1 = {Ng; 55,55 : S1 > 0,81 > 53 > s3 > 0 and sy + s, + s3 < 6}. Then for any N € N, every N-free line graph L(G)
with |V(L(G))| > s + 3 is s-hamiltonian if and only if k(L(G)) > s+ 2 for s > 0.

(ii) Let N3 = {N5, 5,.5; : S1 > 0,51 > 55 > s3 > 0 and sy + s, + s3 < 4}. Then for any N € N, every N-free line graph L(G)
with |V(L(G))| > s + 3 is s-Hamilton-connected if and only if k(L(G)) > s+ 3 for s > 0.
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Theorem 1.7 extends Theorem 1.3(i) in the context of line graph and furthers the main results in [36]. Let O(G) be the
set of odd degree vertices of a graph G. Following [1], a graph G is eulerian if G is connected with O(G) = (. A graph
G is supereulerian if G contains a spanning eulerian subgraph. To prove Theorem 1.7, we prove an auxiliary theorem
(Theorem 3.2 in Section 4), which leads to the following extension of Theorem 4 in [24].

Theorem 1.8. Let G be a 2-edge-connected graph. Each of the following holds.
(i) Let I" be a graph with ¥’'(I') > 3 and e € E(I"). If G = I — e and ¢(G) < 8, then G is supereulerian.
(ii) If ¢(G) < 8 and G has at most two edge-cuts of size 2, then G is supereulerian.

Preliminaries and tools will be presented in the next section. In Sections 3 and 4, we assume the validity of a auxiliary
theorem (Theorem 3.2 in Section 4) to prove Theorems 1.8 and 1.7, respectively. Theorem 3.2 will be proved in the last
section.

2. Preliminaries

In [6] Catlin introduced collapsible graphs. It is shown in Proposition 1 of [22]) that a graph G is collapsible if for every
subset R C V(G) with |R| = 0 (mod 2), G has a spanning connected subgraph I" such that O(I") = R. See Catlin’s survey [7]
and it supplements [8,22] for further literature in this area. We use the notation that for a graph G and an integer i > 0,
define D;(G) = {v € V(G) : dg(v) = i}.

For a graph G and X C E(G), the contraction G/X is the graph formed from G by contracting edges in X with resulting
loops removed. We define G/# = G and use G/e for G/{e}. When H is a subgraph of G, then we often use G/H for G/E(H).
If H is connected, then the vertex in G/H onto which H is contracted is denoted by vy, and H is the pre-image of vy in
G.If Hy, H,, ..., Hi are all the maximal collapsible subgraphs of G, then G' = G/(U?‘:lH,-) is the reduction of G. A graph is
reduced if it is the reduction of some graph. Let C6+ * denote the graph obtained from Cs with V(Cgs) = {v1, va, ..., vg} by
adding edges v,vs and v3vg and let Kis =Kss—e for any edge e € E(K3 3). The next theorem briefs some of the useful

results related to the reduction method of Catlin that would be used in this research.

Theorem 2.1. Let G be a connected graph. Each of the following holds.

(i) (Catlin, Theorem 8 of in [6]) If a connected graph G is reduced and not in {K;, K>}, then |E(G)| < 2|V(G)| — 4, §(G) < 3 and
g(G) > 4.

(ii) (Catlin, Theorem 5 in [6]) G is reduced if and only if G has no nontrivial collapsible subgraphs. In particular, reduced graphs
are simple graphs.

(iii) (Catlin, Corollary of Theorem 3 in [6]) Let H be a collapsible subgraph of G. Then G is supereulerian (collapsible, respectively)
if and only if G/H is supereulerian (collapsible, respectively).

(iv) (Lemma 2.1 of [26]) Let G be a connected simple graph with n < 8 vertices and with |D1(G)| = 0 and |D,(G)| < 2, then
the reduction of G is in {Ky, Kz, K3} Consequently, K55 and CG+ * are collapsible.

(v) (Li et al. Lemma 2.2 of [26]) If G is collapsible, then for any u, v € V(G), G has a spanning (u, v)-trail.
A subgraph H of a graph G is dominating if G — V(H) is edgeless. The following is well-known.

Theorem 2.2 (Harary and Nash-Williams [15]). For a connected graph G with |E(G)| > 3, L(G) is hamiltonian if and only if G
has a dominating eulerian subgraph.

For a graph G and an integer k > 0, a k-edge-cut Y of G is an essential k-edge-cut of G if each component of G — Y
has an edge. If a connected graph G does not have an essential k’-edge-cut for any k' < k, then G is essentially k-edge-
connected. The largest integer k such that a connected graph G is essentially k-edge-connected is denoted by ess'(G). It
is observed [34] that for a graph G, «(L(G)) > k if and only if either L(G) is a complete graph of order at least k + 1 or
ess'(G) > k.

Definition 2.3. Let X;(G) = {e € E(G) : e is incident with a vertex in D1(G)}. For each vertex v € D,(G), let Eq(v) = {e,, €}
be the set of edges incident with v. The core of G is the graph Gy defined below.

X2(G) = {e, : v € D2(G)}, X5(G) = {e), : v € Dy(G)}, (1)
Go = G/(X:(G) U X}(G)).

Following [1], for u, v € V(G), a uv-trail is a trail of G from u to v. For e, ¢’ € E(G), an (e, €')-trail is a trail of G starting
from e and ending at €. An (e, ¢')-trail T is dominating if each edge of G is incident with at least one internal vertex of
T, and T is spanning if T is a dominating trail with V(T) = V(G). A graph G is spanning trailable if for each pair of edges
e; and e;, G has a spanning (e, e;)-trail.

Suppose that e = ujv; and ¢ = u,v, are two edges of G. If e # ¢/, then the graph G(e, €’) is obtained from G by
replacing e = uyv; with a path ujv.v; and by replacing ¢’ = u,v, with a path u,ve vy, where v, vy are two new vertices
not in V(G). If e = ¢/, then G(e, €’), also denoted by G(e), is obtained from G by replacing e = u;v; with a path ujvev;. As

_
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defined in [28], a graph G is strongly spanning trailable (SST in short) if for any e, e’ € E(G), G(e, €’) has a (v, ve )-trail
T with V(G) = V(T) — {ve, ve}. Since e = €' is possible, SST graphs are both spanning trailable and supereulerian. The
following former tools are useful.

Lemma 2.4 (Shao, Lemma 1.4.1 and Proposition 1.4.2 of [34]). Let G be a connected nontrivial graph such that «(L(G)) > 3
and Gg be the core of G. Then Gy is uniquely determined by G with §(Go) > «'(Go) > 3. Furthermore, each of the following
holds.

(i) L(G) is hamiltonian if and only Go has a dominating eulerian subgraph containing the contraction preimages of the edges in
X1(G) U X}(G). In particular, if Gy is supereulerian, then L(G) is hamiltonian.

(ii) (see also Lemma 2.9 of [23]) If Go is strongly spanning trailable, then L(G) is Hamilton-connected.

(iii) (see also Proposition 2.2 of [23]) L(G) is Hamilton-connected if and only if for any pair of edges e, e € E(G), G has a
dominating (e, ' )-trail.

Let X C E(G), which is also viewed as a vertex set in the line graph L(G). Imitating the arguments in [15,34] and in
Theorem 2.7 of [21], and by (1), we have the following observation.

Proposition 2.5. Let s > 0 be an integer, G be a connected graph with |E(G)| > s+ 3 and ess'(G) > 3, and Gq be the core of
G.

(i) (Theorem 2.7 of [21]) The line graph L(G) is s-hamiltonian if and only if for any X C E(G) with |X| < s, G — X has a
dominating eulerian subgraph.

...(i0) If for any X C E(Gg) with |X| <'s, Go — X is supereulerian, then L(G) is s-hamiltonian.

3. Auxiliary theorem and the proof of Theorem 1.8

We first present an auxiliary theorem, stated as Theorem 3.2. For notational convenience, we define c¢(K;) = 0. We
will assume the validity of Theorem 3.2 to prove Theorem 1.8. The justification of Theorem 3.2 will be postponed to the
last section. We start with a lemma.

Lemma 3.1. Let G be a connected graph with a 2-edge-cut X and let G, and G, be the two components of G —X. If both G/G;
and G/G, are supereulerian, then G is also supereulerian.

Proof. Fori € {1, 2}, let v; denote the vertex in G/G; onto which G; is contracted. Then in G/G;, the set of edges incident
with v; is X. Let L; be a spanning eulerian subgraph of G/G;. As |X| = 2 and as v; € V(L;), it follows that X C E(L;), and so
G[E(L1) UE(Lp)] is a spanning eulerian subgraph of G. ®

Theorem 3.2. Let G be a reduced graph. If k'(G) > 2, c(G) < 8, |D,(G)| < 2 and ess'(G) > 3, then G is collapsible.

