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Abstract

A matroid M with a distinguished element ey € E (M) is a rooted matroid with eg
being the root. We present a characterization of all connected binary rooted matroids
whose root lies in at most three circuits, and a characterization of all connected binary
rooted matroids whose root lies in all but at most three circuits. While there exist
infinitely many such matroids, the number of serial reductions of such matroids is
finite. In particular, we find two finite families of binary matroids M and M, and
prove the following. (i) For some eg € E(M), M has at most three circuits containing
eo if and only if the serial reduction of M is isomorphic to a member in M. (ii) If
for some ey € E(M), M has at most three circuits not containing eg if and only if the
serial reduction of M is isomorphic to a member in M. These characterizations will
be applied to show that every connected binary matroid M with at least four circuits
has a I-hamiltonian circuit graph.

Keywords Excluded minor characterizations - Matroid circuit graph - Hamiltonian -
1-hamiltonian

B Hong-Jian Lai
hjlai@math.wvu.edu

Ping Li
pingli@bjtu.edu.cn

Lan Wang
wanglan51@126.com

Yang Wu

wuyang850228 @hotmail.com

Department of Mathematics, Beijing Jiaotong University, Beijing 100044,
People’s Republic of China

Department of Mathematics, Mudanjiang Normal University, Mudanjiang 157011,
People’s Republic of China

3 Department of Mathematics, West Virginia University, Morgantown, WV 26506, USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10878-019-00426-w&domain=pdf
http://orcid.org/0000-0001-7698-2125

888 Journal of Combinatorial Optimization (2019) 38:887-910

1 The problem

Matroids and graphs considered in this paper are finite. We follow the notations and
terminology in Bondy and Murty (2008) for graphs and Oxley (2011) for matroids
except otherwise defined. As in Bondy and Murty (2008), «(G), §(G) denote the
connectivity and minimum degree of a graph G. For a matroid M, let C(M) and ry
denote the collection of circuits and the rank function of M, respectively. Following
(Oxley 2011), a matroid M is connected if for any pair of distinct elements e, ¢’ €
E (M), there exists a circuit C € C(M) with e, ¢’ € C. Throughout this paper, for
any edge subset X C E(G) of a graph G, X denotes an edge subset as well as the
subgraph G[X] induced by the edge subset X. Following matroid terminology, if G is
a graph and M = M(G) is the cycle matroid of M, any edge subset Z (as well as the
subgraph G[Z] induced by Z) will be called a circuit if Z € C(M(G)). Leth > 0 be
an integer. If Z € C(M) with |Z| = h, we often call Z an h-circuit of M.

The distribution of circuits in a graph or a matroid has been studied by quite a few
researchers. Murty (1971a) initially characterized all connected binary matroids with
exactly one circuit length. Lemos et al. (2011) extended Murty’s result by successfully
characterizing all connected binary matroids with at most two circuit lengths. It is
indicated in Lemos et al. (2011) that it is difficult to characterize the matroids having a
particular circuit-spectrum set even when the set is small and the matroids belong to an
interesting class. Cordovil et al. (2009), and Junior and Lemos (2001) constructed all
matroids M whose circuit lengths are at most 5, and constructed all 3-connected binary
matroids M whose circuit lengths are in {3, 4, 5, 6, 7}. Bollobas (1978) presented a
characterization of all graphs with minimum degree at least 3 that do not have edge
disjoint circuits. He indicated that this characterization can be applied to imply a
slight extension of an earlier result of Erdos and Pdsa (1965). The corresponding
characterization of regular matroids without disjoint circuits is obtained in Fan et al.
(2010). In this paper, we consider the problem of determining all binary matroids with
an element lying in at most 3 circuits, as well as all binary matroids with an element
lying in all but at most three circuits. The main results of this paper, to be stated in
the next section after some of the terms are defined, are characterizations of such
matroids.

Li and Liu (2007, 2008, 2010) initiated the investigation of graphical properties of
matroid circuit graphs. Let M be a matroid, and let k > 0 be an integer. The circuit
graph G (M) of M has vertex set V(G (M)) = C(M). Two vertices Z, Z' € C(M) are
adjacent in G(M) if and only if |Z N Z’| > 1. As an application of our main results,
we prove that the circuit graph of a connected binary matroid with at least 4 circuits
is 1-hamiltonian.

In the next section, we introduce rooted matroids and present characterizations of
binary rooted matroids in which the root is in certain restricted number of circuits. An
application of the characterizations to 1-hamiltonian circuit graphs will be presented
in the last section.
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2 Binary matroids with an element in restricted number of circuits

The main purpose of this section is to characterize all connected binary rooted matroids
whose root is lying in at most three circuits, and all connected binary rooted matroids
whose root is lying in all but at most three circuits.

A matroid M with a distinguished element ey € E(M) is a rooted matroid with
eo being the root. We often use M (e() to emphasize the root ep. Two rooted matroids
M (ep) and N (fp) are isomorphic if ey corresponds to fy under the matroid isomor-
phism. When fj is not emphasized, we often just say that M or M (ep) is isomorphic
to N. Given a matroid M (ep), define Cpr o, = {C € C(M) : eg € C},

Fir=1{M = M(ep) : ICpm,epl <3}, and F>
={M = M(ep) : |IC(M)| — [Cp.e0| <3}, (D

Throughout this section, for fixed i € {1, 2}, if M is such a matroid that for any
eo € E(M), M(ep) is in F1, then we simply say that M € F; without indicating the
root.

Excluded minor characterizations will be developed in this section. Let F be a
collection of matroids. Define E X (F) to be the family of matroids such that M €
EX(F) if and only if M does not have a minor isomorphic to a member in F. When
F = {Ni, Na, ..., Ni} is a finite collection, we also use EX(Ny, N3, ..., Ny) for
EX({N1, Na, ..., Ni}). Following (Oxley 2011), F7 and F7* are the two binary vector
matroids F; = M>[I3|D] and Ff = M,[ DT |14], where

1 001 1 01 } (1) (1) (1) (1) 8 8
(ID1=]0 1 0 1 0 1 1| and[D7|l4)=
0010 1 11 01 1001 0
1 110 0 0 1
(2)

Let M and N be matroids. If for some element f € E(M), f lies in a 2-circuit of
M and M — f = N, then M is a single element parallel extension of N and N is a
single parallel deletion of M. If M is obtained from N by taking a finite number of
single element parallel extensions, then M is a parallel extension of N. If for some
element f € E(M), f lies in a 2-cocircuit of M and M/ f = N, then M is a single
element serial extension of N and N is a serial contraction of M. If M is obtained
from N by taking a finite number of single element serial extensions, then M is a serial
extension of N. A subset X € E(M) is a serial class if every pair of elements in X
form a cocircuit of M such that X is a maximal subset of E (M) with this property.

Proposition 2.1 (Li and Liu, Lemma 6 of Li and Liu (2008)) Suppose that e, e’ €
E(M) and {e, €'} € C(M*).

(i) For any element eq # €', |Cp.eol < 3 if and only if |Cpr /et eyl < 3; and |C(M)| —
ICM.eo| < 3ifand only if |C(M/e")| — [Cpyet el < 3.
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(ii) Consequently, if M is a serial extension of a matroid N, and if ey € E(N), then
ICu.eo| < 3 ifand only if [Cn ey < 3; and |[C(M)| — |Cpm.eo| < 3 if and only if
IC(N)| = ICNeol = 3.

2.1 Rooted matroid minors

Let M(eg) be a rooted matroid. A rooted minor of M (ep) is a rooted matroid
N = N (ep) such that for some disjoint subsets S, 7 € E(M —eg), N =M/S —T.
Proposition 2.1 can be slightly extended to Lemma 2.2 below, showing that the prop-
erties of satisfying |Cps.¢,| < 3 and of satisfying |[C(M)| — [Cpm.e,| < 3 are in fact
closed under taking rooted minors.

Lemma 2.2 Let M = M((eq) be a matroid rooted at e.

(1) If|CM,eol =< 3 thefor any x € E(M) — €0, |CM—x,eol =< 3.

(ii) IfICpm.eql < 3, the for any x € E(M) — e, |Cpjx,e0l < 3.
(iii) IfIC(M)|—|Cm el < 3, the forany x € E(M)—ep, [C(M —x)| = [Cp—x.e| < 3.
Av) IfIC(M)| — |Cm.eo| < 3, the for any x € E(M) — eo, |C(M /x)| = |Cpm/x,e0] < 3.

Proof Let M = M(eg) € Fi, and let x € E(M) — ep. By definition, |Cps,| < 3.
AsC(M — x) € C(M), we have Cyy—x ¢y € Cp.e,- Moreover, for any C € C(M —
X) — CM—x,e» a8 C(M — x) € C(M) and eg ¢ C, we have C € C(M) — Cp1,¢p,
implying that C(M — x) — Cpr—x,ep S C(M) — Cpr,¢,- Therefore, we have both
|CM—x,eo| = |CM,£’()| <3and |[C(M — x) — CM—x,eo| <IC(M) — CM,eo| < 3, and so
(i) and (iii) must hold.

We now prove (ii). As C(M /x) consists of the minimal members of {C — x : C €
C(M)}, for each C’ € Cpy/x, ¢, there exists a circuit C € Cpy,, With €' = C — x.
Thus the mapping f(C’) = C is injective. This implies that [Cps/x ¢y < [Car.e0| < 3,
and so (ii) holds. Similarly, for each C' € C(M/x) — Cp/x,¢,. there exists a C €
C(M) — Cpt,¢p with C’ = C — x. As the mapping from C’ to C is injective, it follows
that [C(M /x) — Cpryx,el < 1C(M) — Cpt,e0| < 3, implying (iv). m|

The following theorem of Brylawski and Seymour will be needed in our arguments.

