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Degree sequence realizations

1. Introduction

Graphs considered in this paper are finite and loopless. As in [2], a graph is simple if it does not contain parallel edges or
loops. For a graph which may contain parallel edges, we call it a multigraph. For a positive integer k, let [k] = {1,2, ..., k}
and Z; be the set of all integers modulo k, as well as the (additive) cyclic group of order k. Following [2], «'(G) denotes the
edge-connectivity of a graph G. Denote a cycle with n vertices by C,. For vertex subsets U, W C V(G), let [U, W]; = {uw €
E(G)lu € Uand w € W}. When U = {u} or W = {w}, we use [u, W]¢ or [U, w]g for [U, W]g, respectively. The subscript
G may be omitted when G is understood from the context. For a graph G and integer k > 0, kG denotes the graph obtained
from G by replacing each edge with k parallel edges joining the same pair of vertices.

Let D = D(G) denote an orientation of G. For each v € V(G), let E;(v) (Ej (v), resp.) be the set of all arcs directed out
from (into, resp.) v. As in [2], dg(v) = |E5r(v)| and dj, (v) = |E, (v)| denote the out-degree and the in-degree of v under the
orientation D, respectively. If a graph G has an orientation D such that d;(v) = dp (v) (mod k) for every vertex v € V(G), then
we say that G admits a modulo k-orientation. Let M, denote the family of all graphs with a modulo k-orientation. Note that,
for even k, a graph admits a modulo k-orientation if and only if every vertex has even degree.

Let I" be an Abelian group, let D be an orientation of G and f : E(G) — I'.The pair (D, f)is a I'-flow in G if the net in-flow
equals the net out-flow at every vertex. That is, for any vertex v € V(G),

Y fle= > fle.
ecE (v) ecEp (v)

A flow (D, f) is nowhere-zero if f(e) # O for every e € E(G).If I' = Z and —k < f(e) < k then (D, f) is called a k-flow. Tutte’s
flow conjectures are perhaps some of the most fascinating conjectures in graph theory. Tutte’s 3-flow conjecture states that
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every 4-edge-connected graph admits a nowhere-zero 3-flow, which is equivalent to saying that every 4-edge-connected
graph admits a modulo 3-orientation (see [2]). The celebrated 5-flow conjecture [ 15] states that every bridgeless graph admits
anowhere-zero 5-flow. It is well known that the 5-flow conjecture is equivalent to the statement every 3-edge-connected graph
G admits a nowhere-zero Zs-flow. It was observed by Jaeger [6] that if the graph 3G has a modulo 5-orientation, then G admits
a nowhere-zero Zs-flow. Specifically, let D be a modulo 5-orientation of 3G and f = 1 be a constant mapping from E(3G)
to 1. Then the sum of this flow (D, f) of 3G would give a nowhere-zero Zs-flow of G, and this led Jaeger [6] to propose the
following stronger conjecture, whose truth implies Tutte’s 5-flow conjecture.

Conjecture 1.1 ([6]). Every 9-edge-connected multigraph admits a modulo 5-orientation.

Jaeger [6] also proposed a more general Circular Flow Conjecture that every 4p-edge-connected multigraph admits a
modulo (2p + 1)-orientation, however it was disproved for all p > 3 in [5].

The concept of strongly Zs-connectedness is introduced in [10] serving as contractible configurations for modulo 5-
orientations (see also [9]). For a graph G, let Z(G, Zs) = {b : V(G) — Zs |ZUEV(G) b(v) = 0 (mod 5)}. A graph G is strongly
Zs-connected if, for every b € Z(G, Zs), there is an orientation D such that dg(v) —dp(v) = b(v) (mod 5) for every vertex
v € V(G). Let (SZs) denote the family of all strongly Zs-connected graphs. Conjecture 1.1 is further strengthened to the
following conjecture in [9].

Conjecture 1.2 ([9]). Every 9-edge-connected multigraph is strongly Zs-connected.