Thus Theorem 3.2 indicates that the only reduced graph satisfying the hypotheses of Theorem 3.2 is K; only.

Proof of Theorem 1.8. We argue by contradiction to prove Theorem 1.8(i), and assume that there exists a 3-edge-
connected graph I', an edge e = uyu; € E(I") such that ¢(I" —e) < 8 and G := I" — e is not supereulerian with |V (I")|
minimized.

As «'(I") > 3, we have |D,(G)| < 2 and «’(G) > 2. If |V(G)| < 8, then by Theorem 2.1(iv), G is supereulerian. Hence we
assume that |V(G)| > 9. Suppose that G has an essential edge cut X with [X| = 2. Let G, G, be the two components of
G—X =T — (X Ue) with min{|E(G,)|, |[E(G2)|} > 1. By the minimality of |V(I")|, G/G; is supereulerian. By Lemma 3.1, G
is supereulerian, contrary to the choice of G. Hence ess'(G) > 3.

If G is reduced, then by Theorem 3.2, G must be collapsible, and so supereulerian. Hence we assume that G contains
a nontrivial collapsible subgraph H. Since ess'(G) > 3, we conclude that |D,(G/H)| < 2. As ¢(G/H) < ¢(G) < 8 and
G/H = (I" —e)/H = I' /H — e, it follows by the minimality of |V(I")| that G/H has a spanning eulerian subgraph, and so
by Theorem 2.1(iii), G is supereulerian, contrary to the assumption that G is a counterexample. This proves Theorem 1.8(i).

We again argue by contradiction to prove Theorem 1.8(ii) and assume that G is a counterexample to Theorem 1.8(ii)
with |V(G)| minimized. By the minimality of G and by Theorem 2.1(iii), we may assume that G is reduced. By the
minimality of G and by Lemma 3.1, we may assume that G does not have any essential edge cut of size 2. If follows
that there exist vertices u; and u; in V(G) such that every 2-edge-cut of G must be the set of edges incident with u; or
. This implies that we can choose an edge e = u u; not in G such that adding e to G joining u; and u, will result in a
graph I with «’(I") > 3. As G is reduced, it follows by Theorem 1.8(i) that G is collapsible, and so supereulerian, contrary
to the assumption that G is a counterexample. This completes the proof of the theorem. B
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K1,3(17273) 06(81752783) 53,2 /2,t

Fig. 1. Graphs in Definitions 4.2 and 4.3.

4. Proof of Theorem 1.7

In this section, we assume the validity of Theorem 3.2 to prove Theorem 1.7. For an integer m > 0, we use Z;, to
denote the cyclic group of order m. For integers s; > s, > s3 > 1, let Y, 5, 5, be the graph obtained from disjoint paths
P, 12, Ps,+> and Ps, 1, by identifying an end vertex of each of these three paths. (See Fig. 1 in [36] for an example.) By
definition, Ny, s, s, = L(Ys, 5,55 ). Define

Vi = {Ys;55.55 151 > 0,51 =53 > 53> 0,51 45, +53 < 6}. (2)
Vo = {Ys, 55,53 : 51> 0,81 > 53 >53>0,81 + 3 +53 < 4}.

By definition of line graphs, a line graph L(G) is N;, s, s,-free if and only if G does not have a Y, 5, 5, as a subgraph. To
complete the proof for Theorem 1.7, the following additional lemmas for a generic graph G will be needed.

Let F(G) be the minimum number of additional edges that must be added to G to result in a graph with two edge-
disjoint spanning trees. Catlin (Theorem 7 of [5], see also Corollary 2.13 of [27]) indicated that if G is connected, reduced
and G ¢ {Kj, K3}, then

F(G) = 2|V(G)| — [E(G)| — 2. (3)

Lemma 4.1 (Theorem 2.4 of [9]). If G is a reduced graph with «’(G) > 2, |V(G)| < 11, F(G) < 3 and |D,(G)| < 2, then G is
collapsible.

Definition 4.2. Let P(10) denote the Petersen graph and P(10)~ = P(10) — e for an edge e € E(P(10)), and let K = Kj 5
with D3(K) = {a} (the center of K) and D{(K) = {aq, a», a3}. For integers s1, S5, S3, £, m,t with £ > 1 and m, t > 2, we
make the following definitions.

(i) Define K 3(s1, S2, S3) to be the graph obtained from K by adding s; vertices with neighbors {a;, a;1}, wherei =1, 2,3
(mod 3).

(i) Define C8(sy, 52, 53) = K1 3(s1, S2, S3) — a, where s, > s; > 1 and s3 > 2. Furthermore, denote

NC6(51~52~53)(a]) N NC6(51452453)(a2) = {v‘], V2, ..., Us.l }, (4)
NC6(51’52’53)(a2) N NC6(51.52.53)(a3) = {wl, w2, ..., wsZ},
NC6(51,52,53)(G1) n NC6(51,52,53)(‘13) = {ug, uy, ..., u53}~

(iii) Let Ko +(u, u’) be a K, with u, u’ being the nonadjacent vertices of degree t. Let S;; , be the graph obtained from a
Ko m(u, u') and a K; ¢(w, w’) by identifying u with w, and joining v’ and w’ by an new edge v'w’.

Definition 4.3. Lett > 2,1 >, > --- > r; > 0 be integers such that r, > 0, K be a graph isomorphic to K with
{z1, 25} and {v1, vy, ..., v¢} being the bipartition of K. For each i with 1 <i <'t,

(i) denote Ex, (v;) = {e;, e}};

(i) if r; > 0O, define K, ,(x;, y;) to be the bipartite graphs with x; and y; being the two nonadjacent vertices of degree
Tis

(iii) if ; = 0, define K3 o(xi, ¥i) = Ka(xi, i), which consists of an edge with end vertices x; and y;.

(K1) Define Kz”t(n, r2,...,T¢) to be a graph formed by, for each i € {1, 2, ..., t}, replacing exactly one of e;, e by a
K> r,(xi, y;) by identifying x; and v; and by identifying y; with exactly one of z; or z,. (See the fourth graph in Fig. 1 for an
example). Let IC’N denote the family of all such defined Ké’[(rl, T3, ..., T)'s. For notational convenience, when there is no
confusion arises, we often use K , to denote an arbitrary member in K ,.

(K2) Let By = (K, ,(r1, 12, ..., Te) + 2122 1 Ky (11, 12, ..., Te) € Ky ()

By definition, the 6-cycle Cs = K; ,(1, 1) is a member in £, ,. Following [ 1], for a given graph K, ,, a (z1, z)-component
of this Kz/,r is a subgraph of the form Kéyt[{zl, Zy, vi} U NKét(vi)] for some i with 1 < i < t. Throughout the rest of the

paper, we define
G ={Kye:t = 1}U{Spme : £ = m > 1} U{Kq35(51,52,53) : 51 =52 > 0 and s3 > 0} (3)

UK} U {C(s1,52,83) 1 51> S5 > 1,53 = 2} U (Upsa(Be U K ).
5
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Lemma 4.4. Let G be a noncollapsible reduced graph with «(G) > 2. Then each of the following holds.
(i) c(G) <6 ifand only if G € G.
(ii) If c¢(G) < 6, then |D,(G)| = 3. Furthermore |D,(G)| = 3 if and only if G € {K, 5, K1 3(1, 1, 1)}.

The proof of Lemma 4.4 will be postponed in the last section.
4.1. Proof of Theorem 1.7(i)

Lemma 4.5. For any Y € Y. Let G be a connected graph with «'(G) > 3 and |E(G)| > 4. If G does not contain Y as a
subgraph, then for any e € E(G), G — e is supereulerian.

Proof. The lemma holds trivially if n = |V(G)| < 3 and |E(G)| > 4. We argue by contradiction and assume that

G is a counterexample graph with |V(G)| minimized. (6)

Claim 1. There exists an edge ey € E(G) such that
(i) G — eq is not supereulerian.
(ii) G — e is reduced, g(G — eg) > 4 and c(G — eg) > 9.

Claim 1(i) follows from (6). If G — ey has a nontrivial collapsible subgraph H, then |V(G/H)| < |V(G)| and so by (6),
(G —eg)/H = G/H — ey is supereulerian, By Theorem 2.1(iii), G — eg is supereulerian, contrary to (6). Hence G — ey must
be reduced. By Theorem 2.1(i), g(G — eg) > 4. By Theorem 1.8(i), c(G — ep) > 9. This proves the claim.

Let C = vqv;...v.v; with ¢ = |E(C)] > ¢(G — eg) > 9 be a longest cycle of G — ep. Since C is not spanning G, we
assume that there exists a vertex u; € V(G) — V(C) such that u;v; € E(G — ep). By definition, we observe that, as ¢ > 9,
the subgraph G[E(C) U {ujv1}] contains every member in {Y;, 5,0 : St = s = 0,1 < sy + 5, < 6} with vy being the
unique vertex of degree 3 in these subgraphs. In the following, we shall show that either G has a longer cycle than C, or
G contains every member in ); as defined in (2). These contradictions will then justify the lemma.