Theorem 2.3 (Brylawski 1972 and Seymour 1977) Let N be a connected minor of
a connected matroid M. For any f € E(M) — E(N), one of M — f and M/ f is
connected and contains N as a minor.

Lemma 2.4 Let M, N be a connected matroids such that N is a minor of M, and let
eo € E(M) — E(N). Each of the following holds.

(1) Either |[E(M)| = |E(N)| 4+ 1, or M has a connected proper minor L with ey €
E (L) such that L contains N as a minor.
(i1) M (ep) contains a connected rooted minor L(eq) such that L(ep) — ey = N.

Proof As (ii) follows from (i), we argue by induction on |E(M)| to prove (i). By
assumption, |E(M)| > |[E(N)Ueg| = |[E(N)|+ 1. If |[E(M)| = |E(N)| + 1, then
L = M. Assume that |E(M)| > |E(N)| + 1 and the lemma holds for smaller values
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of |E(M)|. Pick f € E(M) — (E(N) U ep). By Theorem 2.3, either M — f or M/ f
is connected, contains eq as an element and N as a minor. Thus by induction, either
M — f or M/ f has a connected minor L with eyp € E(L) such that L contains N as
a minor. O

We need a few more notational conventions.

Notation 2.5 For an integerr > 0, let V (r, 2) denote the r-dimensional vector space
over the 2-element field G F (2). Suppose that M = M[ 1| D] is a binary matroid with

EM) = {e1,ea,...,en} such that, for | <i < m, e; is the label of the ith column
vector v; of [I,|D]. Then B = {ey, e2, ..., e;} is a basis of M and {vy, va, ..., v}
is the standard basis of V(r,2). For any nonzero vector v = (X1,X2,...,Xr) €
V(r,2) — {0},

S ={i:xi #0}and B(v) ={e; : 1 <i <randx; # 0}. 3)

Thus B(v) is the unique minimum subset of B such that the vectors {v} U {v; : ¢; €
B(v)} is a linearly dependent set in {vy, v2, ..., v, V} that contains v.

Using the notation in Definition 2.5, we have the following observations. Observa-
tion 2.6 follows immediately from the definition of a vector matroid and from (3).

Observation 2.6 Let M = M»[I,|D] denote a binary matroid.

(1) M is simple if and only if [I.| D] does not have an all zero column and does not
have two identical columns. Consequently, if M is simple, then for any j > r 41,
IS())l = 2.

(ii) For vectors wy, wy € V(r,2), B(wy) = B(wy) if and only if w1 = wy.

Observation 2.7 Let M = M;[1,|D] be a simple binary matroid, let v;,, vj,, ..., Vj,
be distinct column vectors of D, and suppose that {e;,, e;,, ..., e;,} € L(M). Let
v =v;, + Vi, + -+ v;,. Then the following are equivalent.

(1) B(v)U{e;y, ey, ..., e} isacircuit of M.
(i1) For any partition of the set {i1, i2, . .., i;} into two disjoint nonempty sets Ji and
Jo, we have S(Ziejl ;)N S(Zj612 vj) # 0.

Proof Let X = B(v) U {e;,, €y, ..., e, }and J = {iy, i, ..., it}. Since M is binary
and since v # 0, it follows by (3) that X is a disjoint union of circuits, and so there
exist disjoint circuits Cy, Ca, ..., Cy such that X = Ule C;.

Assume (i) holds. Then s = 1. To show (ii), we argue by contradiction and
assume that J can be partitioned into two disjoint nonempty sets J; and J, satis-
fying S(3_;cj vi) N S(Zjej2 vj) = 0. Letwy; = Y ;5 vi and wy = Zjeh v;j.
Since {¢;,, €i),...,€;,} € I(M), we have w; # 0 and wy # 0. By (3), each of
B(wy)U{e; : i € Ji} and B(wy) U {e; : i € Jo} is a disjoint union of circuits of M
contained in X, contrary to the assumption that s = 1. Hence (i) implies (ii).

We shall show that (ii) implies s = 1. By contradiction, we assume that s > 2.
Define J{ = {i : ¢; € Ci} and J; = {i : ¢; ¢ Ci}. Since B is a basis, we must
have J; = J]’ —{1,2,...,r} # . With a similar argument, we also have J, =
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Jy—{1,2,...,r} # . Since C; N (U]_,C;) = ¥, we have J, = J — Jj. Define
wy = Ziejl v; and wy = Zieh vi. By 3), B(wy) = {e; :i € JyN{1,2,...,r}}
and B(wy) = {e; :i € J;N{1,2,...,r}}. Thus forany 1 < j < r,if j € S(wy),
thene; € B(wy) C Cr;andif j € S(ws), thene; € B(wy) C X — Cy. It follows that

S(wy) N S(wz) = @, contrary to (ii). This shows that (ii) implies (i). O
Corollary 2.8 Suppose that M = M»[1,| D] is connected and simple such that D is an
r by m —r matrix withm —r > 3. If there exist distinct h, k, £ € {r +1,r+2, ..., m}
satisfying

S(ve) N S(vp) # B, S(ve) N S(ve) # P, and S(vp) N S(ve) = 9, (4)

then either B(vg+vp+vr)U{er, en, ex} € C(M) (iffve+vp+vi £ 0), or{en, ek, ee} €
C(M) (ifvg + vy + vx =0).

Proof Since M is simple, ey, i, e, are mutually distinct non-zero vectors, and so if
ve+vp+vr = 0,then{ey, e, e} € C(M). Hence we assume that {e,, e, e} ¢ C(M).
Again as M is simple, M contains no circuit of length at most 2, and so {ey,, ex, e¢} €
Z(M). For any partition of {ej, ek, e¢} into two nonempty pats J; and J;, (4) implies
that S(Ziejl ;)N S(Ziej2 v;) contains either S(vy) N S(vy) or S(ve) N S(vx). Hence
by Observation 2.7, Corollary 2.8 holds. 0O

As in Oxley (2011), for a basis B of M, for any e € E(M) — B, we let
Cy (e, B) denote the fundamental circuit of e with respect to B. For the given basis
B = {ey,e2,...,e}, define a graph H = Hp with V(H) being the fundamental
circuits of e, 41, ..., ey, with respect to B, such that two vertices of H are adjacent
if and only if the corresponding fundamental circuits have a non-empty intersection.
This graph H facilitates our arguments.

Observation 2.9 A binary matroid M = M;[1,|D] is connected if and only if M does
not have any coloop and Hp is connected for any B. Or in another words, each of the
following holds.

(i) Forany i € {1,2,...,r}, there must be a j € {r + 1,...,m} such that if
vj = (x1,X2,..., %), then x; = 1.

(ii) Ifthereexistdistincti, j € {r+1, ..., m}satisfying S(v;)NS(v;) = ¥, then there
mustbeaty, tp, ..., tx € {r+1,...,my—{i, j}, suchthat both S(v;)NS(v;,) # ¥,
SW)NS(y) #9, ..., S(uy_ ) N S(vy) #0, and S(vj) N S(vy) # D.

Proof For sufficiency, we assume the validity of (i)-(ii) to show that M has only
one component. Let H = Hp denote the graph defined right before this observation.
Condition (ii) indicates that H is connected. Let £ denote the component that contains
the fundamental circuit of e, with respect to the basis B. If E1 = E(M), then M is
connected. Assume to the contrary, that there exists an element ¢; € E(M) — E7.
Ifref{r+1,r+2,...,m}, then as H is connected, there exists a sequence of
fundamental circuits C1, C2, ..., C with respect to B such that cl = Cy(ers1, B)
and C* = Cy(e;, B), and such that C' N C'*! £ @, foreachi = 1,2,...0 — 1.
It follows that for each i = 1,2, ...£ — 1, elements in C! U C'*! are in the same
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component of M. Thus the elements in C¢ in particular e;, must be in £, contrary to
the assumption that e; € E(M) — E.

Hence we may assume that ¢t € {1, 2,...,r}. By (i), there must be an index j €
{r +1,...,m} such that if v; = (x1,x2,...,x,), then x, = 1. This implies that
e; € Cy(ej, B). By the connectedness of H, we once again conclude that e, must be
in E1, contrary to the assumption thate, € E(M) — E|.

For necessity, by definition, M does not have any coloop. We use contradiction to
show Hp is connected. Assume M is the minimum connected matroid such that Hp
is disconnected for some B. Then Hp has two components, say H; and H;. Similarly
arguing as above, M (H1) and M (H;) are connected. Also E(M (H1)) NE(M(H)) =
#and E(M(H;)) U E(M(H,)) = E(M). The contradiction justifies this necessity. O

Observation 2.10 In a binary matroid M = M>[1,|D], we denote D = (d;;) with
Il <i<randr+1=<j<m; andlet w; = (di¢+1),di(r+2)s - - -, dim) be the ith
row of D. Each of the following holds.

(i) Iffor somei € {1,2,...,r}, thereisani’ € {r +1,...,m} such that if d;j = 1
ifand only if j = i’, then {e;, ej} € C(M™).

(ii) Ifthere existdistincti, j € {1,2,...,r} satisfying w; = wj, thenthen {e;, e;} €
C(M™).
(iii) If there exist distinct i, j, k € {1,2,...,m} such that e;, ej, e; belong to the

same serial class of M, then M /e; = M>[I.—1|D1], where D is obtained from
D by deleting the ith row of D, is also a simple matroid.