Conjectures 1.1 and 1.2 are confirmed for 12-edge-connected multigraphs by Lovasz, Thomassen, Wu and Zhang [12].
We also note that, by a result in [11], the truth of Conjecture 1.2 would imply another conjecture of Jaeger et al. [7] which
states that every 3-edge-connected graph is Zs-connected. A graph is called Zs-connected if for any b € Z(G, Zs), there is an
orientation D and a mapping f : E(G) — {1, 2, 3, 4} such that for every vertex v € V(G),

> fley= Y fle)=hb(v) (mod 5).

ecEf (v) ecEp (v)

Denote (Zs) to be the family of all Zs-connected graphs.

An integral degree sequence d = (dq, d>, ..., d,) is called graphic (multigraphic, resp.) if there is a simple graph (multi-
graph, resp.) G so that the degree sequence of G equals d; such a graph G is called a realization of d. Graphic and multigraphic
sequences with certain flow and group connectivity properties have been extensively studied [3,11,13,14,16,17]. Specifically,
all graphic sequences with nowhere-zero 3-flow or 4-flow realization are characterized by Luo et al. [13,14], respectively.
The problem of characterizing all degree sequences with Zs-connected properties is proposed and studied by Yangetal.[17],
and solved by Dai and Ying [3]. In general, the Z;-connected realization problem is characterized for k = 4 by Wu et al. [ 16],
and it is eventually resolved in [11] for every k.

In this paper, we study the degree sequences with realizations that are strongly Zs-connected or have modulo
5-orientation properties. Our main results are the following characterizations.

Theorem 1.3. For any multigraphic sequence d = (di, d2, ..., dy), d has a modulo 5-orientation realization if and only if
di ¢ {1,3} forevery1 <i<n.

Theorem 1.4. For any multigraphic sequence d = (di, dy, ..., dy), d has a strongly Zs-connected realization if and only if
> i, di > 8n — 8 and minie(y d; > 4.

In addition, we obtain the following theorem, which provides partial evidences for Conjectures 1.1 and 1.2.

Theorem 1.5. For any multigraphic sequence d = (dq, ds, ..., d,) with minie; d; > 9, d has a 9-edge-connected strongly
Zs-connected realization.

Theorem 1.5 also leads to the following corollary.

Corollary 1.6. For any multigraphic sequence d = (d4, da, ..., d,) with minjey d; > 8, d has a 8-edge-connected modulo
5-orientation realization.

The rest of the paper is organized as follows. In section 2, we present some necessary preliminaries. Our main results are
proved in section 3.

2. Preliminaries

For an edge set X C E(G), the contraction G/X is the graph obtained from G by identifying the two ends of each edge in X,
and then deleting the resulting loops. If H is a subgraph of G, then we use G/H for G/E(H). As K; is strongly Zs-connected, for
any graph G, every vertex lies in a maximal strongly Zs-connected subgraph. Let H, Ho, ..., H. denote the collection of all
maximal subgraphs in the graph G. Then G’ = G/(U{_;E(H;)) is called the (SZs)-reduction of G. If G is strongly Zs-connected,
then its (SZs)-reduction is Ky, a singleton.

The following lemma is a summary of some basic properties stated in [8,9] and [10].
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Fig. 1. The graphsin Lemma 2.7.

Lemma 2.1 ([8-10]). Each of the following holds.

(i)IfH € (Zs) and G/H € (Zs), then G € (Zs).

(ii) A cycle of length nis in {Zs) if and only ifn < 4.

(iii) Let mK, denote the loopless graph with two vertices and m parallel edges. Then mK; is strongly Zs-connected if and only
ifm> 4.

(iv) G € Ms if and only if its (SZs)-reduction G' € Ms.

(v) G € (S8Zs) if and only if its (SZs)-reduction G’ = Kj.

The following theorem is a special case of the results stated in [11].

Theorem 2.2 ([11]). Let G be a graph. Then each of the following holds.
(i) G € (Zs) if and only if 3G € (SZs).
(ii) If G € (SZs), then G contains four edge-disjoint spanning trees, and in particular, |E(G)| > 4|V(G)| — 4.

For arealization G of a multigraphic degree sequenced = (di, d,, ..., d,),if Gis arealization of d with V(G) = {vq, ..., v}
such that dg(v;) = d;, then v; is called the d;-vertex for eachi € [n]. As a rearrangement of a degree sequence does not change
its realizations, we will just focus on nonincreasing multigraphic sequence in the rest of the paper for convenience.