If there exists a uy € Ng(u1) — V(C), then as ¢ > 9, the subgraph G[E(C) U {ujvq, ujuy}] contains every member in
Yy with 1 € {sq, 52, s3} and with v; being the unique vertex of degree 3 in these subgraphs. It remains to show that G
also contains a Y3 3 5. If Ng(uy) — V(C) has at least two vertices, then there exists a u3 € Ng(uz) — (V(C) U {u}), and so
G[E(C) U {uqvy, ujuy, upus}] contains a Y, 5 as a subgraph. Hence Ng(u,) — {u;} € V(C). By «'(G) > 3, g(G —ep) > 4 and
the choice of C, we assume that vj,, vj, € Ng(uz) N V(C) with 5 < j; +1 < j, < c — 2. Then cl = VIU UV, Vjy 41 * + * Ve Vg
is a cycle of lengthc — (j1 — 1)+ 3 =(c—jo) + (o —j1)+ 4 >24+2+4 =8.1fj; > 5, GIE(C) U {v1vy, vov3, v304}]
contains every member in ); with v; being the unique vertex of degree 3 in these subgraphs. By symmetry, we assume
that j; = 4 and j, = ¢ — 2. Thus G[(E(C) — {v1v2, Vj,; Vj,+1, Vj, Vjp+1}) U {v1U1, Uquz, upvj,, uavj,}] = Y22 5. Thus in any case,
G contains every member in ). This contradiction shows that

for any u € V(G) — V(C), Ng(u) € V(C). (7)

Let vy, vj, vj € Ngy(u1) with 1 <i < j.By g(G—ep) > 4, wehave3 <i+1<j<c—1l.Lletk=max{i—1,j—i,c—j+1}.

Assume that k > 4. Without loss of generality, we assume that i—1 > 4. Then C* = G[E(C—{va, ..., vi_1)U{viu1, usv;}]
is a cycle of length at least 6. If the length of C# is at least 8, then G[(E(C) — {vi_1v;, ViVit1, uqv;}) U {v1uy, ugv;}] contains
Y4,1,1 and Y35 1, while G[(E(C) — {vi—1vi , vj—1vj, u1v;}) U {v1uq, uyv;}] contains Y 5 5. If the length of C* is 7, without loss
of generality, we assume that j = i42 and ¢ —j = 2. Then G[(E(C) — {vjvi-1, vjvj—1})U {v1u1, uqv;}] contains the subgraph
Y222, GI(E(C) — {vivi—1, viviz1}) U {vquq, uqv;}] contains the subgraph Y35 1, and G[(E(C) — {vivi_1, vive}) U {viuy, ugy;}]
contains the subgraph Yy 1 ;. If the length of C* is 6, then ¢ = j+1,j = i+2 and i > 6. Thus GI(E(C)—{vjvj_1, v1Ve, vivi1 U
{u1v1, uqvi, uqv;}] contains the subgraph Yy 1,1, GI(E(C) — {vivit1, vi—1vi—2})U{viuy, usv;}] contains the subgraph Y, ; », and
GI(E(C) — {vivit1, vivi—1}) U {vquy, ugv;}] contains the subgraph Y3, ;. Therefore, k < 3. Asc > 9, we havei = 4,j =7
and ¢ = 9. Then G[(E(C) — {v3vs}) U {ujv1, v1v;}] contains every member in ); with 1 € {sq, s, s3} and with v; being the
unique vertex of degree 3 in these subgraphs, and G[(E(C) — {v1v2, vivit1, Vjvj+1}) U {uqvs, uqvs, ugvj}] = Yo 2 5. All these
contradictions indicate the truth of the lemma. ™

Proof of Theorem 1.7(i). By the definition of line graph, a graph I" has a subgraph in Y, if and only if L(G) has a member
as an induced subgraph in L(G). Therefore, to prove Theorem 1.7(i), it suffices to show that, for any fixed Y € ); and for
an integer s > 1, if G does not have Y as a subgraph, then

k(L(G)) = s + 2 implies that L(G) is s-hamiltonian. (8)

We argue by induction on s to prove (8), and assume that s = 1. Let G be a graph with «(L(G)) > 3, and let G, be the core
of G. Since G does not have Y as a subgraph, Gy also contains no subgraph isomorphic to Y. By Lemma 2.4, «’(Go) > 3
and so by Lemma 4.5, for any ey € E(Gp), G — eg is supereulerian. By Proposition 2.5(ii), (8) holds for s = 1.

Assume that s > 2 and (8) holds for smaller values of s. For any edge subset X C E(G) with |X| = s. Pick eq € X. Define
G1 =G —ep and X; = X — {ep}. As G does not have Y as a subgraph, G; also contains no subgraph isomorphic to Y, with
k(L(G1)) = k(G —eg) > (s+2)— 1= (s — 1)+ 2. By induction, G; is (s — 1)-hamiltonian, and so L(G) — X = L(Gy) — X; is
hamiltonian. Thus (8) holds for all integer s > 1, and so Theorem 1.7(i) is justified. —®
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4.2. Proof of Theorem 1.7(ii)

Throughout the rest of this paper, suppose that P = v v,...v, denotes a viv,-path and 1 < i < j < n. We define
Plv;, vj] = vjvitq...v; and P~ [, vj] = vjvj_1...vi. Thus P = P[vy, v,]. Similarly, suppose that C = vyv;...v,v; denotes
acycdeand 1 < i < j < n. Define C[v;, vjl = vjvi1...v; and C v, Vj] = VjVjt1...vnv1...0; to be the subpaths of
C. Let Z, be the additive group of integers modulo n. Define Hg to be the graph with V(Hg) = {v; : i € Zg} and
E(Hs) = {viviy1, vivirs : i € Zg}. The graph Hg is known as the Wagner graph [31] in the literature. It is routine to
verify that

for any Y € ),, Hg contains Y as a subgraph. (9)

Lemma 4.6. LetY € Y, and G be a graph with «'(G) > 3 such that
G does not contain Y as a subgraph. (10)

Then each of the following holds.
(i) For any €', e’ € E(G), G(€', ") is collapsible.
(ii) G is strongly spanning trailable.

Proof. By Theorem 2.1, (i) implies (ii) and so it suffices to prove (i). We argue by contradiction and assume that
G is a counterexample to Lemma 4.6(i) with |V(G)| minimized. (11)

Then there must be edges e', e? € E(G) such that G(e', e?) is not collapsible. Let ] = G(e!, e?). By (11), we may assume J
is reduced. Since G(e!, e?) is not collapsible, | # Kj.

Suppose that c(J) < 8. By Theorem 3.2, ] must have an essential edge-cut X with X = {f, f>}. For each i € {1, 2}, if
f; is incident with vy, for some j € {1, 2}, then define f/ = ¢, otherwise set f/ = f.. By definition, f/,f, € E(G) and so
{f{, f;} would be an essential 2-edge-cut of G, contrary to «’(G) > 3. Hence we must have |c(J)| > 9. Let C’ be a longest
cycle of J. We lift C’ to a cycle C” in G(e!, €?) and convert C” to a cycle C of G by undoing the subdivisions on e' and e?
if {v,1, v2} NV(C) # @. As v,1, v,z might be in V(C’), we have |E(C)| > 7.

Assume first that V(G) — V(C) # @. Since G is connected, there must be a vertex v € V(G) — V(C) with uv € E(G) for
some u € V(C). Since |E(C)| > 7, G[E(C) U {uv}] contains Ya 0,0, Y3,1,0 and Y22 as subgraphs, in each of which u is the
only degree 3 vertex. We are to show that G also contains Y, 1.1 as a subgraph to find a contradiction to (10). Suppose
there exists w € Ng(v) — V(C). Then G[E(C) U {uv, vw}] contains Y, 11 as a subgraph that takes u as the only degree 3
vertex. Hence we have Ng(v) C V(C). Since «'(G) > 3, we may assume {vq, vz, v3} € Ng(v). As C is the longest cycle of G,
we have 2 < dc(v;, vj) <3 for 1 <i <j < 3. Then G[E(C)U {vvq, vvy, vu3}] contains Y, 11 as a subgraph that takes v as
the only degree 3 vertex, a contradiction. Hence we must have V(G) = V(C). Let n = |V(G)|. Denote V(C) = {v; : i € Zy}
with E(C) = {vjviy1 1 i € Zy}. If n = 7, then by (3), J satisfies the hypotheses of Lemma 4.1, and so J is collapsible, a
contradiction. Therefore we must have n > 8.

Claim 2. Ifn =8, then (10) is violated.