(iv) If there exist distinct i, j € {1,2,...,m} such that e;, ej belong to the same
serial class of M, then M /e; = M3[I.—1|D1], where D is obtained from D by
deleting the ith row of D, is also a connected matroid.

Proof The justification of Observation 2.10 (i) and (ii) follow immediately from the
fact that the dual of M = M;[I.|D] is M* = MZ[DTllm_r], in which every pair
of identical columns form a cocircuit of M. The simpleness and the connectedness
of M/e; = M>[I.—1|D1] follow from Observation 2.6, and from Observation 2.9,
respectively. O

Definition 2.11 For an integer & > 0, we have the following definitions.

(i) Let K f be the loopless graph with 2 vertices and & parallel edges.

(i) Let K3 P3 be the loopless graph spanned by a 3-circuit Z = ujuu3u; such that
K3P3; — E(Z) is apath ujupus. Thus the edge uqu3 is the only edge in K3 P3 not
lying in a 2-circuit. For any serial extension of M (K3 P3), let [uju3] denote the
set of edges obtained by subdividing the edge ujuz € E(K3P3).

(iii) Let Z' = wjwowswaw; denote a a 4-circuit. Define C4M> to be the loopless
multigraph spanned by Z’ such that C4M> — E(Z’) is a matching with edges
{wiws, wiwya}; and C4 P4 to be the loopless graph spanned by Z’ such that C4 Py —
E(Z') is a path wiwyw3wy. Thus the edge wiwy is the only edge in C4 P4 not
lying in a 2-circuit. For any serial extension of M (C4 Py), let [wjw4] denote the
set of edges obtained by subdividing the edge wiws € E(Cy4Py).

(iv) Let Ls denote the graph with V(Ls) = {uy,u2,us,z1,22} and E(Ls) =
{urus, upusz, usuy, z1u1, z1u2, Zou2, zou3}. For any serial extension of M (Ls),

@ Springer



894 Journal of Combinatorial Optimization (2019) 38:887-910

(5% (%) w2 ws w9 w3 U
21 22
Uz Uy us w1 Wyq w1 Wy Uy us
K3 Ky Ps Cy Mo CyPy Ls

Fig. 1 Graphs in Definition 2.11

let [u1u3] denote the set of edges obtained by subdividing the edge uu3 € E(Ls)
(Fig. 1).

By definition, both Ls and C4M>; are serial extensions of K3 P3. It is routine to
verify the observations stated in Proposition 2.12 below.

Proposition 2.12 We shall use the notation in Definition 2.11. For a given graph G,
let M = M (G) denote its cycle matroids.

G) IfG € {Kz, Kg’, Kg}, and e is any edge in E(G), orif G = K3P3 and ¢y €
E(K3P3) — {uiuz), then |Cp eyl < 3. If G = K3P3 and ey = uju3, then
ICp(Ks3Py),uuz| = 4

i) IfG € {Kz, K;, Kg, K3 P53, C4My, K4}, and eq is any edge in E(G), orif G =
C4Pyand ey = wiwy, then |C(M)|—|Cp,eol < 3.If G = C4P4 and ey # wiwy,
then |C(M)| — ICi1.e0| = 4

(iii) If G is amember in {K?, K3 P3, C4M>}, and if G' is obtained from G by adding an
edge joining two distinct vertices in G, then for any edge ey € E(G), |Cp1,¢,| > 4.

(iv) If G is a member in {Kg, K3 P3, C4My, C4 Py, K4}, and if G' is obtained from G
by adding an edge joining two distinct vertices in G, then for any edge ey € E(G),
ICM)| = ICpeo| = 4

(V) If M € {M(K4), F7}, then forany e € E(M), |Cp .| > 4.

In the next lemma, we will follow the language of Notation 2.5.

Lemma 2.13 Let r > 4 be an integer and M = M»[I.|D] be a connected simple
binary matroid where D is an r by 3 matrix. Then M is isomorphic to M (Ls) if each
of the following holds.

(@) Sr+1) N S(r43) # 0 and S(vr42) N S(vr43) = 0.

(i) For any {e;, ej} € C(M*), M/e; is not simple.

Proof For j =r+1,r +2,r+3,denote v; = (x{,xJ,...,x/)7. By (i), S(v,43) N
S(vr42) = ¥, and so without loss of generality, we may assume that for some integers
s,s1,t,p withO <51 <s <t <t <r, V41, Vr42 and v,43 satisfy the following:

xf+3 =x§+3 =.xB=1 and)c;+3 =0if j >swith2 <s <r—2,
r42 _ r+2 _ r4+2 _ r+2 _ 0if i i _

X U= = _landxj =0ifj <twithr —1<t<vr,
r+l1 _ o+l r+1 _ r+l _ e :

Xg =X =Xy —landxj =0ifj <sjorj>n
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with0<s)<s<rtr<n<r.

Note that the assumed inequalities 2 < s < r —2andr — 1 < ¢t < r follow
from Observation 2.6, and the assumed inequalities s; < s < t < f; follow from
Observation 2.9.

Claim 1 We have these observations.

(@ 0<s1 <s=2 (Bysymmetry,t =r—1<t; <r.)
b) t=s5+1.
(c) s=2,t=3andr =4.

To justify Claim 1, we will use the fact M* = M,[DT |I3] and Observation 2.10. If
s > 3,theneithers; > 3 and {ey, e2, e,+3} is contained in a serial class of M,ors; <2
and {e>, e3} is contained in a serial glass of M. In either case, by Observation 2.10,
M /e is simple, contrary to Lemma 2.13 (ii). Hence 51 < s < 2. By Observation 2.6,
s = |S(vr43)] > 2 and so s = 2, and Claim 1(a) must hold.

Ifr > s+2,then{esy1, e,+1} € C*(M).By Observation2.9andass; <s <t <1,
it follows by Observation 2.6 that M /e is simple, contrary to Lemma 2.13 (ii). Hence
Claim 1(b) must hold.

By Claim 1(a) and (b), we have s = 2, = 3 and r = 4, and so (c) follows. This
proves Claim 1.

As a consequence of of Claim 1(c), D must be one of the following matrices:

1 0 O 1 1 0 1 0 0 1 1 0
1 1 0 1 1 0 1 1 0 1 1 0

be o 1 1’fo 1 1(°f0 1 10 1 1 )
0 0 1 0 0 1 0 1 1 0 1 1

It is routine to show that for any D in (5), M = M>[14|D] is always isomorphic to
M (Ls). O

By Observation 2.9, if m = r + 3, the graph Hp is either a K3 or a P3. This gives
us a bit more structural information of M. In the next lemma, we adopt the terms and
notation in Definition 2.11.

Lemma 2.14 Let M be a binary matroid withr = r(M) > 0 and |E(M)| > 2, and
let e € E(M) be an arbitrary element. For any serial extension of M (Ls), let [uju3]
denote the set of edges obtained by subdividing the edge uiuz € E(Ls). Each of the
following holds.

(1) IfM isloopless and coloopless with |E(M)| > r(M)+S5, then |C(M)—Cp .| > 4.
(ii) If M is connected and simple with |E(M)| > r(M) + 3, then |Cp .| > 4 if and
only if M is not isomorphic to a serial extension of M (Ls) with e ¢ [ujusz].

(iii) If M is connected and simple with |E(M)| > r(M)+4, then |C(M) —Cp 0| > 4,
unless M is a serial extension of M (C4Ps) and e is in the serial class obtained
from subdividing the only edge in Cyq Py that is not in a 2-circuit.

(iv) If M is connected and simple with |E(M)| > r(M)+3, then |C(M) —Cpm .| > 3,
unless M is a serial extension of M (K3 P3) and e is in the serial class obtained
from subdividing the only edge in K3 P3 that not in a 2-circuit.
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Proof (i) Since M is coloopless, e is not a coloop and so there exists a basis B € B(M)
such thate ¢ B. Leteq, 2, e3,e4 € E(M) — (B U ¢). Then the fundamental circuits
Cu(ei,B),1 <i < 4,areallin C(M) — Cp e, and so |C(M) — Cpm .| > 4. This
proves (i).

In the proofs for (ii)—(iv), we assume that M is a binary connected simple matroid.
Since M is connected, there exists a basis B € B(M) such that ¢ ¢ B. Thus we
may assume that for some r by (m — r) binary matrix D, M = M,[I,|D], E(M) =
{e1, e, ..., ey} such that ¢; is the label of the ith column vector v; of [I,|D] with
B ={ej,er,...,e;}and e € {ep41, ..., em}.

We are to argue by induction on r = r(M) to prove (ii). Since M is simple and
|[E(M)| > r + 3, we may assume that r > 3. If r = 3, then since M is simple, it
follows by Observation 2.6 that 6 < |E(M)| < 7, and so M € {M(K4), F7}. Now by
Proposition 2.12(v), for any e € E(M), |Cp1..| > 4. Therefore, we assume that r > 4
and Lemma 2.14(ii) holds for smaller values of r.

Since Ls is a serial extension of K3 Ps, it follows by Proposition 2.12 (i) that if
M is isomorphic to a serial extension of M (Ls) with e ¢ [uju3], then [Cpr.| < 3.1t
remains to prove the sufficiency of (ii). In the proof for (ii), we may assume thate = e,,;
and by Observation 2.9, there must be some j with r + 1 < j < m — 1 satisfying
S(m)NS(v;) # . We may assume that S (v, )NS (v, ;) # Bforl < j < jo <m—r.
If jo > 3, then by Observation 2.7, B(vy,) U {em}, B(vy + vpyj) U {em, ey},
(1 < j < 3)are 4 distinct circuits of M containing ¢,,. Hence we assume that jj < 2.

