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1. Introduction

We only consider finite and simple graphs in this paper. Undefined notation and
terminologies will follow Bondy and Murty [3]. Let G = (V, E) be a graph of order n. We
use £(G), 6(G) and A(G) to denote the vertex-connectivity, the minimum degree and
the maximum degree of a graph G, respectively. For a vertex subset S C V(G), G[9] is
the subgraph of GG induced by S.

Let G = (V,E) be a simple graph with vertex set V. = V(G) = {v1,v2,...,0,}
and edge set E = E(G). The adjacency matrix of G is defined to be a (0, 1)-matrix
A(G) = (aij)nxn, where a;; = 1 if v; and v; are adjacent, a;; = 0 otherwise. As G is
simple and undirected, A(G) is a symmetric (0, 1)-matrix. The adjacency eigenvalues of
G are the eigenvalues of A(G). Denoted by D(G) = diag{dg(v1),dg(v2),...,da(vn)},
the degree diagonal matrix of G, where dg(v;) denotes the degree of v;. The matrices
L(G) = D(G)— A(G) and Q(G) = D(G)+ A(G) are called the Laplacian matrix and the
signless Laplacian matrix of G, respectively. We use \;(G), u;(G) and ¢;(G) to denote
the ith largest eigenvalue of A(G), L(G) and Q(G), respectively. The second smallest
Laplacian eigenvalue u,—1(G) is called algebraic connectivity by Fiedler [8]. In [1], Abiad
et al. raised the following research problem.

Problem 1.1 (Abiad et al. [1]). For a d-regular simple graph or multigraph G and for
2 < k < d, what is the best upper bound for A2(G) which guarantees x'(G) > k or
K(G)>k?

The edge-connectivity problem was earlier investigated by Cioaba [6], and has been
intensively studied by many researchers, as found in [1,5-7,9,10,12-15,17,18], among
others. For the vertex-connectivity of simple graphs, the following results have been
proved in [1,16]. There are corresponding results when multiple edges are allowed, as
seen in O [19] and Abiad et al. [1].

Theorem 1.2 (Abiad et al. [1]). Let d and k be integers with d > k > 2 and G be a
d-regular simple graph of order n. Let

Jd+1, ifk=2;
f(d’k)_{d+2—k7 if k> 3.

If Xa(G) < d = sy then w(G) > k.

Theorem 1.3 (Liu et al. [16]). Let G be a simple graph of order n with mazimum degree
A and minimum degree 6 > k > 2. Let o = B(é +1++/(0+1)2-2(k— I)A)-‘ , and

G —k+2)(n—06+k—2), if A>2(6—Fk+2);

¢(5,A,k)={a(na)7 if S<A<20—k+2).
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If pin—1(G) > %, or Aa(GQ) < § — %, or ¢2(G) < 26 — %, then
k(G) > k.

Theorem 1.4 (Liu et al. [16]). Let G be a d-regular simple graph of order n withd > k > 2.
Let f = B(d F1+/(d+1)2 —2(k — 1)d)], and

(d+1)(n—d-1), if k=2;
old,k)=< (d—k+2)(n—d+k—2), if k>3 and d<2k—4;
B(n — B), if k>3 and d>2k—4.

If pn—1(G) > (21:(2),2)(1’ or A2(G) < d— (2]@&2)72)‘1, or ¢2(G) < 2d — (2]:(2),2)‘1, then k(G) > k.

Theorem 1.5 (Liu et al. [16]). Let G be a simple bipartite graph of order n with maximum
degree A and minimum degree 6 > k > 2. Let v = [6 + /02— (k- 1)A—‘ , and

20— k+1)(n—26+k—1), if A>20—Fk+1;
A =
V(% A.k) {fy(n—fy), if 0<A<25—k+1.

If pn—1(G) > 2(112(76%)&?)’ or Aa(G) < 6 — %, or ¢2(G) < 26 — %, then
Kk(G) > k.

Motivated by these former results, we aim to find better bounds on A\o(G), pn—1(G)
or ¢g2(G) which assure that x(G) > k. The main tool of these former results is quotient
matrix and Cauchy Interlacing Theorem. The interlacing may not be tight, so losing
information is inevitable. Based on the corollary of the following Courant-Weyl inequal-
ities, as seen on page 29 of [4], we focus on establishing the lower bounds on p,—1(G).