We assume that n = 8 to justify the claim. By (3), if A(G) > 4, then F(J) < 3, and so by Lemma 4.1, ] must be
collapsible, a contradiction. Thus G must be a 3-regular graph with C being a Hamilton cycle of G. For any t € Zg, there
exists an i(t) € Zg — {t} such that v;vis) € E(G) — E(C). Since «’(G) > 3 and G is 3-regular, G cannot have parallel edges,
and so i(t) ¢ {t — 1,t 4+ 1} in Zs.

If there is a t € Zg with i(t) = t + 2 in Zg, then by symmetry, we may assume that i(1) = 3. If, in addition, i(2) = 4,
then as G is 3-regular, {vgvq, v4vs} is a 2-edge-cut of G, contrary to «’(G) > 3. Thus in Zg, by symmetry i(2) ¢ {4, 8}, and
so i(2) € {5,6,7}. Suppose i(2) = 5. Then as V2 = {Y4,0,0, Y3,1.0, Y2,2.0, Y2,1,1}, for each Y € Y, G[E(C) U {v1v3, vavs}]
contains a Y as a subgraph with vy being the only vertex of degree 3, contrary to (10). Hence by symmetry, i(2) ¢ {5, 7},
forcing i(2) = 6. It follows that for any Y € {Y40,0, Y3,1,0, Y2.2.0}, GIE(C) U {vqv3, v206}] contains Y as a subgraph with v;
being the only vertex of degree 3. Furthermore, G[E(C)U {vqvs3, v2vg}] contains Y5 ;1 ; as a subgraph with vg being the only
degree 3 vertex, and so (10) is violated. We conclude that by symmetry, for any t € Zg, i(t) ¢ {t —2,t —1,t,t+1,t+ 2},
or equivalently,

forany t € Zsg, i(t) € {t + 3,t + 4, t + 5} in Zs. (12)

If there is a t € Zg with i(t) = t + 3 in Zg, then by symmetry, we may assume that i(1) = 4. If i(2) = 5, then by
(12) and as G is 3-regular, we must have i(3) = 7, forcing i(6) = 8 violating (12). Thus by symmetry, in Zg, we must
have i(2) ¢ {5, 7}, and so i(2) = 6. It follows that for any Y € {Y4.0.0, Y3.1,0, Y2.2.0}, GIE(C) U {v1v4, v206}] contains Y as a
subgraph with vy being the only vertex of degree 3. As G[E(C) U {v1v4, v2v6}] also contains Y5 1,1 as a subgraph with vg
being the only degree 3 vertex, (10) is violated. We now conclude that by symmetry, we must have i(t) = t 4 4 for any
t € Zg, and so G = Hg. By (9), (10) is violated. This completes the proof for the claim.
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By Claim 2, we must have n > 9. We first prove that
G always contains Y40, as a subgraph. (13)

Since «'(G) > 3, we may assume that viv; € E(G) for some j with 1 < j < n/2 4 1. If n > 11, then G[E(C[vj_1, vj+5]) U
{v1vj}] = Y4,0,0. Assume that n = 10. If there exists an t € Zyo, and a t’ € Zio — {t — 1, ¢, t + 1} with v;vpy € E(G) — E(C),
such that v, and vy are of distance at most 4 on C, then as G[E(C) U {v;vy}] contains a cycle of length at least 7
other than C, Y400 is a subgraph of G[E(C) U {vivy}]. It follows that we must have t' = t + 5 in Zq, whence
G[(E(C — {vs, vg, v10}) — {v3v4}) U {vav7, vav9}] = Y40,0. Now assume that n = 9. We observe that to avoid a Y0,
any chord of C must have the form vjv;;4, and so G[(E(C — {vg}) — {vav3, vs5v6}) U {v1Us5, v307}] = Y40,0. Hence (13) must
hold.

By (13), it suffices to show thatany Y € {Y3 1,0, Y2.2.0, Y2.1,1} is a subgraph of G. Let e € E(G) — E(C) be an edge. Since C
is a Hamilton cycle of G, e is a chord of C. Let g(C + e) be the length of a shortest cycle of G[E(C)U {e}]. Since | = G(e!, e?)
is reduced, and since cycles of length at most 3 is collapsible, it follows that every cycle of length at most 3 contains either
e' or e?, and a cycle of length 2 in G must be induced by {e’, e?}. Since n > 9 and «'(G) > 3, C has at least [5] = 5 chords.
It follows that there must be a chord e € E(G) — E(C) such that g(C + e) > 4. By symmetry, assume that e = v;v; with
4 <j<7.Thenfor any Y € {Y3 1,0, Y220, Y2,1,1}, GIE(C) U {vyv;}] contains Y as a subgraph with v; being the only vertex
of degree 3 in Y. This, together with (13), implies that (10) is violated. This completes the proof of the Lemma. ®

The following corollary can be partially proved by Theorem 1.6(iv). For the sake of completeness, we present a formal
proof.

Corollary 4.7. Every 3-connected N, s, s,-free line graph L(G) with s; + s; + s3 < 4 is hamiltonian-connected where
s1>0,81 >5; >5s3>0.

Proof. Let G be a graph with «(L(G)) > 3, and let Gy be the core of G. By Lemma 2.4(ii), it suffices to show that Gy is
strongly spanning trailable. By Lemma 2.4(i), «'(Gop) > 3. By (10), Gp also does not contain any Y € ), as a subgraph. It
follows by Lemma 4.6 that Gy is strongly spanning trailable. Hence the corollary holds. =

Proof of Theorem 1.7(ii). It suffices to prove that for s > 0,
if (10) and «(L(G)) > s + 3, then L(G) is s-Hamilton-connected. (14)

We argue by induction on s to prove (14), and assume that s = 0. By Corollary 4.7, (14) holds for s = 0.

Assume that s > 0 and (14) holds for smaller values of s. For any edge subset X C E(G) with 0 < [X| < s.
Pick e € X. Define Gy = G — eg and X; = X — {ep}. By (10), G; does not have any Y € Y, as a subgraph, with
k(L(G1)) = k(G—eg) > (s+3)—1 = (s—1)+3. By induction, G; is (s— 1)-Hamilton-connected, and so L(G)—X = L(G{)—X;
is Hamilton-connected. This completes the proof of Theorem 1.7(ii).

5. Proofs of Lemma 4.4 and Theorem 3.2

The arguments in this section do not depend on any result in Sections 3 and 4, it develops the needed tools to prove
Lemma 4.4 and Theorem 3.2. We shall use the notation in Definition 4.2 and develop some more tools. For sets X and Y,
the symmetric difference of X and Y is XAY = (X UY)— (X NY). If an edge e = uv ¢ E(G) but u, v € V(G), then let
G + e be the graph containing G as a spanning subgraph with edge set E(G) U {e}. For v € V(G) and e € E(G), we first
study reduced graphs with circumferences at most 6.

5.1. Nontrivial 2-connected reduced graph with circumference at most 6
We have the following observations and facts. The first two are from the definition of G in (5).

Observation 5.1. Let G be a nontrivial connected graph.

(i) If ID2(G)| < 2 or |D,(G)| = 3 and G contains two adjacent degree 2 vertices, we have G ¢ G.

(ii) If |D2(G)| = 3, then G € G if and only if G € {Ky 3, K1,3(1, 1, 1)}.

(iii) (Theorem 3 of [20]) If G is reduced with diameter 2, then G € {K1 ¢, Ky.¢, Sm.1, P(10)} where t > 2.

Lemma 5.2. Suppose G € K, . Let X,y € V(G) such that dg(x,y) > 2 and {x,y} N {z1, 2.} = @. Then there exists a cycle C
of G such that |[E(C)| > 5 and |V( )N {x, y}| = 1 unless, up to isomorphism, G € Kﬁ,z and {x,y} = {v1, v2}.

Proof. Suppose first that x, y are in the same (z1, z;)-component of G, then by Definition 4.3, G — x is also in IC2 ¢ and
so a cycle C of length at least 5 containing y exists in G — x. If t > 3 and x and y are in different (z;, z,)-component of
G, then by Definition 4.3, the graph G’ formed by deleting the component of G — {21, z;} containing x is also in £} ;, and
so a cycle C of length at least 5 containing y exists in G'. Therefore, we may assume that t = 2, G # Cg, and x and y
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are in different (zq, z;)-component of G. By symmetry, we may further assume that dg(v;) > 3, x and v are in the same
(z1, z2)-component and y and v, are in the same (z;, z;)-component. If x # vy, then G — x is also in IC’ZJ and so a cycle of
length at least 5 containing y but not x exists. Hence x = v;. Similarly,y = v,. ®

We have the following observation.