(ii-A) Suppose that jo = 2 and m —r > 4. Then forany j with3 < j <m —r,
S(vr4j) N S(vy) = ¥. By Observation 2.9, we may assume that S(v,43) N
S(p) = ¥ and S(vy41) N S(vy43) # B. By Observation 2.7, B(v,,) U {en},
B +vr4j)Ulem, ertj}, (1 < j < 2)are 3 distinct circuits of M containing
em. By Corollary 2.8, either B(vy, + vr41 + vr43) Ulem, €41, €r43} € Cure
or {em, er+1, €,43} € Cyre. Thus in this case, [Cps .| > 4.

(ii-B) Suppose that jo = 1 and m — r > 4. Then S(vy,) N S(vy4;) = P for j =
2,...,m—r — 1. By Observation 2.9, we assume that S(v,4+1) N S(v,43) # @
and S(v,42)NS(vr43) # B. By Observation 2.7, B(v,,,)U{en }, B(vy +vr41)U
{em, er+1} are distinct circuits of M containing e,,. By Corollary 2.8, either
By + vyt +vr43) Ufem, 1, er43}) € CM,e or {em, ery1, €r+3} € CM,e-
To show that |Cp .| > 4, we need to find an additional circuit containing e,,.

If S(vr41) N S(vy42) # @, then by Corollary 2.8, either B(vy,, + vy4+1 + vy42) U
{em,ert1,er12} € Cype OF {e, €11, €,12} € Cpre. Hence B(vy) U {en}, B(vm +
V1) Ufem, erq1}), either B(U +vr 41 +vr42)Ulem, erv1, er 12} 1 {em, er 11, €42},
and either B(vy, + vry1 + vp43) U {em, er 11, e, 13} of {en, er41, €43} are in CM,e,
and so [Cps.0| > 4.

Assume that S(v,41)NS(vy42) = Pand{en, er+1, €r+3} € Cpr.e- Then vy +vp41+
V43 = 0. As S NS (W41) # B, SN S (vy43) # Band S(u) NS (vy43) = B,
we must have S(vy41) = S(vy) U S(vr43). It follows that S(vy41) N S(vr42) 7# ¥ as
SWr43)NS(Wr42) € S(Wr41)NS(Vr42); and vy, +vp41 +vr42 # 0. By Corollary 2.8,
B(vm) Ufen}, B(um + vrg1) Ulem, ert1}s B(Um + vr1 + vr42) U fem, ert1, €742}
and {e;,, e,+1, e,+3} are in Cpy .. Thus [Cpr | > 4.
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Assume that S(vy41) N S(vr42) = @ and {en, er41, e,43} & Car... We are to apply
Observe 2.7 to show that B(vy+1+Vr+2+ V43 + V) U{er11, €442, €443, €m} € Cme-
Suppose we partition {r 41, r+2, r+3, m} into two non-empty subsets J; and J> with
m € J1.Ifr+1 € J, then S(ZiEJ1 v,-)ﬂS(ZieJ2 v;) contains either S (v, ) NS (vy41);
if J1 = {r+1, m}, then S(Zieh v;) ﬂS(ZiEJ2 v;) contains either S(v,41) N S(v,43);
if {r+1,m} C Jiand|{r+2, r+3}NJ;| = 1, then S(Z:ie]l v,~)ﬁS(ZiEJ2 v;) contains
either S(v,42) N S(vr+3). Inany case, SQQ_; 5, vi) NS iy, vi) # B. It follows by
Observation 2.7 that B(v,,)U{enn}, B(Vm +vr+1) Ulem, ert1}, BV 4+ Vr41+0r43)U
{em,erq1, erp3tand B(vy 41 +vp42+vr g3+ v)Ule 41, €442, €743, e} arein CM,e-
Thus [Cp.e| > 4.

(ii-C) Suppose that jo = 1 and m — r = 3. Recall that S(v,,,) N S(vy41) # ¥ and
S(vm) N S(vr42) = @. If M has a cocircuit {e;, e} such that M /e; is simple,
then by Observation 2.10, M /e; is also a connected simple binary matroid with
r(M/e;) <r(M)and|E(M/e;)| =r(M/e;)+ 3. It follows by induction that
ICh/e;el = 4 if and only if M /e; is not isomorphic to a serial extension of
M (Ls) with e € [uju3]. By Proposition 2.1, and since M is a serial extension
of M /e;, the conclusion of Lemma 2.14(ii) must hold. Hence we assume that
for any {e;, e;} € C(M*), M /e; is not simple. It follows by Lemma 2.13 that
M is isomorphic to M (Ls). This completes the proof for Lemma 2.14(ii).

To justify Lemma 2.14(iii) and (iv), we observe that
IC(M(Ls))| = 4. (6)

For a fixed element ¢ € E(M), if M — e is connected, then Lemma 2.14(iii) and (iv)
follow by (6) and by applying Lemma 2.14(ii) to M — e. Therefore, we may assume
that M — e has connected components M, M, ..., M. with ¢ > 2 such that

|E(M)| —r(My) = |[E(M2)| —r(M) = -+ = [E(M)| — r(M,).

Since M is connected, r(M — e¢) = r(M). Thus Zle |[E(M;)| = |[E(M — e)| =
|[E(M)|—1landr(M —e) =r(M) =) i_,r(M;),andso Y i_,(|E(M;)|—r(M;)) =
|E(M)| — r(M) — 1. Note that by matroid rank axioms, if for some i, |E(M;)| >
r(M;) + 1, then E(M;) € C(M); and that by matroid circuit axioms, if for some i,
|[E(M;)| > r(M;) + 2, then |C(M;)| > 3. These, together with [C(M) — Cpy .| =
[IC(M — e)| = Zic=1 |C(M;)], lead us to the following observations.

(iii-A) If |[E(M)| — r(M) > 5,then Y ;_,(|E(M;)| — r(M;)) > 4 and so |C(M) —
CM,e| = 4.

(iii-B) If [E(M)| — r(M) = 4, then as Y ;_,(|[E(M;)| — r(M;)) = 3, we conclude
that either |E(M;)| —r(M;) = 1fori = 1,2,3 and |E(M;)| — r(M;) = 0 for
i > 4, whence M is isomorphic to a serial extension of M (C4 P4) with e being
in the serial class obtained from subdividing the only edge in C4 P4 that is not
in a 2-circuit; or |[E(M]) —r(My) = 2, |E(M>)| —r (M) = 1,and |E(M;)| —
r(M;) = Ofori > 3,whence [C(M)—Cur.| > |C(M1)|+|C(M2)| > 3+1 = 4;
or |[E(My)| —r(M;) = 3, and |E(M;)| — r(M;) = 0 for i > 3, whence by
applying Lemma 2.14(ii) to M| and by (6), |C(M) — Cp.| = |C(M7)| = 4.
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(iv) If [E(M)| — r(M) = 3, then as ) ;_, (|[E(M;)| — r(M;)) = 2, we conclude
that either |E(M;)| — r(M;) = 1 fori = 1,2 and |E(M;)| — r(M;) = 0O for
i > 3, whence whence M is isomorphic to a serial extension of M (K3 P3) with
e being in the serial class obtained from subdividing the only edge in K3 P3
that is not in a 2-circuit; or |E(M1)| — r(M;) = 2, and |E(M;)| — r(M;) =0
fori > 2, whence |C(M) — Cpr.| > |C(M1)| > 3. This proves the lemma.

2.2 Graphic matroids

We in this subsections study the graphic matroid memberships of F; and F,. Let
G (ep) be a graph with a distinguished edge ep € E(G), and let M (eg) = M (G(ep))
denote the cycle matroid of G rooted at eg. Following (Oxley 2011), a matroid M is
planar if for some planar graph G, M = M(G) is the cycle matroid of G. The goal of
this subsection is to determine all rooted planar matroids M (eg) such that [Cps ¢, | < 3,
as well as all rooted planar matroids M (ep) such that [C(M)| — |Cas,e,] < 3.

Definition 2.15 Let M = M (ep) be a connected rooted matroid with (M) > 1.

(i) The serial reduction (a rooted serial reduction, respectively) of M is a matroid
obtained from M by repeatedly taking serial contractions (serial contractions of
elements in M — eq, respectively) until the contraction either is isomorphic to
U > or has no more 2-cocircuit left.

(i1) A rooted matroid M (ep) is a rooted serial extension of N (fp) if M is a serial
extension of N and ey is in the serial class of M that contains fp.

@iii) If r(M) = 1 orif r(M) > 2 and M contains no 2-cocircuits, then M is the serial
reduction of itself. In this case, we said that M is serially reduced.

Theorem 2.16 Let G be a planar graph with k (G) > 2, and let M = M(G). Each of
the following holds.

(i) For some ey € E(G), |Cp.eol < 3 if and only if the serial reduction of M is
isomorphic to M (H), where H is a member in {Kz, K23, Kg} and with eo being
an arbitrary edge in E(H), or H = K3 P3, with eq being any edge of K3 P3 lying
in a 2-circuit.

(ii) If for some eq € E(G), |C(M)| — |Cpm.e0| < 3 if and only if the serial reduction
of M is isomorphic to M (H), where H is a member in {K22, Kg’, Kg, K3 P3, K4}
with eqg being an arbitrary edge in E(H), or H = Cy4 Ps, with ey being the only
edge not lying in a 2-circuit.