Theorem 1.6 (Courant- Weyl Inequalities). Let A and B be Hermitian matrices of ordern,
and let 1 <i,5 <n.

(i) Ifi+j <n+1, then \;(A) + \j(B) > \is;—1(A+ B).
(i) Ifi+j>n+1, then \i(A) + A\j(B) < Aiyj_n(A+ B).

Corollary 1.7. Let t > 0 be a real number and G be a graph of order n with minimum
degree 0. If g2(G) < 20 — t, then A\2(G) < § —t; if A2(G) < 0 — t, then p,—1(G) > t.

Proof. Let A, L, Q and D be the adjacency matrix, Laplacian matrix, signless Laplacian
matrix and degree diagonal matrix of G. Since A+ D = @, by Theorem 1.6 (ii), A2(A4) +
An(D) < A2(Q). Hence, A2(G) < g2(G) — 6. Therefore, if g2(G) < 2§ — ¢, then A2(G) <
2(G)—§<d—t.

Since A+ L = D, by Theorem 1.6 (i), Aa(A4) + Ap—1(L) > A (D) = 4. Hence,
/,Ln_l(G) >0 — )\Q(G) Thus, if )\Q(G) < —t, then ,un_l(G) > — /\Q(G) >t. O
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By Corollary 1.7, if ¢2(G) < 2§ —t or A\a(G) < § — ¢, then p,—1(G) > t. Therefore,
we believe that improving the bound on p,_1(G) would be a more effective way to
improve the bounds on A2(G) and ¢2(G). On the other hand, based on the fact that
if p1p—1(G) > 0 then x(G) > 1, it is natural to consider the function f(k) such that
tn—1(G) > f(k) to assure that x(G) > k. In this paper, we mainly use the property
of the eigenvector corresponding to algebraic connectivity p,—1(G) of G to get better
bounds on p,—1(G). By Corollary 1.7, the results involving A2(G) and ¢2(G) are trivial
to obtain. For simplicity, we first present some functions that will appear in the following
discussions.

Definition 1.8. For integers n, A, d,d, k with 6 > k and d > k, define

k—1)(n—k+DA |
(1) Hi(A,0,k) = 4((5 k)+(2)(n 6) 1)’
k—1)nA
(ii) H2(A,0,k) = s 1()+4()5 kT2)(n—0—1)’
(k—1)(n—k+1)A
(iil) Hs(A, 6, k) = 4(25 )Ic—i-l)(n )25);
(iv) Ha(A,6,k) = (k—1)nd

(n—kt1) (F—1)+4(20—k+1)(n—23) °

The main results of this paper are presented as Theorems 1.9, 1.10, and Theo-
rems 1.12-1.15. Using a lemma of Alon and Milman [2], we obtain Theorem 1.9, which
improves Theorem 1.3.

Theorem 1.9. Let k be an integer and G be a simple graph of order n with maximum
degree A and minimum degree § > k > 2 and n > 2k — 2. If pp—1(G) > H1(A, 6, k),
then k(G) > k.

Applying an inequality of Fiedler [8], Theorem 1.10 is obtained, which improves The-
orem 1.3 and Theorem 1.9.

Theorem 1.10. Let k be an integer and G be a simple graph of order n with maximum
degree A and minimum degree 6 >k > 2. If pi,—1(G) > Ha(A, 6, k), then k(G) > k.

For any d-regular graph G, pn,—1(G) = d — X2(G) = 2d — q2(G). Setting A =6 =d
in Theorem 1.10, we get the following corollary for d-regular graphs, which improves
Theorem 1.2 and Theorem 1.4.

Corollary 1.11. Let k be an integer and G be a d-regular simple graph of order n with d >
k> 2. If un—1(G) > Ha(d,d, k), or equivalently \o(G) < d — Ha(d, d, k), or equivalently
02(G) < 2d — Ha(d,d, k), then k(G) > k.

Applying a result of Brouwer and Haemers [4], we get the following result with respect
to w1 and py—1.
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Theorem 1.12. Let G be a connected graph of order n with minimum degree § > k > 2.