Observation 5.3. Let C = vqv,...vv1 be a cycle of G, Py be a vjvi-path of G satisfying V(P;) N V(C) = {v;, v}, and P,
be a vjve-path of G satisfying V(P,) N V(C) = {vj, v¢}. Suppose that 1 < i < j < k < £ < n. If |[E(P1)| + [E(P2)| >
|E(C[vk, vel)l 4 |E(C[vs, vj])|, then C is not a longest cycle of G.

Proof of Lemma 4.4. As (ii) follows immediately from (i) and Observation 5.1, it suffices to justify (i). It is routine to
verify that graphs in G are reduced and if G € G, then ¢(G) < 6. If ¢(G) < 5, then the diameter of G is at most 2 and so by
Observation 5.1(iii), G € G. Hence we assume that ¢(G) = 6.

Claim 3. The graph G is spanned by H where H € {C%(sq, s5,53) 151 > 5 > 1,83 > 2} U (UtzZ’C/z,t)

Since a cycle of order 6 is in K , and ¢(G) = 6, we conclude that G contains a member in K, as a subgraph. Choose
an H € {C5(s1,52,83) 181 > S, > 1,53 > 2} U (Ur=2Kh ) such that

H is a subgraph of G with |V(H)| + |E(H)| maximized. (15)

If V(G) = V(H), then done. Therefore there must be a vertex u € V(G) — V(H). As x(G) > 2, G has a uv-path P; and a
uw-path P, with V(P;)NV(Py) = {u}, V(P1)NV(H) = {v}, V(P;) N V(H) = {w} for distinct vertices v and w. If vw € E(H),
then since each edge of H lies in a cycle with length at least 5, H U P; U P, contains a cycle with length greater than 6,
contrary to ¢(G) = 6. Hence dy(v, w) > 2. In the arguments below, we will use the notations in Fig. 1.

Assume first that H € {C®(sq, 52,83) : §1 = s, > 1,53 > 2}. By (15) and Observation 5.3, we have {v, w} € {{up, ug},
{vp, v}, {wp, wq} : p # q}. If {v, w} = {up, ug}, then G[{upay, ajvy, v1az, w1, wias, asug} UE(P;)UE(P,)] contains a cycle of
length longer than 6, contrary to ¢(G) = 6. Hence {v, w} # {u,, ug}. By symmetry, we also conclude that {v, w} # {wp, wq}
and {v, w} # {vp, vg}.

Therefore, we may assume that H € IC/ZJ. If {v, w} = {z1, 22}, then G[H + u] € ’C/z,t+1' violating (15). Hence we must
have {v, w} # {z1, z,}.

Suppose that {v, w} N {z1,2z;} = @. By Lemma 5.2, either t = 2 and {v, w} = {vq, v2}, whence G[H + u] € Kéj
or G[H + u] = C%(sy, s2, 53), contrary to (15); or there exists a cycle C with |[V(C)| > 5 such that (by symmetry)
V(C) N {v, w} = {w}. As such a cycle C must contain both z; and z;, we may assume that wz; € E(H). Let P be the
shortest vz;-path in H. Then C' = P[v, z1]z; sz’][w, u] is a cycle of length at least 4 and |E(C N C')| = 1. Thus CAC’ is a

cycle of length greater than 6, contrary to c¢(G) = 6. These contradictions indicate that we must have |{v, w} N {z1, z2}| = 1.

By symmetry, we assume w = z;. Since G is reduced and c(G) = 6, both uw,uv € E(G). If v = v; for some
iefl,2,...,t},then G[H+u] € Kz/ , violating (15). Hence we have v € V(H)—{vy, ..., v, Z1, Z2}, whence Ny (v) = {22, vi}
for some 1 <i < t. Ifdy(v;) = 2, then G[H + u] € 12 .» again violating (15). Therefore we have dy(v;) > 3, and so by
Observation 5.3, G[H + u] contains cycle with length greater than 6. This justifies Claim 3.

By Claim 3, G is spanned by an H where H € {C5(sy, $3,53) : 51 > 55 > 1,53 > 2} U I<2/,t' Suppose xy € E(G) — E(H).
Then since G is reduced, we have dy(x, y) > 3.

Assume first that H € {C®(s1,$2,83) @ s1 = s; > 1,53 > 2}. Since dy(x,y) > 3, we have {x,y} € {{ay, up},
{a1, wp}, {as, vp} : p = 1}. But any such case implies that G[H +xy] = Ki 3(s}, S5, s5) where s; 45, +53 = s} +5, +s5 + 2. If
G = G[H + xy], then G € G and we are done. Assume that there exists an edge e’ € E(G) — E(G[H + xy]). By the definition
of Ky 3(s}, 55, s5), the graph K 3(s}, s5, s5) + €’ must create a cycle of length at most 3 or an C6++. By Theorem 2.1(iv), G is
not reduced, contrary to the assumption that G is reduced.

Thus we must have H € Ké .- Recall that xy € E(G)—E(H) is an edge not in H. By Definition 4.3, any z’ € V(G)— {z1, z,}
has distance at most two to z; and z,. Thus if x € {zq, z,} and y ¢ {z1, z,}, then H + xy contains a cycle of length at most
3, contrary to the assumption that G is reduced. Thus either {x, y} = {z1, z,} or {x,y} N {z1, 2} = 0.

If {x,y} = {z1, 2}, then since G is reduced, by (15) and by Theorem 2.1(iv), we have G[E(H) U xy] € B. Assume that
{x,y}N{z1,20} =0@.1fH € IC’Z’2 with {x, y} = {v1, v2}, then G[E(H) U xy] € B. As any additional edge added to a graph in
B will result in a cycle of length at most 3, contrary to the assumption that G is reduced.

Hence we must have that {x,y} N {z1,z} = ¥ and if H € ICZ 5 then {x,y} # {v1, v2}. By Lemma 5.2, there exists a
cycle C of H such that [V(C)| > 5 and |V(C) N {x, y}| = 1. Assume first that t > 3. Then we may assume that for some i,
vi ¢ V(C) and V(C) N {x, y} = {y}. By the definition of K, Ky.00as [V(C)| > 5 and as any cycle of a K. K; ».c With length at least 5
must contain both z; and z,, it follows that {z;, z,} € V(C). Since dy(y, z1) + du(y, z2) < 3, we may assume dy(y, z;) = 1,
and so yz; € E(H). Let Q be the shortest xz;-path in H. As G is reduced, |[V(Q)| > 3 and so C” = Q[x, z1]z1yx is a cycle
with length at least 4 with |E(C N C”)| = 1. It follows that CAC” is a cycle with length at least 7, contrary to assumption
of ¢(G) = 6.

Hence we must have t = 2 but y ¢ {vq, vy}. Again by Definition 4.3 and by |V(C)| > 5, we have {z, z,} € V(C) and
we by symmetry may assume that v,y, z,y € E(H) with Ng(z3) N Ng(v2) — {y} # @. Since G is reduced, we may assume
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that either x = vy or Ng(z1) N Ng(v1) = {x}, whence G contains a Kj 3(1, 52, $3), violating (15); or there exist distinct
X, X' € Ng(z1) N Ng(v1), whence for any y' € Ng(z,) N Ng(v2) — {y}, the cycle y'voyxz1X'v1v2y has length at least 7, contrary
to the assumption. This completes the proof of the lemma. ®

Definition 5.4. Let C = x1X;y1y2X1 be a 4-cycle in G with a partition 7 (C) = ({x1, ¥1}, {X2, y2}).

(i) (Catlin [5]) Let G/7(C), the (C)-reduction of G, be the graph obtained from G — E(C) by identifying x; and y; to form
a vertex vy, by identifying x, and y, to form a vertex v,, and by adding an edge e, () = viv,.

(ii) The 4-cycle C is a reducible 4-cycle of G if G/7(C) has a cycle containing the edge e, () = v1v,. (In other words, e;(c)
is not a cut edge of G/ (C).)

Theorem 5.5. Let G be a graph containing a 4-cycle C and let G/ (C) be defined as above. Each of the following holds.
(i) (Catlin, Corollary 1 of [5]) If G/7(C) is collapsible, then G is collapsible.

(ii) (Catlin, Corollary 2 of [5]) If G/7(C) is supereulerian, then G is supereulerian.

(iit) ¢(G/7(C)) < c(G).

Proof. We adopt the notation in Definition 5.4 to justify (iii). Let C’ be a longest cycle of G/7(C). If e;(cy = vyv; is not an
edge of C’, then C’ is a cycle of G and so ¢(G/7(C)) < c(G). Assume that e, () is an edge of C’. Then by the definition of
ex(c) = v1v2, C’ can be modified into a cycle of G of length at least [E(C’)| by adding a path joining a vertex in {x;, y1} to
a vertex in {x,, y2} to C' — vjv,. Again we have c(G/7(C)) < ¢(G), and so (iii) must hold. =

5.2. Proof of Theorem 3.2

By contradiction, we assume that
G be a counterexample to Theorem 3.2 with |V(G)| minimized. (16)

We shall make a number of claims in our proofs.