Proof By Propositions 2.1 and 2.12 , it suffices to prove the necessity in (i) and (ii).
Let M’ denote the serial reduction of M = M (G). As a serial contraction in the cycle
matroid M (G) amounts to contracting one edge in an edge cut of size 2, we have
M’ = M(H) is also a cycle matroid of some planar graph H, where either H = K?
or H is 3-edge-connected. If H = K22, then done. Hence we assume that H # K222.
Hence «’(H) > 3. Since serial contraction does not reduce connectivity, we assume
that « (H) > 2 as well.
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(i) Suppose that for some eg € E(H), [Cpre,] < 3. By Lemma 2.2 and Proposi-
tion 2.12(v), we may assume that H does not have a K4-minor. Let Zj be a shortest
circuit in H with ey € Z. Since Z is shortest, every chord of Z; in H is parallel to
an edge of Zj. Let

s = |Zol, e9g = vsvy and Zg — eg = v v2...v5 denote the (v, vy)-path.

If 3> |V(H)| = |Zp| > 2, then by the assumption of |Cyy .,| < 3 and by Proposi-
tion 2.12 (i) and (iii), either H € {K3, K3} with e being any edge of H, or H = K3 P
with ep being any edge of K3 P3 lying in a 2-circuit.

Now we assume that |V (H)| > 4.

Claim1 |V(H)| = s. We may assume that |V(H)| > s. Let V(H) — V(Zy) =
wi, w2, ..., ws. Thent > 1. Ask/(H) > 3 and k(H) > 2, for each i with 1 <i < t,
there exist three edge-disjoint paths P!, Pzi and P3i, internally vertex disjoint from
V(Zy), joining w; to at least two distinct vertices in V (Zg). Since H is K4-minor-free,
|{z’i, zé, zg}| < 2;sincek(H) 2.2, we can choose these path so that |{z"1, zé, zg}| > 2.
Therefore, we may assume that 75, = 1’3. Let Py be the (z%, zé)-path in Zg that contains
eo. Since Pll, le and P31 are edge-disjoint paths, it follows that for each j € {2, 3},
there is a circuit Z7 C Py U Pl1 U P} containing e.

Ift > 2, then there exists a circuit Z'inH, containing ey and using at least one edge
in P12UP22UP32—(22UZ3). Itfollows that Zy, Z', 72, 73 are4 circuitsin H containing
eq, contrary to |Cpy e,| < 3. Thus we must have t = 1. Since s +t = |V (H)| > 4, we
must have s = 3, and so there exists a vertex 7 € V(Zg) — {z%, zé}. As k' (H) > 3,
there must be an edge ¢ € E(H) — (ZyU Z? U Z3) incident with z. Since k (H) > 2,
there must be a circuit Z' containing both ey and €, and so Zy, Z", Z*, Z* are 4
circuits in H containing e, contrary to |Cpf ¢, < 3.

Claim2 s € {2,3}. If s > 4. Since §(H) > 3, each v;, 1 <i <s — 1, is incident with
an edge e; in E(H) — Zy. Every e; should be parallel to an edge of Z, and there are
at least two such e/s, contrary to the assumption of |Cyy ¢y| < 3.

(ii) We argue by induction on |E(H)| to show that Theorem 2.16(ii) must hold. If
|E(H)| = 2, then we must have H = K%. We now assume that |E(H)| > 2 and
Theorem 2.16(i1) holds for graphs with fewer edges. Pick an edge x € E(G) and
x # eg. Let M" = M(H — x). Since ' (H) > 3, then M" is connected. By induction,
H—x e {KZ, K%, Kg, K3 P3, K4} with eg being an arbitrary edge in E(H — x), or
H —x = Cy4 Py, with e being the only edge not lying in a 2-circuit. Since |C(M (H))| —
ICM(H).ep) < 3, by some routine checking, H has to be a member in {K22, Kg}. O

2.3 Binary matroids

Let {f, f'} be a 2-circuit of a matroid L and let M = L — f’. We denote L = M/
and call L the parallel extension of M at f.

The main purpose of this subsection is to characterize all rooted binary matroids
M (ep) with |Cas,¢,| < 3, as well as all rooted binary matroids M (eg) with |[C(M)| —
|CM,e0| < 3.
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Let G be aconnected graph. If X, Y are subsets of V (G), then following the notation
of Bondy and Murty (2008), define

[X,Y]={xye E(G):x € Xand y € Y}, and 96(X) = [X, V(G) — X].

Thus [X, Y] is a minimal edge cut if and only if X N Y = @ and both G[X] and
G[Y] are connected subgraphs of G. Let v € V(G) be a vertex. Define Eg(v) =
[{v}, V(G) — {v}]. Let M = M (G) be the cycle matroid of G. If G is 2-connected,
then every edge cut [ X, V(G) — X] with both G[X] and G — X being connected is a
cocircuit of M(G).

Throughout the rest of this section, we define

N = {F7, M*(Ks), M(K5), (K3 3), M*(K33)}.

By definition, every matroid in N U {F7} is serially reduced, and contains K4 as a
minor. The next theorem is well known.

Theorem 2.17 (Kuratowski 1930 and Wagner 1937, see also Theorem 5.2.5 of Oxley
2011) A binary matroid M is in EX(N U {F7'}) if and only if M = M(G) is a cycle
matroid of a planar graph G.

Lemma 2.18 Let M be a connected matroid, N be a minor of M and eg € E(N). Each
of the following holds.

(i) If M € NU{F7}, then |Cp,¢,| > 4.
(ii) If M € N, then |C(M)| — |Cp.¢0| = 4
(iii) If a rooted binary matroid M (eqy) contains a rooted minor N (ep) € NU {F7* h
then M(eog) ¢ F1, if a rooted binary matroid M (ey) contains a rooted minor
N(eg) € N, then M(ey) ¢ F».

Proof For any M € N U {F;}, we have |[E(M)| — r(M) > 3. Hence Lemma 2.14
implies both Lemma 2.18(i) and (ii). Lemma 2.18(iii) follows from Lemma 2.2. 0O

Lemma 2.19 If M is a connected matroid and {f, f'} € C(M*), then M/ f is also
connected.

Proof Let G(M) denote the circuit graph of M. Then it is known that a coloopless
matroid M is connected if and only if G(M) is a connected graph. By a result of Li
and Liu (2008) (see Lemma 3.3(ii) in Section 3), G(M) = G(M/ f) and so M/ f is
connected if and only if M is connected. O

Proposition 2.20 Define N' = {M(K;), M(K3P3), M(K4), F7}. Let r > 3 be an
integer and define F (r) = {M : M is a connected simple binary matroid withr (M) =
r and |[E(M)| = r(M) + 3}. Define A = [I.|D], where D is an (0,1)-matrix of
dimension r by 3. We shall adopt the notation in Notation 2.5 and so for 1 <i < m,
e; is the label of the ith column vector v; of [I| D). For a fixed matroid M € F(r),
we have the following observations.
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(1) M = M»,[A] for some (0, 1)-matrix D with B = {e1, e, ..., e;} being a basis
of M.

(ii) Forany N € F(r), N is serially reduced if and only if r < 4 and D" does not
have a row vector with at most one nonzero entry and does not have two identical
columns.

(iii) M(K4) and FJ are the only serially reduced matroids in U,>3F (r).

(iv) If S(vi) N S(v;) = O holds for some distinct i, j € {r + 1,7 + 2,7 + 3}, then
either {ey11, er4+2, e,+3} € C(M) or M is not serially reduced.

(v) Every matroid M € U,>3F (r) is a serial extension of a matroid in N

(vi) Forany e € E(M), if M(e) is not a serial extension of M (K3 P3)(eo) where eq
is the only edge in K3 Ps3 lying in a single element parallel class, then |C(M) —
C’M,e| =3

(vii) Let M € F(r) and M™ be a single parallel extension of M. Then for any
eo € E(M™), [C(M1) = Cpp+ ol = 4.

To justify (ii), as N = My[I.| D], we have N* = MQ[DT|I3]. Since N is connected,
N* is also connected and so N* is loopless. It follows that N* does not have a zero
column. By definition, N is not serial educed if and only if N* has a circuit of size
2, which amounts to that [DT |I3] has two identical columns. As [DT|I3] is a (0, 1)-
matrix of dimension 3 by r 4+ 3 without a zero column, we observe that [DT|I5] does
not have two identical columns only if r < 4 and so (ii) must hold.

We apply (ii) to justify (iii), and assume that M is serially reduced and |E(M)| =
r+ 3 withr € {3,4}. By (ii), the matrix D does not have a row with only one nonzero
entry, and does not have two identical rows. By Observation 2.9, we may assume
without loss of generality that 1,2 € S(vy41), and subject to 1,2 € S(vy41), |S(v1)|
is maximized. If r = 3, then

1 0 1 0
D e 1 1,1 0 1 )
0 1 1 1

—_—O =

and so it is routine to show that M is isomorphic to M(K4). If r = 4, then |E(M)| =
r43 = 7. Since [DT |I3] is a 3 by 7 matrix without an all zero entry column, it follows
by definition that M* = F7, and so M = F.

To justify (iv), we may assume that S(vy41) NS (vr+3) = @. Thus by Observation 2.9,
S(Wr42) N S(ry1) # B and S(r42) N S(vr43) # D. If there exists ani € S(vr41) —
S(vr42), then the ith component of v, is the only nonzero entry of the ith row of the
matrix D. It follows by Observation 2.10 that {e;, e3+;} is a 2-cocircuit of M. Similarly,
i SWr43) — S(0r42) # Bor if S(v42) — (S(v41) U S(v,43)) # B, then M contains
a 2-cocircuit and so M is not serially reduced. Thus we may assume that S(vy42) =
S(r+1)US(vr43), whence vy 1 +vr42+v,43 = Oandso {ey 11, er42, er43} € C(M).
This proves (iv).