If

M v V2 "1 or equivalently fin—1
Hn—1 H1

>r—y/r2—1,

then k(G) > k, where r = W + 1.
For triangle-free graphs, we get Theorems 1.13-1.15, where Theorem 1.13 improves
Theorem 1.5, and Theorem 1.14 improves Theorem 1.13.

Theorem 1.13. Let k be an integer and G be a simple triangle-free graph of order n with
mazimum degree A and minimum degree § > k > 2 and n > 2k — 2. If p,—1(G) >
Hs(A, 4, k), then k(G) > k.

Theorem 1.14. Let k be an integer and G be a simple triangle-free graph of order n with
mazimum degree A and minimum degree 6 > k > 2. If un—1(G) > Ha(A,6,k), then
K(G) > k.

Theorem 1.15. Let G be a connected triangle-free graph of order n with minimum degree
0>k>2 If

M st V/s2—1or equivalently fin—1
Hn—1 M1

>s5—1/s2 -1,

then k(G) > k, where s = W + 1.

In Section 2, we display some preliminaries and mechanisms, including the bounds of
Laplacian eigenvalues and the scale of the connected component of G — S when deleting
vertex subset S in G. These will be applied in the proofs of the main results, to be
presented in Section 3 and Section 4. In the last section, we investigate the relationship
between vertex-connectivity and algebraic connectivity of graphs with fixed girth.

2. Preliminaries

Lemma 2.1 (Alon and Milman [2]). Let G = (V, E) be a graph of order n. Let X and Y
be two disjoint subsets of V' such that each vertex of X has distance at least p to each
vertex of Y. Let Ex (resp. Ey ) be the set of edges of G with both ends in X (resp. inY ).
Then

1 1 1
< - =+ = - — )
un_1<G>_pz(|X|+|Y|)<|E| Ex| ~ |By])

Let z = (z1,%2,...,7,)T € R", and let G be a graph on vertices 1,2,...,n. Then
can be considered as a function defined on the vertex set of G, that is, for any vertex i,
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we map it to x; = x(¢). We often say that z; is a value of vertex i given by z. Fiedler [§]
derived a useful expression for p,_1(G) as follows.

Lemma 2.2 (Fiedler [8]). Let G be a graph of order n. Then

n Y (zi —x;)?

ijEE

> (m—xj)?

i,jEV,i<j

tn—1(G) = min

where the minimum is taken over all non-constant vectors x € R™.
Lemma 2.3. Let G be a simple graph of order n with minimum degree 0. Let S be an
arbitrary minimum verter-cut with x vertices and X be the vertex set of a minimum
component of G — S, andY =V — (SUX). Then

IX|-Y]>200—-r+1)(n—-9-1).

Proof. Since each vertex in X is adjacent to at most | X|— 1 vertices of X and « vertices

of S,

5IX| <> da(x) < |X[(1X]+ £ —1),
reX

which implies | X| > § — k + 1. Note that |X| < |Y| and |X| + |Y| = n — k. Therefore,

S—r+1<|IX|IL<Y|<n-6-1.
The result follows. O
Lemma 2.4. Let G be a simple triangle-free graph of order n with minimum degree § > 1.
Let S be an arbitrary minimum vertez-cut with k vertices and X be the vertex set of a
minimum component of G — S, andY =V — (SUX). If k < §, then

X] - [Y] > (26— £)(n — 20).

Proof. If z € X, then § < dg(z) < |X|+|S|. The assumption x < ¢ implies that = has
at least one neighbor y € X. Since G is triangle-free, we deduce that Ng(z) N Ng(y) = 0,
where Ng(z) is the neighbor set of x. As Ng(x) U Ng(y) € X U S, it follows that

|X[+ S| = [X US| = [Na(z) UNa(y)| = [Na(z)| + [Na(y)| = 26

and thus | X| > 2§ — |S| = 20 — k. Combining this with | X| < |Y| and | X|+|Y| =n — &,
we arrive at
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20—k <|X| <Y <n— 26
The result follows. 0O

Lemma 2.5 (Haemers [11]). Let X and Y be disjoint sets of vertices of graph G, such
that there is no edge between X and Y. Then

2
e
(= TXD = VD) = \pr o+ pans

For applications, a useful Lemma can be derived from Lemma 2.5 as follows.