Claim 4. Each of the following holds.

(i) G is simple, k(G) > 2, c(G) < 8, |D>(G)| < 2, g(G) > 4, and G does not have essential 2-edge-cuts.
(i) [V(G)| = ¢(G) = 7.

(iii) G does not contain a reducible 4-cycle.

As Claim 4(i) and (ii) follow from assumption of Theorem 3.2, Theorem 2.1 and Lemma 4.4, it remains to prove
Claim 4(iii). By contradiction, assume that G has a reducible 4-cycle C' = x;x,y1y>X;. In the arguments below, let
G, = G/n(C"), G, be the reduction of G, and we adopt the notation in Definition 5.4 with e;y = vjvz, and view
E(Gr) = (E(G)—E(C"))U{vqvz} and V(G,) = (V(G)— V(C"))U{v1, v2}. Then for each i € {1, 2}, d¢, (v;) = de(x;)+dc(yi) — 3.
As C’ is a reducible 4-cycle, d¢, (vi) > 2, where equality holds if and only if exactly one of dg(x;) and d¢(y;) equals 2 and
the other equals 3. We have the following subclaims.

(2A) |D2(Gr )l < D2(G)I.

If d¢, (vi) > 2, then Dy(G;) € D»(G), and so (2A) holds. Assume that dg, (v;) = 2. By symmetry, we may assume that
i =2 and dg(x,) = 2 and dg(y2) = 3. Then D,(G,) = (D2(G) — {x2}) U {v,}, and so (2A) follows.

By Theorems 2.1, 5.5 and Claim 4(i), we have the following observation (2B).

(2B) Each of the following holds.
(i) The edge e, cannot be contained in any collapsible subgraph of G, and G, is nontrivial.
(ii) Any essential 2-edge-cut of G/, must contain e,.

Thus e, = v{v} € E(G, ), where v] denotes the vertex of the contraction image in G, that contains v;. If ess'(G,) > 3,
then G, satisfies the hypotheses of Theorem 3.2, and so by (16), G, is collapsible. By Theorems 2.1(iii) and 5.5(i), G is
collapsible, contrary to (16). Hence

G, has an essential edge cut X with [X| = 2. a7

By Claim 4(i), we may assume that X = {vjv}, wiw,} for some vertices wy, w, € V(G.). Let Ly, L, be the two
components of G — (E(C') U {wqw,}) and we assume that for i € {1, 2}, w;, x;, ¥; € V(L;). Thus |V(L;)| > 2 where equality
holds if and only if w; € {x;, y;}. By symmetry, assume that |E(L; — {w1, X1, y1})| > |E(Ly — {w3, X2, y2})|. Throughout the
rest of the proof, B’ denotes the block of G/, with e, € E(B').

(2C) Each of the following holds.
(i) Any vertex v € D,(B’) — Do(G) must be adjacent to e, and |D,(B')| < 4.
(i) [{v], vy} NDy(B') < 1.

10
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As (2C)(i) follows from |D,(G)| < 2, it suffices to show (2C)(ii). Suppose dy(v}) = dp(v}) = 2. Let Egy(v]) = {eug, ez},
Eg(v)) = {evé, e:}. By (2B)(i), {e,/l, evé} cannot be an essential 2-edge-cut of B, and so G[{v]v}, ey evé}] is a 3-cycle,

contrary to (2B)(i).

(2D) Each of the following holds.
(1) |E(Ly — {w1, x1,y1})| #0.

(i) [E(Ly — {w2, X2, y2})| = 0.

(iii) x;, y;, w; are mutually distinct.

Suppose |E(L; — {wz, X2, ¥2})l = |E(L1 — {w1,x1,¥1})] = 0. Since G is reduced, it cannot contain Ky, as a sub-
graph, and so we must have V(Ly) — {wo, X2, 2} < D,(G). Furthermore, |V(Ly) — {w2, X2, ¥2}| = |D2(G)] = 2 by
[D2(G)| < 2. Then V(Ly) — {wy,x1,¥1} € D3(G) and |V(Ly) — {w1, X1, y1}1 = 2. Let {u, v} € V(L) — {w1, %1, y1}. Then
Gl{x1x2, X2y1, UX1, Uy1, VX1, VY1, Uws, vw1}] is a Ky 3, a contradiction. This proves (2D)(i).

Hence Ly — {ws, X1, y1} must contain an edge e; = Zz;z,. To prove (2D)(ii), assume that L, — {w, X2, ¥>} has an
edge e, = z/z). As k(G) > 2, G has a cycle (; containing e; and e,. By the choice of e; and e, |E(C;)| > 8.
Moreover, if |[E(C;)NE(C')] = 1, then C;AC’ is a cycle of length |E(C;)| + 2 > 8. Since ¢(G) < 8, we may assume
that C; = z1z3y1Y2252;X2X12] is a cycle of length 8. Again by «(G) > 2, G has a cycle C; containing z;z5 and w;w,. We
may assume by symmetry that C] has a w;zj-path Q; not containing z; and a w,z}-path Q, not containing z;. But then
G contains a cycle containing e; and e;, and intersecting C’ at only one edge, implying the existence of a cycle of length
at least 9 in G, contrary to ¢(G) < 8. This proves (2D)(ii).

As Xy # y,, we first assume that wy € {xy,y2} (say wy = ¥»). Since G is reduced and since E(L,) # @, there must
be a vertex w € V(L) — {x;,y,} satisfying wx,, wy, € E(G). Then w € D,(G), and G,[{v}, w}] contains a 2-cycle,
and so dg (v;) = 2. By (2B)(ii), ess'(G};) > 3, contrary to (17). This proves that [{wy, X5, ¥2}| = 3. Next, as x; # y1,
we assume that w; € {x1,y1} (say w; = yp). If there exists u € V(L) — {x2,y2, wy} such that dg(u) = 3, then
G [u, vy, v5] is a 3-cycle, a collapsible subgraph containing e,, contrary to (B)(i). Hence V(L,) — {x2,¥2, w2} S Da(G),
and so |V(Ly) — {x2,y2, wa}| < |D2(G)| < 2. This implies that D, C V(L,). As every vertex in V(L) — {x2, y2, w}
must be adjacent to two vertices in {x,, y2, wy}, that |V(Ly) — {x2,¥2, wy}| = 1 would imply that |D,(G)| > 2. Hence
[V(Ly) — {x2,¥2, wa}| = [D2(G)| = 2. Let {u, v} = V(L)—{x2, y2, wa} = D2(G). We may assume {ux;, uw-,, vy,, vw,} € E(G).
Let G; = G[V(G) — {u, v, wy}]. Then G, satisfies the hypotheses of Theorem 3.2, and so by (16), G; is collapsible. By
Theorem 2.1, G is also collapsible, contrary to (16). This completes the proof of (2D).

By (2D)(i), in the rest of the arguments, we assume that z, z, € V(L; — {w1, X1, ¥1}) such that z{z) € E(L;).

(2E) c(B') < 6.

Let H be the block of G, with e, € E(H). Choose a longest cycle C in H such that |{e,} N E(C)| is maximized. By
contradiction, assume that |E(C)| > 7. If e, € E(C), then we may assume that G[E(C — e, )] is an x;x,-path in G. It follows
that G[E(C — e;) U {x1¥2, ¥2¥1, Y1X2}] is a cycle of G with length at least 9, contrary to ¢(G) < 8. Hence e, is not on any
longest cycle of H, and so [{v1, v} NV(C)| < 1.

Suppose |[{vy, v2} NV(C)| = 0. As k(H) > 2, for j € {1, 2}, H contains disjoint vl-ul-j—path Pj’ such that u;,, u;, are distinct
vertices of C and V(Pj/) N V(C) = u;. By symmetry, we may assume G[E(P{)] is an x;u;-path P;. Since [E(C)| > 7, C
contains an u;, u;,-path P3 such that |E(P3)| > 4. Therefore u; P3[u;,, uj, Ju;, Py " [X2, uj, [%2y1y2x1P1[x1, uj, Juj, is a cycle of G
with length at least 9, contrary to ¢(G) < 8. Hence |{vq, v2} N V(C)| = 1. By (2D)(ii), we have {vq, v,} N V(C) = {v4}. By
k(H) > 2, H — vq contains a vyu-path P4 such that V(P4) N V(C — vy) = {ui}. By definition of Ly, u, € V(L;). By (2D)(iii),
|[V(P4)| > 3. As e, is not on any longest cycle of H, replacing edges in a viu-path on C by E(P4) U {e;} will not result in
a longest cycle of H, and so |E(C)| = 8. If x1, y1 € V(G[E(C)]), then G[E(C) U {x1x2, X2¥1}] is a cycle of length at least 9, a
contradiction. Hence we may assume that V(C’) N V(G[E(C)]) = {x;}. By symmetry, we assume that P4 is a y,u,-path in
G. Let Ps be a longest x ug-path on C with |E(Ps)| > 4. It follows that x1x,y1y2P4[y2, uk]ukPS’][xL ug]xq is a cycle of G with
length at least 9. This proves (2E).