We are to justify (v). Let M € U,>3F(r). By (i), M = M;[I,|D]. Let M’ denote
the serial reduction of M. We argue by induction on r(M) to M’ € N'. By (iii), M is
not serially reduced, and so there must be a 2-cocircuit { f, f'} € C(M™*). If r = 3,
then M/ f is a connected matroid withr(M/f) =2 and |[E(M/ f)| —r(M/f) =3,
which must be the cycle matroid of a graph H with |V (H)| = 3. It follows that either
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M’ = M(K3P3) € N, or H is spanned by a K3 with 6 edges and a vertex of degree 2,
whence M’ = M(Kg) € N'. Hence we assume that v > 4. If there exists a 2-cocircuit
{f, f'} € C(M*) suchthat M f is simple, then as by Lemma 2.19, M/ f is connected,
we have M/ f € U,=3F (r). Thus by induction, the serial reduction of M/ f, (and so
M’), must be in N'. Therefore, we assume that

r>4and, if | f, f'} € C(M*), then M/ f is not simple. (8)

Then M/ f has two parallel elements ', f" and (M/ f) — f’ is simple and con-
nected. Also |[E((M ] f) — ) —r(M/f) — f') =2. Then (M/f) — [’ is a simple
connected matroid of corank 2. Hence (M f) — f' is a serial extension of M (K23)
without parallel elements. Therefore M is a serial extension of M (Ké1 ) or M(K3P3).

To justify (vi), we apply Lemma 2.14(iv) to obtain that |C(M) — Cp | = 3. To see
that |[C(M) — Cp.e| < 4, we again assume that B € B(M — e) C B(M) and so e €
{er11, 42, ery3}). We further assume that e = e, 3. For each C € C(M) — Cpp e,,5,
C — B # () and so either {e,+1, er42} N C = {e; 11}, or {er41, 42} N C = {42}
or{er+1, €42} NC = {e;11, ery2}. Accordingly, C € {B(vy+1) U{er+1}, B(vr42) U
{ert2}, B(vr41 + vr42) Ulerta, erq2}}. This proves (vi).

To prove (vii), let e € E(M™) — E(M). Then there exists an ¢’ € E(M) such
that {e, ¢’} € C(M™). If {eq, e} € C(M™), then by Lemma 2.14(iv), there are three
circuits in C(M+ — {eg, e(/)}). These, together with a circuit using in C(M™ — eg) using
ey, implies |C(MT) — Cpp+ o1 = 4. If {eo, €)} ¢ C(M™), then we may assume that
e € E(M—eg) and e, ¢’} € C(M™). Thus by Lemma 2.14(iv), there are three circuits
inC(M —{eg)) = C(M™ —{eg, e}). These, together with {e, ¢’} € C(M — ey), implies
|C(M) — Cpm.eol = 4. This proves (vii).

Definition 2.21 Suppose that N is a minor of M such that N is serially reduced. A
minor L of M is a maximum serial extension of N in M if N is a serial reduction of
L with |E(L)| maximized. We similarly define maximum rooted serial extensions in
a rooted matroid.

Define M| = {M(K3), M(K3), M(K3$), M(K3P3)}and M> = {M(K3), M(K3),
M(K3), M(K3P3), M(K4), M(C4Py), F5}.

Theorem 2.22 Let M be a binary matroid. Each of the following holds.

(i) There exists an eq € E(M) satisfying |Cp.e,| < 3 if and only if the rooted serial
reduction of M (eq) is isomorphic either to a member in M| — {M (K3 P3)} with
eg € E(M); or to M(K3 P3) with ey being any edge of K3 P3 lying in a 2-circuit.

(i1) Thereexistsaney € E(M) satisfying |C(M)|—ICm.e,| < 3 ifand only ifthe rooted
serial reduction of M (eg) is isomorphic either to a member in My — {M(C4Py)}
with eg € E(M); or to M(C4Ps) with ey being the only edge not lying in a
2-circuit.

Proof The sufficiencies of both (i) and (ii) follow from Proposition 2.1(ii), Proposi-
tion 2.12 and Proposition 2.20(vi). It remains to show the necessities.

Assume that M is a binary matroid with |[Cps ¢,| < 3. By Lemma 2.18, M (eg) €
EX(NU{F7}), and so by Theorem 2.17, M is isomorphic to the cycle matroid M (G)
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for a planar graph G. By Theorem 2.16, the rooted serial reduction of M (e) is iso-
morphic either to a member in {M(K22), M(K23), M(KE‘)} with eg € E(M); or to
M (K3 P3) with e being any edge of K3 P3 lying in a 2-circuit. This proves the neces-
sity of ().

Assume that M is a binary matroid with [C(M)| — |Cp,¢,| < 3. By Lemma 2.18,
M(ep) € EX(N). Suppose that M contains a minor isomorphic to F;. If M €
Ur>3F(r), then by Proposition 2.20(v), M is a serial extension of a matroid in
N = {M(Kg), M (K3P3), M(K4), F7}. Thus we conclude that if F7" is a minor of M,
then M is a serial extension of F7* Now assume that M (eg) € EX(NU F7*). Then by
Theorem 2.17, M is isomorphic to the cycle matroid M (G) for a planar graph G. By
Theorem 2.16, the rooted serial reduction of M (e() is isomorphic either to a member in
{M(K3), M(K3), M(K3), M(K3P3), M(K4), F} with eg € E(M); or to M(C4Py)
with eg being the only edge not lying in a 2-circuit. This proves the necessity of (ii). O

3 Application to 1-Hamiltonian circuit graphs of matroids

There have been many studies on the properties of graphs arising from matroids. In
Tutte (1965), Tutte defined a graph C (M) of a matorid M. The vertices of C (M) are
the circuits of M, where the two vertices in C(M) are adjacent if and only if they
are distinct circuits of the same connected line. Tutte (1965) showed that a matroid
M is connected if and only if C(M) is a connected graph. Maurer (1973a,b) defined
the base graph of a matroid. The vertices are the bases of M and two vertices are
adjacent if and only if the symmetric difference of these two bases is of cardinality
2. The graphical properties of the base graph of a matroid are discussed in Maurer
(1973a,b). Alspach and Liu (1989) studied the properties of paths and circuits in base
graphs of matroids. The connectivity of the base graph of matroids is investigated
by Liu (1988, 1990). The graphical properties of the matroid base graphs have also
been investigated by many other researchers, as seen in Harary and Plantholt (1989),
Holzman and Harary (1972), Li and Liu (2004), Liu and Zhang (2005), among others.

Li and Liu (2007, 2008, 2010) initiated the investigation of graphical properties of
matroid circuits graphs. Let M be a matroid, and let k > 0 be an integer. The circuit
graph G(M) of M has vertex set V(G(M)) = C(M). Two vertices Z, Z' € C(M)
are adjacent in G(M) if and only if |Z N Z’| > 1. For notational convenience, for a
circuit Z € C(M), we shall use Z to denote both a vertex in G(M) and a circuit (also
as a subset of E(M)) of M.

In their studies Li and Liu (2007, 2008, 2010), they proved that G (M) possesses
quite good graphical connectivity properties. A recent study on the connectivity of
certain spanning subgraphs of G (M) is done in Xu et al. (2012).

Theorem 3.1 Let M be a connected matroid with |C(M)| > 3 and rank r (M), and let
G = G (M) be the circuit graph of M. Each of the following holds.

(1) (Liand Liu 2010) «(G) = 2(|E(M)| — r(M) — 1).

(i1) (Li and Liu 2007) G is edge-pancyclic. That is, for any edge e € E(G) and for
any integer £ with 3 < £ < |V(G)|, G contains a circuit Cy containing e with
length £.
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(iii) (Li and Liu 2008) For any edge e € E(G), G has two Hamilton circuits Z' and
Z" such that Z' contains e and Z" does not contain e.

(iv) (Liu and Li 2008) For any distinct vertices u,v € V(G), and for any integer
Lwith2 < £ < |V(G)| — 1, G has an (u, v)-path of length €. That is, G is
pan-connected. Consequently, G is hamiltonian with « (G) > 3.

For an integer s > 0, a graph G is s-hamiltonian if for any subset S C V(G) with
|S| < s, G — § is hamiltonian. Motivated by Theorem 3.1, the main purpose of this
section is to investigate the conditions to warrant the circuit graph of a binary matroid
to be 1-hamiltonian.

Throughout this section, M denotes a matroid with |[C(M)| > 4, and G = G(M)
denotes the circuit graph of M. The main goal of this section is to prove that the circuit
graph of every connected binary matroid M is 1-hamiltonian. The first subsection
below is devoted to developing some useful tools for the arguments; and the main
result will be proved in the second subsection.

3.1 Lemmas

In this section, we will develop some lemmas to be utilized in the arguments of the
next subsection, in which the main result of this section will be proved. For two sets
X and Y, define the symmetric difference of X and Y as

XAY = (XUY)— (XNY).

Lemma 3.2 Let M be a loopless matroid with |E(M)| > 2.

(i) (Strong circuit elimination, Page 15 of Oxley (2011)) Let C;,Cy € C(M) be
distinct circuits. If e € C;1 N Cy and f € C| — C», then there exists C3 € C(M)
such that f € C3 C (C1 U Cy) —e.

(i) If|E| <3, then M € {U13, Uz 3} and so |C(M)| < 3.

(iii) Suppose that |E| = 4. Then |C(M)| > 4 if and only if M € {U 4, U2 4}.

Proof 1t suffices to assume to prove (ii) and (iii). Let r = r(M). As M is connected
and |E| > 2, M contains at least one circuit and so 1 < r < max{1, |E| — 1}.