Theorem 2.3 (Hakimi [4]). Letd = (d4, d3, ..., d,) be a nonincreasing integral sequence withn > 2 andd, > 0. Thend is a
multigraphic sequence if and only ifZ?=1 diisevenandd; < d, + --- + d,.

Theorem 2.4 (Boesch and Harary [1]). Letd = (d, ..., d, be a nonincreasing integral sequence withn > 2 and d, > 0. Let
j be an integer with 2 < j < n such that d; > 1. Then the sequence (d1, d,, .. ., d,) is multigraphic if and only if the sequence
(di —1,dy,...,dji_1,dj — 1,dj41, ..., dy) is multigraphic.

Let G be a graph with uv € E(G) and let w be a vertex different from u and v, where w may or may not be in V(G). Define
G(w-u*) to be the graph containing w obtained from G — uv by adding new edges wu and wv. We also say that G®*) is
obtained from G by inserting the edge uv to w in this paper. The following observation is straightforward, which indicates the
inserting operation would preserve the edge connectivity.

Lemma 2.5. Let G be a connected graph.

(i) Let w € V(G)\ {u, v} and G = G**), Then «'(G') > «'(G).

(ii) Let w ¢ V(G) be a new vertex and eq, . .., e, € E(G). Then the graph G’ obtained from G by inserting the edges e1, . . ., e;
to w satisfies k'(G') > min{«’(G), 2t}.

Proof. (i) Let [X, X°]¢ be an edge cut of G'. Observe that either |[X, X ]¢| = |[X,X 6| or |[X, X )¢| = |[X,X 6| + 2
depending on the position of u, v, w in X or X¢. So |[X, X 1¢| > |[X, X“1g| = «/(G), and thus «'(G") > «'(G).
(ii) The proof of (ii) is similar to (i). ®

Let x1X, Xox3 € E(G). We use Gy, x,x;) t0 denote the graph obtained from G — {x;x;, X,x3} by adding a new edge x;xs. The
operation to get Gix, x,x;) from G is referred as to lift the edges x;X;, X,X3 in G. The next lemma follows from the definition of
strongly Zs-connectedness.

Lemma 2.6. Let X1, X, X3 and Gy, x,x;] be the same notation as defined above. If Gix, x,x;1 € (SZs), then G € (SZs).

The next lemma shows that the small graphs depicted in Fig. 1 could play a crucial role in the inductive arguments of our
proofs.

Lemma 2.7. Each of the graphs J1, |2, J3,J4 in Fig. 1 is strongly Zs-connected.

Proof. (i) Let b € Z(J1,Zs). If b(x1) # 0, we lift two edges x3x1, x1x2 in J; to obtain the graph Ji, x,x,1, S8y H. Since
[[x1, {x2, x3}]y| = 3 and b(x1) # 0, we can modify the boundary b(x;) with the three edges in [x1, {X2, X3}]y. Specifically,
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orient 2, 0, 3, 1 edges toward x; when b(x{) = 4, 3, 2, 1, respectively. By Lemma 2.1(iii) and |[x2, X3]y| = 4, we can also
modify the boundaries b(x,), b(x3) with four parallel edges x,x3. By symmetry, we assume that b(x;) = b(x;) = 0, then
b(x3) = 0since b € Z(J;, Zs). Orient all the edges in [xq, {2, x3}];, toward x; and orient all the edges in [x,, {x1, X3}]},
from x; to obtain an orientation of J;, which agrees with the boundary b(x;) = b(x;) = b(x3) = 0. Therefore J; is strongly
Zs-connected by definition.