Lemma 2.6 (Brouwer and Haemers [/]]). Let G be a connected graph on n vertices, and
let X and Y be disjoint sets of vertices, such that there is no edge between X and Y.
Then

XY =)
n(n— X[ =[Y]) = 4papin_y

3. Vertex-connectivity and Laplacian eigenvalues in graphs

In this section, we present the proofs of Theorem 1.9, Theorem 1.10 and Theorem 1.12.
Proof of Theorem 1.9. To the contrary, suppose that 1 < x = k(G) < k — 1. Let S be
an arbitrary minimum vertex-cut and X be the vertex set of a minimum component of
G—-S,andY =V — (SUX). By Lemma 2.3 and 1 < k < k — 1, we obtain

IX| V][> —rw+1D)(n-6—1)>(6—k+2)(n—0—1). (3.1)

Since each edge in F—(E(G[X])UE(G[Y])) is incident with at least one of the n—|X|—|Y|
vertices of the set .S,

|E| = [E(G[X])] = [E(GY])] < (n— [X] = [Y])A = kA, (3.2)
Asl§/@§k—1§%7wehave
n—r)k<(k—1)(n—k+1). (3.3)

"
—
Since each vertex of X has distance at least 2 to each vertex of Y, by Lemma 2.1

pma(6) < BLE D

< xyyy (B - IBGXDI - [BGYDD. (3.4)

Substituting (3.1) and (3.2) in (3.4), by (3.3) we obtain
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(IX]+[Y])rA
pn—1(G) < 40 —k+2)(n—6—-1)
_ (n— K)KA
40—k +2)(n—35-1)
(k=1)(n—k+1)A
TAG -k +2)(n-0-1)

which is a contradiction to the hypothesis. Thus k(G) > k. O

Remark 3.1. The lower bound on p,_1(G) of Theorem 1.9 is better than the one of
Theorem 1.3 in the following cases. If A > 2(6 — k+2) and n > § + k, then n > 2k — 2
and2(n—d—1)>n—0+k—2, and so

(k—1)(n—k+ 1A (k — DnA
10—kt (n—0-1) " 20-k+2)n—-0d+k-2)

Ifd<A<2(6—k+2)and n > 20 +2, then 2(6 —k+2) > §+ 1. Thus, for 6 —k+2 <
a<di+1< 3,

(k—=Dn—-k+1A (k—1)nA (k — 1)nA
16— F+2)n—6-1 "2+ 0)n-0-1) ~2a(n—a)

Proof of Theorem 1.10. To the contrary, suppose that 1 < x = k(G) < k — 1. Let S be
an arbitrary minimum vertex-cut and X be the vertex set of a minimum component of
G-—S,andY =V — (SUX). By Lemma 2.3 and 1 < k < k — 1, we obtain

S mtl<|X|<|Y|<n-d-1, (3.5)
IX|- Y20 —s+1(n—-§6-1). (3.6)
Let o = (21,2, ...,7,)T be a real vector. If i € X, then set x; = 1; if i € Y, then set

x; = —1;if i € S, then set x; = 0. By Lemma 2.2,

n Y (v —x5)?
o __EB .
Mn—l(G> > Z (2 — mj)z (3 7)
i,jEV,i<j

holds for the real vector z. Denote Eg = E\ (E(G[X])U E(G[Y])). Applying the values
of the entries of x into the inequality (3.7), we obtain

x; — ;) = z; —x;)? < 1 <|SIA < (B —=1)A, (3.8)
j j
ijeE ijEEs ijeEs

Yoo @wi—a)= Y (@) Y (@wmm) Y (n—ay)

1,jEV,i<] i€eX,j€S i€Y,j€S i€X,jEY
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= 3> -0+ 3 (-D-02F+ Y (A (-1

iex.jes iey,jes i€X.jeY
— 1XIS] + V]IS + 41XY
= (n—k)k + 4| X]|Y]
by (3.6) >m—r)k+46—rk+1)(n—86-1)
—k(k+(Bn—46—4))+4(06+1)(n—056—-1).
Set f(k) = —k(Kk + (3n — 46 — 4)). The minimum of f(k) is attained at f(1) or f(k —1)

for 1<k <k—1.By (3.5),n>20—k+2 > 20 —k+ 3, which implies f(1)— f(k—1) =
(k—2)(3n—40 + k —4) > 0. Thus

> (@wi—a)’ = fk—1)+40+1)(n—-56-1)