(2F) |V(L2) — {x2,y2, wp}| < 1.

Suppose V(L) — {x2,y2, wy} contains two vertices ay, a; with dg(a;) > dg(v) for any v € V(Ly) — {x2,y2, wo}. If
V(Ly) — {x2, y2, w2} € Dy(G), then V(Ly) — {X2, Y2, w2} = {ay, a;} and {ay, az} € Ng(w-). Assume aix, € E(G) by symmetry.
Suppose first that {x;, y1} is a vertex-cut of G and let S" be the (x;, y1)-component contained in L;. Then G[E(S") U E(C")]
satisfies each hypotheses of Theorem 3.2, whence by (16), G[E(S") U E(C’)] is collapsible, contrary to the assumption that
G is reduced. Hence {x;, y1} is not a vertex-cut of G, and so G — y; has two internally disjoint z;a;-paths. Thus Ly — {y}
contains internally disjoint z;x;-path Q and zjw;-path Q’. It follows that z{z/Q’[Z}, w1]w1w2a1x2y1y2x1Q“[z§, x1lz} is a
cycle of length at least 9, contrary to c(G) < 8.

Hence dg(a1) > 3 and {aix;, a1y, aywz} < E(G). Since «(G) > 2, G contains a cycle C” with z2}, a;w, € E(C"). As
{z,25} N {x1,¥1, w1} = @, C” must use at least 3 edges in E(L;) and two edges incident with a;, and so [E(C")| > 7.
By c(G) < 8, it follows that |[V(C”)NV(C')| = 2 and |[E(C")NE(C’)] = 1. Hence C”"AC’ is a cycle of length at least 9, a
contradiction to the assumption ¢(G) < 8. This proves (2F).

By (2F), we use a to denote the possible vertex in V(L) — {x2, y2, w2}. By (2D), (2F) and by |D,(G)| < 2, we conclude
that L, must contain one of the following graphs Hj, (1 < i < 5), depicted in Fig. 2, as a subgraph.

11
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Z1 Z2 1 Z2 1 €2 Z1 €2 T1 x2
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S]]

Fig. 2. The possible subgraphs in L,.

S b T
b !
Fs , ba 7 Y2
boe ! !
be bs
q2 w1 Wo
Fl, if G;§K273. F27if G{n—gKl,l,l-

Fig. 3. The two possible structures of G.

(2G) None of Hy, Hy, Hy can be a subgraph of L,.

By contradiction, suppose that L, contains H’ € {Hy, Hz, Hs4} as a subgraph. Then we have |D,(B')| < 3 and dg(v}) = 2.
By (2E), c(B') < 6. If [D,(B’)| < 2, then by Lemma 4.4 and Observation 5.1(i), B" is collapsible, contrary to (B)(i). Hence we
may assume |D,(G,, )| = 3 and H’' # H,, and so by (2C)(i) dg(v}) = dg(v}) = 2, contrary to (2C) (ii).

By (2G), either H; or Hs is a subgraph of L,. If [Dy(B)] = 4, then by (2C)(i), dg(v]) = dp(vy) = 2, violating
(2C)(ii). This implies that [D,(B')] = 3, dg(v5) = 2 and dp(v}) > 3. Let G; be a graph contains Hs as a subgraph, and
Gy = Gy — a+ x,w; + Yow,. Then G, is obtained from G; by replacing H3 by Hs and so ¢(Gy) > ¢(G,). It is suffice to show
¢(Gy) = 9 to complete the proof of Claim 4. Hence we may assume that G contains Hs as a subgraph.

(2H) B’ = G,.

Assume that G/, — v}, has a block B” # B'. Then by (2D), V(B") N V(B") = {v}}. If follows that H” = G[E(B") U E(C")] is
also a 2-edge-connected subgraph of G. As |D,(B')| = 3, D2(G) N V(H”) = @, and so Dy(H”) = {x,, y»}. Furthermore, any
edge-cut of B” not intersecting E(C’) is also an edge-cut of G, and any edge-cut of B” intersecting C must be either the
two edges incident with x;, or y,, or of size at least 3. Hence ess’(B”) > 3. Since c(H”) < ¢(G) < 8, it follows by (16) that
H” is collapsible, contrary to the assumption that G is reduced. This proves (2H).

By (2E) and (2H), c(G,) = c(B) < 6. It follows by Lemma 4.4, Observation 5.1 and |D,(B’)] < 3 that G, €
{Ka3, K13(1, 1, 1)}

By |D,(G)| < 2, (2C) and the structures of K, 3 and Kj 5(1, 1, 1), G, contains only one maximal nontrivial collapsible
subgraph S; with vy € V(S7) in each of these two cases. Hence G must have one of the following structures.

In the following, we adopt the notation in Fig. 3, and so S denotes the preimage of S;, D2(G) = {q1, g2} and b3 € Ny, (x1),
by € Ni,(y1) in both of Fy, F5, Ng(q1) = {b1, w1} in F; and Ni,(q1) = {b1, bs} in F, N;,(w1) = {q1, ¢z} in F; and
N, (w1) = {q2, bs} in F>.

Suppose that G has structure F,. By symmetry we may assume that dg(b1, x1) < dg(b1, y1). Let Pg be a shortest byx;-path
in S. Then x1x,y1y,wow1bsbgq1b1Pg[by, X11x1 is a cycle of G with length at least 10, contrary to ¢(G) < 8. Hence G must
have structure Fj.

(2I) by # bg and {by, by} N {x1,y1} = 0.

If b3 = by, then G[{b3x1, b3y, waXxa, woy,} UE(C))] = K33 is collapsible, contrary to the assumption that G is reduced.
Thus b3 ;é b4.

Assume that {bq, bo} N {x1,y1} # @. Then by symmetry we assume that b; = x;. Let C; = y1x,w,¥2y;. Using the
notation in Definition 5.4, we let e, be the new edge in G(c,), the 7(C;)-reduction of G, and B” be the block of G;(Cl)
containing e/,. As |D,(G)| < 2 and by applying (2C) and (2E) to Gy (c,) with B” replacing B’, we observe that |[D,(B")| < 3
and c(B") < 6.

Let G}, be the reduction of Gy c,), vo be the vertex onto which the collapsible subgraph of G(c,) containing x; is
contracted. If dG;T(C])(v) = 2, then qqv € E(G;z(cl)) with dG;r(C (q1) = do  (v) = 2. As c¢(B”") < 6, by Lemma 4.4 and

A
1) 7(Cq)
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Ziq 2t Zig

Fig. 4. Proof of Claim 7.

Observation 5.1, B” is collapsible, and so is G;r(m' Hence by Theorems 2.1(iii) and 5.5(i), G is collapsible, contrary to (16).
Hence dg  (v) = 3, and so by (2C), [Dy(B")| < 2. As c(B") < 6, by Lemma 4.4 and Observation 5.1(i), B" is collapsible,
S

which implies that G is collapsible, contrary to (16). This proves that {by, by} N {x1, y1} = @ and so (2I) is justified.

Let Py be a longest byvq-path contained in Sy. By (21), {b1, b2} N {x1,¥1} = ¥, and so |E(Py)| > 1. Suppose |E(Pg)| = 1.
Let By be the block of S; which contains Py and e,, e, be two edges incident with b; in By. Since any longest b;v;-path in
51 has length 1, by g(G) > 4, we may assume that e, = b1x; and e, = b1y, in G. Then G[{b1, X1, ¥1, X2¥2, w2}] = K33 is
collapsible, contrary to the assumption that G is reduced. Hence |E(Py)| > 2. By symmetry, we may assume G[E(Pg)] is a
b1, x1-path Pg. Thus x1x,y1y2wow1 q1b1Pg[b1, x11x1 is a cycle of G of length at least 9, contrary to ¢(G) < 8. This completes
the proof of Claim 4.

Let ¢ = ¢(G) and C = z12,...z.z1 be a longest cycle of G. As C is longest, for z;, z; € V(C) with 1 <i < j < ¢, we have:

any (z;, zj)-path in G internally disjoint from V(C) has length at most dc(z;, z). (18)

Claim 5. |E(G[V(C)]) — E(C)| <2 and V(G) — V(C) # 0.

Suppose there exist three edges ey, e;,e3 € E(G[V(C)]) — E(C). If ¢(G) = 7, then as g(G) > 4, G[E(C) U {e1}]
contains a reducible 4-cycle, contrary to Claim 4(iii). Hence ¢(G) = 8. By Claim 4(iii), we must have {eq, e;, e3} C
{z12zs, 2226, 2327, 24Zg}. This forces that E(C)U{eq, e,, e3} contains a reducible 4-cycle, which is also contrary to Claim 4(iii).
Hence E(G[V(C)]) — E(C)|< 2. Since |D,(G)| < 2, we must have V(G) — V(C) # @. This proves Claim 5.