(ii)Let b € Z(J5, Zs). If b(xg) = 0, we lift three pairs of edges {x2xq, XoX3}, {X2X0, XoX1} and {x3Xg, XoXx1} from J, to obtain the
graph 3Ks. By Lemma 2.1(v) and since J; € (SZs) is a spanning subgraph of 3K3, we have 3K3 € (SZs), which implies that the
boundary b at each vertex can be modified in J,. If b(xo) = 2 or 3, we lift the edges pair {x,xo, Xox3} twice to obtain the graph
G1 and then orient the parallel edges from x, to x; or from x; to xq in Gy, respectively. By Lemma 2.1(iii), we could modify the
boundary b(x;) by two pairs of parallel edges x1x;, x1x3 and then modify the boundaries b(x;) and b(x3) by the four parallel
edges between x, and x3. Thus the obtained orientation agrees with the boundary b. So we have b(x;) € {1, 4} for each i, and
by symmetry, we may assume that b(xo) = b(x,) = 1 and b(x;) = b(x3) = 4. To agree with the boundary b in this case, we
orient two pairs of parallel edges x1Xo, x3Xo toward Xq, two pairs of parallel edges x,x;, x3x, toward x,, two parallel edges
XoX, with opposite directions and two parallel edges x;x3 with opposite directions. Therefore, all possible boundaries b are
examined, and so J, is strongly Zs-connected by definition.

(iii)Letb € Z(J3, Zs).1f b(xo) # 0, lift two edges x,xg, XoX3 to obtainjg[XO,szﬂ, say L.Since b(xg) # Oand |[xo, {x1, x3}]L] = 3,
we can modify the boundary b(x,) with the three edges in [xg, {X1, X3}11. As |[X1, {X2, X3}].| = 4 and by Lemma 2.1(iii), we can
modify the boundary b(x;). Furthermore, as |[x, x3];| = 4 and by Lemma 2.1(iii), we can modify the boundaries b(x,) and
b(x3). Thus we assume that b(xy) = 0. We lift the two edges x,X1, X1x3 to obtain L. Orient the five edges incident with xy out
from xq in L. If b(x;) = 0, 1, 3 in L we orient two edges from x; toward x;, x3, two edges from x;, x3 toward x1, one edge from
X1 to x, and one edge from x3 to xq, respectively. If b(x;) = 4, 2, reverse the above obtained orientation in L corresponding
to b(xg) = 1, 3, respectively. Then modify the boundaries b(x,) and b(x3), by Lemma 2.1(iii) and |[x, x3];| = 4. Thus J3 is
strongly Zs-connected.

(iv) Since J4 contains J; as a subgraph, J4/]1 = 4K, and J; € (SZs), we conclude that J, is strongly Zs-connected by
Lemma 2.1(iii)(v). W

3. Proofs of main results
We shall present the proof of Theorem 1.4 first, which will be used in the proof of Theorem 1.3.
3.1. Proof of Theorem 1.4

Define 7, = {(d1, ..., dn) : ZL d; = 8n — 8 and min;epn{di} > 4}.

Lemma 3.1. Letd = (dq, ds, ..., d,) € F, be a nonincreasing sequence. Then d is multigraphic. Moreover, each of the following
holds.
(i)Ifn > 4 and (dp—1, dn) € {(5,5), (6, 5)}, then there exist (d}, ..., d|_,) € Fa._o and nonnegative integer ¢; such that for

each 1 §j§n—2,dj=d]’.+cjand
-2
”ZC: 6, if(dy1,dn) = (5
L 5, if(dp-1,dn)=(6
Jj=1
(ii)Ifn = 5 and (dy—3, dn_1,dy) € {(7,7,5),(6,6,6),(7,6,6),(7,7,6)}, then there exist (d}, ..., d, ) € Fo_3 and
nonnegative integer ¢; such that foreach1 <j <n-3,d; = d + c] and

f( n— 2» n 1»dn)
) f( n— 2» n ladn)
) lf( n— 27 T‘l 17dT‘l)
. if(dn—z, dp—1, dy)

,5);
5 (1

7,7,5)
6,6, 6);
7,7,6)

N U oY

n-3
=

Proof. Since d, > 4, wehave ) | ,d; > 4n —4.Thend; < ) [ ,di—(4n—4)=4n—4 < Y, d;. By Theorem 2.3,d is
multigraphic.
(i) Denote k = 16 — d,_1 — d,,. If n > 4, then by ZL d; = 8n — 8, we have

n
D di=8n—8>4(n—2)+16 = 4(n — 2)+ (dn + dp_1) + k.
i=1

Thus there exists a minimal integer iy € [n—2] such thatz 0. di > 4ig+k.Letg; = dj—4for1 <j <ip—1,¢, = k— 2;0:711 d;
and¢ =0ifip+1<j<n-2. Letd’ =d;j — ¢ foreachl <j<n-2 Thenthedegree sequence (d7, ..., d,_,) € Fr
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Fig. 2. The graphs in Lemma 3.2.