1,JEV,i<j

=n—k+1)(k—1)+40—-k+2)(n—05-1). (3.9)

Substituting (3.8) and (3.9) in (3.7), we have

s _
//Ln—l(G) S uel S ( - )n )
>oo(ri—z)? T (n—k+1)(k-1)+4(0—-k+2)(n—0—1)
§,JEV,i<]

which is a contradiction to the hypothesis. Hence, k(G) > k. O

Remark 3.2. (i) The lower bound on p,—1(G) of Theorem 1.10 is better than the one of
Theorem 1.9 when n # 2§ —k+3. Infact,asn—k+1=(n—90—-1)+ (0 — k+2), it is
easy to find that

(k—1)nA (k—1)(n—k+1)A
n—Et Dk -1 140 —k+2)(n-6-1) 260 _k+2)n_-6-1)

is equivalent to (n — 25 +k — 3)2 > 0.
(ii) The lower bound on f,—1(G) of Theorem 1.10 is better than the one of Theo-
rem 1.3 in the following cases. If A >2(§ —k+2) and n >+ %, then
(k—1)nA (k—1)nA

ikt )k—1) 440 —kt2)(n—06-1) 20 —k+2)n—06+Fk—2)

is equivalent to (n — 6 — k)(d —k+2)+ (6 +1)(n —d — 1) > 0, that is

(G+k) 0 —k+2)+ (5 +1)?2 IR R (UES)
(6—k+2)+(0+1) B 26+1)— (k—1)’

which holds when n > § + 52 =5+ k — 571 If § <A < 2(6 — k+2) and n > 26 + 2,
then by Remark 3.2 (i) and Remark 3.1, Ha(A,0,k) < H1(A,0,k) < ¢(6, A k).



Z.-M. Hong et al. / Linear Algebra and its Applications 579 (2019) 72-88 81

O)

DX e

J

Fig. 1. The graph G (left) in Example 3.3 and graph H (right) in Example 3.4.

Proof of Theorem 1.12. To the contrary, suppose that 1 < x = k(G) < k — 1. Let S be
an arbitrary minimum vertex-cut and X be the vertex set of a minimum component of
G-—S,andY =V — (SUX). By Lemma 2.3 and 1 < k < k — 1, we obtain

X[ Y[ >@0—-rk+1)(n—=0-1)> (@ —k+2)(n—3—1).
Combining this with n — |X| — |Y| =k < k — 1, by Lemma 2.6,

(i~ o XY G-kt 2m-b-1)
g o [X[- V)T k1)

(3.10)
Set t = H“il and r = W + 1. Substituting ¢ and 7 in (3.10), we obtain
t4+t1 >2r. Sincet > 1land r > 1,¢>r+ 72 — 1 is necessary. This contradicts to the
hypothesis. Therefore, x(G) > k. O

Example 3.3. Let G be the graph in Fig. 1, where n = |V(G)| = 7,A(G) = 6,6(GQ) =
3,k(G) =2 and p,—1(G) = 2. We present a table to show the lower bounds on p,—1(G)
of Theorems 1.3,1.9,1.10 and the upper bound on % of Theorem 1.12.

Graph  pn—1(G) Theorem 1.3  Theorem 1.9  Theorem 1.10 ﬂ#i(lc(;é) Theorem 1.12

G 2 1.75 1 1 3.5 7

Example 3.4. Let H be the 4-regular graph in Fig. 1, where n = |[V(H)| = 12, A(H) =
0(H) = k(H) = 4 and pn—1(H) = 2. We present a table to show the lower bounds on
tin—1(H) of Theorems 1.4,1.9,1.10 and the upper bound on ufiﬂ of Theorem 1.12.