Claim 6. There exists v € V(G) — V(C) such that dg(v) > 3.

Suppose dg(v) = 2 for any v € V(G) — V(C). Then |V(G)—V(C)| < |D2(G)] < 2, and so there exists ziz; €
E[G(V(C))] — E(C) where 1 < i < j < c¢. As [V(C)| = 7 would imply that G[E(C) U {z;iz;}] contains a reducible 4-cycle,
violating Claim 4(iii), we must have ¢ = 8, and so by |D,(G)| < 2 and Claim 5, |E(G[V(C)]) — E(C)| = 2. It follows by
V(G)—V(C) € D,(G) that [V(G) — V(C)| = 2. Suppose that E[G(V(C))]-E(C) = {z,z;,, zi,2, }, V(G)—V(C) = D2(G) = {u, v}
and uz, uzj, vz;,, vzi; € E(G). Since G is reduced and by Claim 4(iii), each pair of vertices in {z;,, z;,, zi,, z;,} must
have distance 2 on C, and so we may assume i; = 1,i3 = 3,i; = 5,i; = 7. Then by Claim 4 (iii), we must have
{{is, i}, {i7, is}} = {{2, 6}, {4, 8}}. It follows that G = P(10)". This implies that ¢(G) = 9, contrary to c(G) = 8, and so
Claim 6 follows (see Fig. 4).

Claim 7. There exists a vertex v € V(G) — V(C) such that there are three internally disjoint vzij—path P; where z; € V(C) and
V(P NV(C) = {z;} forj € {1, 2, 3}

By Claim 6, there exists a vertex u € V(G)—V/(C) with dg(u) > 3. As x(G) > 2, G contains a uz; -path Q; and a uz;,-path
Q2 with z;; # z;,, V(Q1)NV(Q2) = {u} and for j € {1, 2}, V(Q;)NV(C) = {z;}. Let f; be the edge in Q; incident with z;,. Since
dg(u) > 3, there exists an edge uw € E(G) — E(Q1) UE(Qy). If w € V(C), then done. Assume that w ¢ V(C). As ess'(G) > 3,
G — {f1, f2} has a uz,-path Q3 with V(Q3) N V(C) = {z:}. We may assume that V(Q3) N V(Q1) U V(Qz) — (V(C) U {u}) # 9,
as otherwise the claim holds. Let v € V(Q3) N V(Q1) U V(Q2) — (V(C) U {u}) such that for j € {1, 2}, if v € V(Q;), then
V(Qjlv, z,-j]) NV(Qs) € V(C)U {v}. Assume that v € V(Q;). Let Py = Qi[v, 7,1, P, = Ql‘l[v, ulQo[u, z;,] and P3 = Q3[v, z].
Then Py, P,, P53 are the paths satisfying the claim. This justifies Claim 7.

Let v € V(G) — V(C) and P; be vz;-path where z; € V(G) and V(P;)) N V(C) = {z;} for j € {1, 2, 3}. By Claim 7, there

exists a vertex v € V(G) — V(C) and three internally disjoint vz;-paths P;, j € {1, 2, 3}, with V(P;) N V(C) = {z;}. We label
the P;’s so that |E(P;)| < |E(P;)| < |E(P3)l.

Claim 8. Each of the following holds.

(l) |{zilszi2azi3}| <3 |E(P2)| >2 and |E(P3)| <3

(it) If |[E(P1)| > 2, then |E(P1)| = |E(P,)| = |E(P3)| = 2.
(iii) If [E(P1)| = 1, then z;, = z;,.

Assume by contradiction that |{z;,, z;,, zi,}| = 3. If |[E(P,)| > 2, then by (18), we have 8 > ¢(G) > dc(z;,z,) +

dc(ziy, ziy)+dc(ziy, zi,) = 3+ 4+ 3 = 10, a contradiction. Thus we may assume that [E(P,)| = 1. Then no matter whether
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|[E(P3)| = 2 or |[E(P3)| = 1, as G is reduced and c(G) < 8 and by (18), either P; or P, is always in a reducible 4-cycle of G,
contrary to Claim 4(iii). Hence |{z;,, z;,, i, }| < 3. Next we assume that |E(P;)| = |E(P;)| = 1. As g(G) > 4, we cannot have
Zj, = z;,, and so by the symmetry between P; and P,, we may assume that z;, = z;,. By g(G) > 4, we have |E(P3)| > 3.
If E(P3)|= 3, then E(P;) U E(P3) induces a reducible 4-cycle of G, contrary to Claim 4(iii). Hence |E(P3)| > 4. But then
E(P3) U E(P,) induces a path of length at least 5 with both ends on V(C), contrary to (18). This proves that |E(P,)| > 2. If
|[E(P3)| > 4, then for some j e {1, 2}, E(P3) U E(P;) induces a path of length at least 5 with end vertices on V(C), contrary
0 (18), and so (i) is justified.

Now assume that [E(P;)| > 2. Then for j € {2, 3}, E(P;) UE(P;) is either a cycle or a path. If E(P;) U E(P;) is a path, then
both ends of this path are on V(C). As c(G) < 8, 4 < 2|E(P1)| < [E(P1) UE(P;)| < 4, implying |E(P1)| = |E(P;)| = 2, and so
we may assume that j = 2 and E(P;) U E(P;) is a cycle. But then, E(P,) U E(P3) is a path with both ends of it on V(C). As
¢(G) < 8, we also have |E(P,)| = |E(P3)| = 2, and so (ii) follows.

Assume that |[E(P;)| = 1. If z;, = z; for some j € {2, 3}. Then as g(G) > 4, we have |E(P3)| > |E(P;)| > 3. It follows by
Claim 8(i) that E(P3) U E(P,) induces a path of length at least 5 with both ends on V(C), contrary to (18). Hence we must
have z;, = z;,. This completes the proof of the claim.

By Claim 8, we may assume z;, = z;,, and there exist vertices u? e V(P3) — {v, z;,} and u? e V(Py) — {v, z;;} such that
{vu?, vu®} C E(G). By (18), |[V(P1)| < 3. Let p be the possible vertex of P; such that p ¢ {v, z;,}.

Claim 9. Each of the following holds.
(i) For j € {2, 3}, if [E(P})| = 2, then i € Dy(G).
(ii) Dy(G) = {u?, v?).

Letj € {j,j'} = {2,3} and dg() >
wz-path P4 with V(P, — /) N (V(C) U
that z € V(P]) 0] V(Pz) U V(P3)

Assume that |E(P;)| = 2. As g(G) > 4 and ¢(G) < 8, either z = z;,, |[E(P4)| = 1 and |E(P;)| = 2, whence vpzidv is a
reducible 4-cycle of G, contrary to Claim 4(iii); or z = z;,, |[E(P4)| > 2, whence Py|z;,, v]vujP4[uj, z] is a path of length at
least 5 with end vertices on V(C), contrary to (18); or z = z;, and |E(P4)| > 3 whence P4[z;,, WP [v, z;,] is a path of
length at least 5 with end vertices on V(C), contrary to (18). This proves (i).

If |[E(P3)| = 2, then by Claim 8, |E(P;)| = |E(P3)| = 2, and so Claim 9(i) implies (ii). Thus we assume that |E(P3)| = 3
to show that u® € D,(G). By (18), |[E(P;)| = 1. If z = zj,, then by g(G) > 4 and by Claim 4(iii), |[E(P4)| > 3. It follows that
P3[z;,, 3P4 [u3, z;,] is a path of length at least 5 with end vertices on V(C), contrary to (18). This proves (ii), as well as
Claim 9.

We now complete the proof of Theorem 3.2 by finding a contradiction. If there exists a vertex v’ € V(G) — V(C) U
{v, u, w}, then by Claim 9, dg(v’) > 3. Applying Claims 6-9 to the case when v is replaced by v/, we are led to the
conclusion that v" must be adjacent to both vertices in D,(G). It follows that for j € {2, 3}, the vertex ¥ must be
adjacent to distinct vertices v, v’ and a vertex in V(P;) — {v}, contrary to the fact that ¥/ e D,(G). Hence we must have
V(G) = V(C)U{v, u?, u?}. As D»(G) = {u?, u®}, we must have |E(G[V(C)]) — E(C)| > 3, contrary to Claim 5. This completes
the proof of the theorem. ®

) > 2, v is adjacent to a vertex q € V(G) — V(P;) such that ¥/q is on a

3. By «(G
V(P;) U V(P,) U V(P3)) = {z}. By Claim 8 with v being replaced by 1/, we conclude
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