Assume first that |[E| < 3.Ifr = 1, then M = U1z and so |C(M)| = 3. If r = 2,
then M = U 3 and so |C(M)| = 1. This justifies (ii).

To prove (iii), we first observe that if M € {Uj 4, Uz 4}, then |C(M)| > 4. Now we
assume that |[C(M)| > 4.If r = 1, then M = Uj 4 and so [C(M)| = 6. If r = 3, then
M = Uz 4 and so [C(M)| = 1. Hence we assume that r = 2. If M contains no circuit
of size 2, then M = U, 4 and so |C(M)| = 4. Thus we assume that M has a 3-circuit
C. Then M must be a single parallel extension of U 3 and so [C(M)| = 3. m]

Lemma 3.3 (Li and Liu 2008) Let M be a matroid, e € E(M), Vi = C(M — ¢) and
Vo = C(M) — C(M — e). Each of the following holds.
(i) The circuit graph of M — e is a subgraph of G induced by V1, and the subgraph

of G induced by V; is a complete subgraph of G.
(i) If{e’, e"} € C(M*), then G(M) = G(M/¢').
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(i) Suppose that e € E(M) is an element such that M — e is connected, If | V1| > 2,
then for any Z1Z> € E(G), there exists a 4-circuit ' = Z1Z>7Z37Z47Z1 in G such
that |[E(TYNE(G)| =1, |[E(T)NE(Gy)| = 1 and both Z\Zy, Z>7Z3, Z3Z| €
E(G).

We need a slightly stronger version of Lemma 3.3(iii) for binary matroids, as stated
in Lemma 3.4 below.

Lemma 3.4 Let M be a connected binary matroid, G = G (M) be the circuit graph of
M. For a fixed element e € E(M), let Vi = C(M — e) and V, = C(M) — C(M — e),
and define G\ = G[V1] and G>» = G[V,]. If M — e is connected, and both |Vi| > 3
and |Vy| > 4, then for any Zo € V(G) and for any Z1Z> € E(G — Zy), there
exists a 4-circuit I' = Z1Z2>,723747 in G — Zg such that |E(I') N E(G1)| = 1 and
|[E(T) N E(Gy)| = 1.

Proof Let Zg € Vi, and Z1Zy € E(G — Zy). We shall show that existence of the
desired 4-circuit I' = Z1Z27Z37Z47Z1 in G — Z according to the different situations
of e.

Caselec E—(Z1 U Zy).

Then Z1Z, € E(G — Zj), and so there exists an element e; € Z| N Z,. Since M
is connected, both e; and e are contained in a circuit Z3 € V;. Thus Z3 # Zg and
Z1723,72273 € E(G).Since e € Z3z — (Z1 U Z3),both Z| # Z3z and Z, # Z3.

Assume first that e ¢ Zg. Since Z| # Z3, there exists an ey € Z1 — Z3. As
Z1 € Vi, e # e. Since M is connected, M has a circuit Z4 with e, e € Z4. Thus
e € (Z3xNZy) —(Z1UZy,er € (Z1NZ3) —Zygand ey € (Z1 N Zy) — Z3,
and so I' = Z(Z,7Z37Z47 is a 4-circuit of G with E(I') N E(G1) = {Z1Z3} and
EMTYNE(Gy) ={Z3Z4}. AsZ,Z> € V(G — Zy) and as Z3, Z4 € V,, we conclude
that Zy ¢ {Z1, Z2, Z3, Z4}. Hence I' = Z1Z,7Z3747; is adesired 4-circuit of G — Z.

Next we assume that e € Zy. If there exists an element e3 € Z| — (Zg U Z3), then
as M is connected, M has a circuit Z4 with e, e3 € Z4. As ez € Za, Za ¢ {Zo, Z3}.
Thus I'y = Z1ZyZ37Z47 is a 4-circuit of G — Zy with E(I') N E(Gy) = {Z1Z,}
and E(I") N E(Gy) = {Z3Z4}. Therefore, we assume that Z; C Zo U Z3. As Z; is
not a proper subset of Zy, we have Z; N Z3 # (. Since M is binary, Z{AZ3 is a
disjoint union of circuits different from Z; and Z3. Since e € Z3 — Z1, there must
be a circuit Z' € Z;AZ3 such that e € Z'. If Z' # Zy, then set Z, = Z’ and
so in this case Z1Z»>Z3 ZjLZ 1 is a desired 4-circuit of G — Zg. Thus we assume that
7' = Zy.If Zy is a proper subset of Z; AZ3, then Z1 A Z3 contains another circuit Z”,
disjoint from Z and intersecting with both Z; and Z3. Hence there exists an element
e’1 € Z1 — (Zp U Z3). In this case, by the connectedness of M, there must be a circuit
Zj € C(M) such that e, e} € Z}. It follows that Z1Z>Z3Z} Z; is a desired 4-circuit
of G — Zj. Hence we conclude that if no desirable 4-circuit exists, then we must have
Z1AZ3 = Zy. By the symmetry between Z; and Z;, we also have Z,AZ3 = Zy,
which leads to the contradiction that Z; = ZogAZ3 = Z,. This contradiction indicates
that we always can find a desirable 4-circuit satisfying the conclusion of the lemma.

Case2ec Z)—Zyoree Z, — Z;.
By symmetry, we assume thate € Zy — Z1,e1 € Z1 N Z5.
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Assume first that e ¢ Zy. By Lemma 3.2(i), M has a circuit Z3 € Z; U Z; — {ey}
with e € Z3. Since e € Z3 and Zg € Vi, we have Z3 # Zy. As Z3 cannot be a proper
subset of Z,, there must be an element eo € Z{ N Z3. Since Z; € Vi, we note that
ey #£e.

If there exists an element e3 € E(M) — (Zo U Z; U e), then by the assumption
that M — e is connected, there exists a circuit Z4 € C(M — e) with ey, e3 € Z4. In
this case, I' = ZZ,Z37Z47 is a 4-circuit of G with E(I') N E(G1) = {ZZ4} and
EMYNE(Gy) ={Z2Z3}.As Z1,Z, € V(G — Zy), Z3 # Zpand e3 € Z4 — Zy, wWe
conclude that Zy ¢ {Z1, Z>, Z3, Z4}. 1t follows that in this case I' = Z1Z,7Z3747,
is a desired 4-circuit of G — Zy. Hence we may assume that E(M) = ZoU Z; Uee.
Since Zg # Z1,e ¢ ZoU Z; and since M — e is also binary, ZoAZ is a disjoint
union of circuits. Since Z3 C E(M) = ZoU Z1Ue, Z3 # e and Z3 # Z, there must
be an element € € Z3 — (Zo U e). Let Z} be a circuit in ZgAZ; with 5 € Z}. In
this case, I'' = Z1Z,Z3Z,Z; is a 4-circuit of G with E(T'") N E(G1) = {Z1Z4} and
E(TYNE(Gy) ={Z2Z3}. As Z1,Z, € V(G — Zy), Z3 # Zg and 6/3 € Z4 — Zy,
we conclude that Zo ¢ {Z1, Z>, Z3, Z,}, and so in this case IV = Z1Z,Z3Z,Z; is a
desired 4-circuit of G — Z.

Next we assume that e € Z. Since |V2| > 4, we may assume that Zo, Zy, Z}, Z{
are different vertices in V». If there is an element e’l € Zi —(ZpU{e}),thenset Z4 = Zi
and, as M is connected, there exists a circuit Z3 € C(M — e) with e, e/] € Z3. As
Z1Z4 € E(Gy) and ZyZ3 € E(G1), Z1Z27Z37Z47Z is a desired 4-circuit of G — Zj.
Hence we may assume that Z| € Z, U e. By the symmetry between Z| and Z{, we
may also assume that Z| € Z, U e. This forces that Z, = Z]AZ]. Let Z3 be a
circuitin ZyAZ. Then Z3 N Z| # ¥ and Z3 N Z5 # ). Hence letting Z, = Z|, once
again we have Z1Z4 € E(G3) and Z,Z3 € E(G1), and so Z1Z>7Z3Z47 is a desired
4-circuit of G — Zy. This proves Case 2.

Case 3 ¢ € Z| N Z,, whence both Z; and Z; are vertices in G5.

Assume first that e ¢ Zo. If Zg = Z1AZ,, then as Z| # Z, there must be an
element ¢y € Z; — Z and an element er € Zy — Z;. As ey, ep € E(M — ¢) and
as M — e is connected, there exists a circuit Z3 € C(M — e) such that ej, ey € Z3.
Since Z3 is not a proper subset of Zg, we have Z3 # Zj. Since | V(| > 3, there
mustbe a Z € Vi —{Zy, Z3}.If e; € Z,then 'y = Z1Z,Z3ZZ, is a 4-circuit
of G with E(I'y) N E(G1) = {Z3Z} and E(I'}) N E(G2) = {Z1Z,}, and with
Zo ¢ {Z1, Z2, Z3, Z}. Hence by symmetry, we may assume that {e1, e2} N Z = @. In
this case, we pick e3 € Z — Z3. As M — e is connected and as e, e3 € E(M — e),
there mustbe a Z4 € C(M — e) with ey, e3 € Z4. It follows that 'y = Z1Z,Z37Z47Z,
is a 4-circuit of G with E(I'y) N E(G1) = {Z3Z4} and E(I'2) N E(G2) = {Z12Z>},
and with Zg ¢ {Z1, Z», Z3, Z4}.