1(H)
Graph  pn—1(H) Theorem 1.4 Theorem 1.9 Theorem 1.10 H”i(f({;]) Theorem 1.12
H 2 3.6 1.9286 1.7349 3 3.2476

4. Vertex-connectivity and Laplacian eigenvalues in triangle-free graphs

In this section, we present the proofs of Theorem 1.13, Theorem 1.14 and Theo-
rem 1.15.
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Proof of Theorem 1.13. To the contrary, suppose that 1 < x = k(G) < k — 1. Let S be
a minimum vertex-cut of G and X be the vertex set of a minimum component of G — S,
and Y =V — (SUX). Then |[X| < |Y] and | X|+ |Y|=n — &.
Since k < k — 1 < §, by Lemma 2.4 we obtain
IX|- Y] > (20 —k)(n—28) > (26 — k+ 1)(n — 26). (4.1)

Since each edge in E—(E(G[X])UE(G[Y])) is incident with at least one of the n—|X|—|Y|
vertices of the set 9,

|E| = [E(GX])] = [E(GY])] < (n—[X] = [Y])A = RA. (4.2)
Aslﬁ/@ﬁk—lﬁ%,wehave
(n—k)k<(k—1(Mn—-k+1). (4.3)

Since each vertex of X has distance at least 2 to each vertex of Y, by Lemma 2.1

1 1(G) < X[+ Y]

= W(W — [BE(GIX])] = [E(GY])). (4.4)

Substituting (4.1) and (4.2) in (4.4), by (4.3) we have

(IX]+ [Y])rA
Hn-1(G) < 4(26 — k + 1)(n — 26)
_ (n — K)KA
4(26 — k + 1)(n — 20)
(k—1)(n—k+1A
=426 —k+1)(n—25)

which is a contradiction to the hypothesis. Thus x(G) > k. O

Remark 4.1. The lower bound on p,—1(G) of Theorem 1.13 is better than the one of
Theorem 1.5 in the following cases. If A > 26 —k+1andn > 20+k—1, then n > 2k —2
and 2(n —20) >n—20 + k — 1, and so

(k—1)(n—k+1)A (k- 1)nA
20—kt D)(n—20) 22—kt D(n—-26+k—1)

If5§A<25—k+landn245,then26—k+1<'y<25§%andso

(k—1)(n—k+1)A (k—1)nA (k—1)nA
420 —k+1)(n—26) " 2-26(n—20)  2y(n—7)°
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Proof of Theorem 1.14. To the contrary, suppose that 1 < x = k(G) < k — 1. Let S be
a minimum vertex-cut of G and X be the vertex set of a minimum component of G — S,
and Y =V — (SUX). Then | X| < |Y] and | X|+ Y| =n — k.

Since k < k—1 < §, by Lemma 2.4 we obtain

20—k < |X| < Y] <n—2§, (4.5)

IX|- Y] > (20 — k)(n — 26). (4.6)

Let 2 = (z1,22,...,7,)7 be a real vector. If i € X, then set z; = 1; if i € Y, then
set x; = —1; if i € S, then set x; = 0. Using a similar argument as in the proof of

Theorem 1.10, by Lemma 2.2 we have

n S (@)’
ijEE (k—1)nA
S S e = (e XV 7

By (4.6),

(n—kr)k+4|X||Y] > (n — k) + 4(26 — &) (n — 20)
= —k(k + (3n — 89)) + 8(n — 24).
Set f(k) = —k(k+3n—80)+85(n—24). By (4.5), n > 46 — Kk > 45 — k+ 1, which implies
f)—fk—1)=(k—2)(3n =80+ k) > 0. Thus f(k) > min{f(1), f(k—1)} = f(k—1)
for 1 <k <k-—1, and so

(n—r)k+AX|[Y]> flk—1) = (n—k+1)(k—1)+4(26 — k+ 1)(n — 25). (4.8)

Substituting (4.8) in (4.7), we have

(G < ") ) (k= )nA
) S S G — )2 T =k + 1) (k—1) + 4(20 — k + 1)(n — 20)’
1,JEV,i<g

which is a contradiction to the hypothesis. Hence, k(G) > k. O

Remark 4.2. (i) The lower bound on p,—1(G) of Theorem 1.14 is better than the one of
Theorem 1.13 whenn 245 —k+ 1. In fact,asn—k+1=(n—2§)+ (26 —k+ 1), it is
also easy to find that

(k- 1)nA (k—1)(n—k+1)A
-kt (k=D + 420 —k+1)(n—28) 420 —k+1)(n—20)

is equivalent to (n — 46 +k — 1)2 > 0.
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(ii) The lower bound on p,—1(G) of Theorem 1.14 is better than the one of Theo-
rem 1.5 in the following cases. If A > 20 —k+ 1 and n > 2§ + %, then

(k—1)nA (k— 1)nA
-k k- D+ 420 -kt 1)(n—20) 220 —k+)(n—25+k—1)

is equivalent to (n — 20 — k+1)(20 — k + 1) + 26(n — 2J) > 0, that is

2 (1. 1)\2 _ _
Ol G VS GV [ )

45 — (k—1) 220 —k+1)+ (k—1)’

which holds when n > 26 + % If6 <A<2)—k+1andn > 44, then by Remark 4.2
(i) and Remark 4.1, Hq(A, 6, k) < Hz(A, 6, k) < (5, A k).

Proof of Theorem 1.15. To the contrary, suppose that 1 <k = k(G) < k — 1. Let S be
an arbitrary minimum vertex-cut and X be the vertex set of a minimum component of
G—-S,andY =V — (SUX). By Lemma 2.4 and 1 < k < k — 1, we obtain

IX] - [Y] > (26 — K)(n — 20) > (26 — k + 1)(n — 26).

Combining this with n — | X| — |Y| =k < k — 1, by Lemma 2.6,

(- ) XY (20— k4 D) 20) )
Gy S n—X[= V) ak—1)
Set t = - and s = W + 1. Substituting ¢ and s in (4.9), we obtain

t+t~1 >2s. Sincet > 1 and s > 1,t > s+ +/s2 — 1 is necessary. This contradicts to the
hypothesis. Therefore, x(G) > k. O

Example 4.3. Let G be the bipartite graph in Fig. 2, where n = |[V(G)| = 14, A(G) =
5,0(G) = k(G) = 4 and p,—1(G) = 2. We present a table to show the lower bounds on

tn—1(G) of Theorems 1.5, 1.13, 1.14, and the upper bound on #“1(1((%) of Theorem 1.15,

as seen in the table below.

Graph  pn—1(G) Theorem 1.5 Theorem 1.13  Theorem 1.14 u“i(lc(;c)” Theorem 1.15

G 2 2.3333 1.3750 1.3725 4.3508 4.6417

5. Vertex-connectivity and eigenvalues of graphs with fixed girth

In this section, based on a result of Liu et al. in [16], we investigate the relationship
between vertex-connectivity and algebraic connectivity of graphs with fixed girth, to be
shown in Theorem 5.2.
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O,

TR
\

RN,
NVA

Fig. 2. The graph G in Example 4.3.

Lemma 5.1 (Liu et al. [16]). Let G be a simple connected graph with minimum degree
0 =0(G) > 2 and girth g = g(G) > 3. Let C be a vertex cut of G with |C| = c and A be

a connected component of G — C. Define t = fg—;ll and

t—1
L+ (0 —c) > (5 —1), ifg=2t+1and c<d—1;
i=0

_ t—1 .

V0.9 =4 9 (052 ) S (65— 1), ifg=2+2 and s > 3;
=0

2t + 1, ifg=2t+2 and § = 2.

If c < 4, then |V (A)| > v(4,g,c).

Theorem 5.2. Let k be an integer and G be a simple graph of order n with maximum degree
A, minimum degree § > k > 2, girth g = g(G) > 3. Define t = [£1], h = Z:;é(é— 1)t
and

(k—1)nA

HA 00 = G D - D T ..k — D~k 1 - 1G9k~ 1))’

If one of the following conditions holds, then k(G) > k.

. k—1)nA
(i) pn-1(G) > (n—1)+4y(5,g,k<—1)(n—k+1—u(5,g,k—1))f'
(i) g=2t+1, (4h—1)n > 4(hé+1)(2h—1) —k(2h —1)% and p,—1(G) > H(A, 6, g, k);

(i) g=2t+2,6>3, (4h—1)n>8h(@—1)+1)(2h—1)—k(2h—1)? and pn_1(G) >
H(A, 6,9, k).