Next, we assume that e ¢ Zg and Zy # Z1AZ,. Since M is binary, Z1AZ>
contains a circuit Z§ such that Z contains an element ¢| € (Z1AZy) — Zy. As
e} € Z1AZy, we by symmetry may assume that ¢] € Z; — Z5. Since Z} cannot be
a proper subset of Z1, there must be an element e’2 S Zé NZy — Z;. Since | V| > 3,
there must be a Z” € V| — {Zo, Z}}. If ¢} € Z", then I's = Z1Z,Z5Z"Z; is a 4-
circuit of G with E(I'3) N E(G1) = (Z4Z"} and E(T'3) N E(G2) = {Z1Z»)}, and with
Zoy ¢ {Z\, Z», Z%, Z"}. Hence by symmetry, we may assume that {e1, e} N Z" = 0.

@ Springer



Journal of Combinatorial Optimization (2019) 38:887-910 907

In this case, we pick 5 € Z” — Z. As M — e is connected and as e}, ¢5 € E(M —e),
there must be a Z; € C(M — e) with ¢}, €5 € Z4. It follows that 'y = Z1 227257} Z,
is a 4-circuit of G with E(T'y) N E(G1) = {Z5Z},} and E(T'y) N E(G2) = {Z1Z>},
and with Zg ¢ {Z1, Z», Zé, Z‘/‘}

As the arguments above show that if e ¢ Z, then a desirable 4-circuit always
exists, we assume throughout the rest of the proof of this lemma that e € Z. Since
e€ Z1NZy Z1 # Zp,and as M is binary, Z1AZ; contains a circuit Z3 € Vj. Since
|Vi| > 3, there exists a circuit Z' € V| — {Z3}. Picke’ € Z' — Z3 C E — {e}. As
Z3 C Z|AZ,, there must be an element ¢’ € Z3 N Z;. Since e ¢ Z3, " # e. By the
connectedness of M — e, there exists a circuit Z4 € C(M — e) such thate’, ¢’ € Z4.
Since Z,Z> € E(Gy) and Z3Z4 € E(G)), it follows that Z;Z>Z3Z4Z, is a desirable
4-circuit. This completes the proof of this case as well as the lemma. O

Ancelemente € E (M) of aconnected matroid M is essential if M — e is not connected.
A matroid M is critically connected if M is connected and every e € E(M) is
essential.

Theorem 3.5 (Murty 1974) If M is critically connected with r(M) > 2, then M
contains a cocircuit of 2 element.

Lemma3.6 If M € {K3, K3, K5, K3P», C4P3, K4, F}}, then either G(M) has fewer
than 4 vertices, or forany z € V(G(M)) and any edge f € E(G(M) —z), G(M) —z
has a hamiltonian circuit containing f.

Proof If M € {K3, K3}, then |V (G(M))| < 3. As every pair of distinct circuits of
F7* or of M (K4) must have nonempty intersection. both G(F7*) and G(M(K4)) are
complete graphs with at least 6 vertices. By definition, if G(M (Kg )) is the graph
obtained from K¢ by deleting perfect matching. Let e be the edge in P> K3 not lying in
a 2-circuit. Then circuits in P> K3 containing e, as vertices in G(M (P> K3)), induces a
K4, and so G(M (P> K3)) is the graph obtained from K¢ by deleting an edge. Likewise,
Let ¢’ be the edge in P3C4 no lying in a 2-circuit. Then circuits in P3C4 containing ¢’,
as vertices in G(M (P3C4)), induces a Kg, and so G(M (P3Cy)) is the graph obtained
from K by deleting a 3-circuit. It is routine to show that each of these graphs has
the indicated property. O

Lemma 3.7 If M be a connected serially reduced binary matroid with |E(M)| —
r(M) <2. Then M = U, 3.

Proof Let B be a basis of M, let eq, e; be the only two elements in E(M) — B,
and Z1, Z, be the fundamental circuit of e; and e, with respect to B, respectively.
Then Z{AZ, = {ey, e3} is a circuit. Since M is connected, It follows that both Z; =
ZrN{e1, e} = BUej and Z, = Z1Afey, e2} = B Ues. As M is serially reduced,
M contains no 2-element cocircuits, and so for some element e¢3, we have B = {e3}.
This shows that M = U 3. O
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3.2 Aresult on 1-edge-hamiltonian circuit graphs

If for any vertex subset S C V(G) with |S| < 1 and for any edge e € E(G — S),
G — S has a Hamilton circuit containing e, then G is said to be 1-edge-hamiltonian.
Recall that M (eq) is a matroid with e being its root.

We prove a slightly stronger result than the statement we made in the beginning of
this section, as follows.

Theorem 3.8 Let M = (E, I) be a connected binary matroid with |C(M)| > 4, and
let G = G(M) be the circuit graph of M. Then G is 1-edge-hamiltonian.

Proof By Theorem 3.1(ii), it suffices to show that

forany v € V(G) and e € E(G — v), G — v has a Hamilton circuit containing e.

&)

We argue by induction on |E| to prove (9). By Lemma 3.2, every matroid M = (E,Z)
with |E| < 3 has |C(M)| < 4. By Lemmas 3.2 and 3.6, (9) holds for any connected
binary matroid on 4 elements. Hence we assume that |E| > 5, and (9) holds for
connected binary matroids with smaller number of elements.

If for some element ey € E(M), M(ep) is in F1 U Fy, then by |E| > 5 and by
Lemma 3.6, G(M) is 1-edge-hamiltonian. Hence we assume that

for any ey € E(M), M(eq) is notin F1 U F». (10)

If M has a 2-cocircuit {¢’, ¢”}, then by Lemma 3.3(ii), G(M) = G(M /¢'), and so
by induction, we may assume that

M is serially reduced. (11

Suppose that M is critically connected. Then by Theorem 3.5, M has a 2-cocircuit
{¢/, ¢"}. By Lemma 3.3(ii), G(M) = G(M /). By induction G(M /¢'), and so G(M),
is 1-edge-hamiltonian. Therefore, we assume that M is not critically connected. By
definition, there exists an element ¢ € E (M) such that M — e is connected. Define
Vi =CM)—Cpme, V2o =Cme, G1 = G[Vi]and G = G[V2]. If | V| > 4, then it
follows by induction that

G1 = G(M — e) is 1-edge-hamiltonian. (12)
By (1), if |Vq]| < 3, then M(e) € F7; and if | V2| < 3, then M(e) € F. In either
case, a contradiction to (10) is found. If |E(M)| — r(M) < 2, then by Lemma 3.7,
G(M) € {K1, K3} and so we may assume |E(M)| — r(M) > 3. These, together with
Lemma 3.3(iii) and Lemma 3.7, imply that

[Vi| = 4, V2| = 4, k(G) > 4 and that G»is a complete graph. (13)
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Let Zy € V(G) = C(M), and anedge f = Z'Z" € E(G — Zy) be given. We shall
show that G — Z( has a Hamilton circuit containing f. By (12), G (if e € Zy) or
G1 — Zy (if e ¢ Zp) has a Hamilton circuit C.

Casel.e ¢ Z'U Z".

Then f = Z'Z" € E(G1). By (13), |Vi| > 4 and so there must be a two vertices
Z\,Zy € Vi —{Z',Z"} such that Z,Z, € E(C — f). By Lemma 3.4, G — Z has
a 4-circuit Z1Z,7Z37Z47Z such that Z3Z4 € E(G3). By Lemma 3.3(i) and by (13),
Gy —Zy (ife € Zp) or G, (if e ¢ Zp) is acomplete graph on at least 3 vertices, and so
G — Zj contains a spanning (Z3, Z4)-path P. It follows that E(C — Z1Z2) UE(P)U
{Z2Z3, Z1Z4)} induces a Hamilton circuit of G — Z( which contains f = Z'Z".

Case2.ecZ —Z'orec 7' - 7.

By symmetry, we may assume thate € Z” — Z',and so Z’' € V} and Z” € V,. Let
Z1=27and Z, = Z”.By Lemma 3.4, G — Zy has a 4-circuit Z| Zy Z3 Z4Z such that
Z>73 € E(G2).If Z1Z4 € E(G1). By (12), G1 — Zy (if e ¢ Zp) or G (if e € Zp)
has a Hamilton circuit C| with Z;Z4 € E(C1). As G, is a complete graph on at least
3 vertices, Go — Zo (if e € Zy) or G, (if e ¢ Zp) contains a spanning (Z3, Z3)-path
P. It follows that E(C — Z1Z4) U E(P) U{ZZ,, Z3Z4} induces a Hamilton circuit
of G — Zy which contains f = Z'Z".

Case3.ec Z'NnZz".

Then f = Z'Z" € E(G»). By (13), k(G) > 4, and so G — {Zy, Z', Z"} is
connected. Therefore, there must be an edge Z1Z| € E(G — {Zo, Z', Z"}) such that
Z1 € Vi and Zi € V». Pick and edge Z1Z> € E(C). By Lemma 3.4, G — Zj has
a 4-circuit Z1Z2Z3Z4Z1 with Z3, Z4 € Vo — {Zp}. Assume that Z| # Z3 (Z] =
Z3 # Z4, respectively). By Lemma 3.3(i) and (13), G is a complete graph on at
least 4 vertices, and so Gy (if e ¢ Zp) or Go — Zy (if e € Zp) has a spanning
(Z}, Z3)-path ((Z', Z4)-path, respectively) P with f = Z'Z" € E(P). It follows that
E(C — Z,Z2) UE(P)U{Z1Z!, Z>2Z3) (or E(C — Z1Z2) U E(P) U{Z1Z4, Z273),
respectively) induces a Hamilton circuit of G — Zy which contains f = Z'Z".

As in every cases, G — Zp always has a Hamilton circuit containing f, the theorem
is now proved. O
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