Proof. To the contrary, suppose that 1 < k = k(G) < k — 1. Let S be a minimum
vertex-cut of G and X be the vertex set of a minimum component of G — S, and ¥ =
V—(SUX). Then | X| < [|Y|and |X|+|Y| =n—k. Since kK <k —1 < §, by Lemma 5.1
we obtain v(d,¢9,k) < |X| <|Y|<n—k—v(,g,k), and so

I X|- Y| >v(d,g,k)(n—k—v(g,k) >v(dg,k—1)(n—k+1—-v(dgk—1)). (51)
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Let 2 = (z1,22,...,7,)7 be a real vector. If i € X, then set z; = 1; if i € Y, then
set x; = —1; if i € S, then set x; = 0. Using a similar argument as in the proof of
Theorem 1.10, by Lemma 2.2 we have

n Y (0 - a)?
ij k—1)nA
< _ U<E ( . .
(@) S ST S s e 4K (5:2)
i,JEV,i<j

(i) By (5.1) and (n— )k > min{n—1,(n—k+1)(k—1)} =n—-1for 1 <k < k-1,
(n—r)k+4X||Y] > (n—1)+4vd, 9,k —1)(n—k+1—v(d, g,k —1)). (5.3)

Substituting (5.3) in (5.2), we obtain a contradiction to the hypothesis. Therefore,
k(G) > k.
(ii) f g =2t + 1 and K < k —1 < §, then v(d,g,x) = h(6 — k) + 1. Combining this
with (5.1),
(Tl - K)H + 4|XHY| Z(’/l - H)’% + 41/(5797 H)(?’L — k= V(67ga KJ))
=n—k)k+4(h(6 —k)+1)(n—k—h(0 —k) —1)
= — (2h — 1)?s% — ((4h — 1)n — 4(h6 + 1)(2h — 1))&
+4(hd+1)(n—hé — 1) =: f1(r).

Since h > 1 and (4h — 1)n > 4(hé + 1)(2h — 1) — k(2h — 1)?,
fi(1) = fi(k —1) = (k= 2)((4h — D)n — 4(hé + 1)(2h — 1) + k(2h — 1)?) > 0,
which implies fi(x) > min{f1(1), f1(k—1)} = fi(k —1). Thus

(n—r)k +4X[[Y] = fr(k = 1)
=mn—k+1)(k—1)+4v(d,9,k —1)(n—k+1—-v(d,g,k—1)).
(5.4)

Substituting (5.4) in (5.2), we obtain p,—1(G) < H(A,d, g, k), which is a contradiction
to the hypothesis. Hence, x(G) > k.
(iii) If g = 2t + 2 and § > 3, then v(4, g, k) = h(20 — k — 2) + 2. Combining this with
(5.1),
(n—kr)k+4X||]Y| 2(n — k)k +4v(0,9,8)(n — k — v(d, 9, K))
=n—k)k+4(h(20 —k—2)+2)(n— Kk —h(20 — Kk —2) — 2)
— (2h —1)%k2% — ((4h — 1)n — 4(h(26 — 2) +2)(2h — 1))k
+4(h(26 —2) +2)(n — h(20 — 2) — 2) =: fa(k).
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Since h > 1 and (4h — 1)n > 8(h(6 — 1) + 1)(2h — 1) — k(2h — 1)?,
F2(1) = fok — 1) = (k — 2)((4h — 1)n — A(h(20 — 2) + 2)(2h — 1) + k(2h — 1)2) > 0,
which implies fo(k) > min{ f2(1), fa(k — 1)} = fa(k — 1). Thus

(n = r)k +AX[[Y] = fa(k —1)

=n—-k+1)(k—-1)+4v(0, g,k —1)(n—k+1—-v(g,k—1)).
(5.5)

Substituting (5.5) in (5.2), we obtain p,—1(G) < H(A,d, g, k), which is a contradiction
to the hypothesis. Hence, x(G) > k. O

At the end of this paper, we investigate graphs with many vertices, instead of small
graphs. When n is large enough, the lower bound on p,_1(G) is close to a constant
¢ = c¢(A, k). To show this, we present a corollary of Theorem 1.10 as an example. For
other results, the proof is similar.

Corollary 5.3. Let k be an integer and G be a simple graph of order n with maximum
degree A and minimum degree § > k > 2. For any € > 0, there exists an integer N such
that for any n > N, if

(k—1A
then k(G) > k.
Proof. Since § > k£ > 2 and
, ) (k—1)nA (k—1A
| A =1 =
A Ha( B0 k) =l T T A0 —Fr D= —1) 10—k T’

for any € > 0, there exists an integer N such that for any n > N,

(k—1)A
< — .
Hal& 0 k) < g7 e

Thus, p,—1(G) > Ha(A, d, k). By Theorem 1.10, the result follows. O
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