since
n—2 n—2 n—2 n—2 n
Yd=>di-> =) d—-k=) d—-16=38(n-2),
j=1 j=1 j=1 j=1 j=1

and d]’. > 4foreach 1 <j < n — 2. Moreover, Eq. (1) is satisfied as well.
(ii) The proof is similar to (i). Denote t = 24 — d,,_, — d,_1 — d,,.If n > 5, then by Zf:] d; = 8n — 8, we obtain

n
> di=8n—8 > 4(n—3)+24 = 4(n — 3) + (dn + d_1 + dn_z) + £
i=1

Thus there exists a minimal integer iy € [n— 3] such that Zlﬁf’zl d; > dip+t.Letcg =dj—4for1 <j<ip—1,¢, = t—Z]':O:_ll d;
and¢=0ifip+1<j < n—3.Lethf:dj—cjf0rl <j<n-3.Then(d],...,d,_;) € Fr_3as

n—3 n

n—3 n—3 n—3
de{=2df_ch=de_t=2df_24=8(n_3)’
=1 =1 =1

j=1 j=1
and d]f > 4 foreach 1 <j < n — 3. Furthermore, Eq. (2) holdsaswell. ®

To prove Theorem 1.4, we verify the following key Lemma first.

Lemma 3.2. For any nonincreasing multigraphic sequence d = (dy, do, ..., d,) with Z?:l di=8n—8andd, > 4,d has a
strongly Zs-connected realization.

Proof. We apply induction on n.If 2 < n < 3, then all the degree sequences satisfying the assumption Zle di=8n—38
and d,, > 4 are depicted below in Fig. 2.

It follows from Lemma 2.1(iii)(v) and Lemma 2.7 that each graph above is strongly Zs-connected, and so Lemma 3.2 holds
if2n < n < 3.Thus we assume that n > 4 and Lemma 3.2 holds for integers smaller than n. Notice that 4 < d, < 7, since
Zi:] di =8n—8.

Case 1: d, = 4.

Since )} ’]1 di = 8n — 12 > 4(n — 1) + 4, similar to the proof of Lemma 3.1, there exist a sequence d’ = (dy, ..., d,_;)
and nonnegative mteger ¢; for eachi € [n — 1] such that Z; 16 = 4,d = d +candd; > 4. Then Z” 1d/ =
8(n—1)—d, 21:] ¢; = 8(n — 2). By Lemma 3.1, d’ is multigraphic and d’ has a strongly Zs-connected reallzatlon G
by induction on n. Let G be the graph obtained from G’ by adding one new vertex v, and ¢; edges joining the vertex v, with
di-vertex foreach 1 < i <n— 1.AsG/G = 4K, € (SZs) and G’ € (SZs), G is a strongly Zs-connected realization of d by
Lemma 2.1(iii)(v).

Case2:d,=5o0rd, =6.

In this case, we shall divide our discussion according to (d,,_1, d,) or (d,_2, dn_1, dy).

If (dp—1, dy) € {(5,5), (6, 5)}, by Lemma 3.1(i), there exists d' = (d}, d,, ..., d;_,) € Fa_ such thatd; = d + ¢; where
Z::lz ¢ = 6if (dpq, dy) = (5,5) and Z?;z ¢ = 5if(dp_1,ds) = (6,5). By Lemma 3.1, d’ is multigraphic. By induction
on n, d’ has a strongly Zs-connected realization G'. Construct the graph G from G’ by adding two new vertices v,_1, v, with

n—2
f%} parallel edges v,v,—1 and for each i € [n — 2], joining ¢; edges from the d}-vertex to {v,_1, v,} to obtain a new
graph G as a d-realization. Since G/G' = J; (see Fig. 1), G € (SZs) and J; € (SZs) by Lemma 2.7, we conclude that G is a
strongly Zs-connected realization of d by Lemma 2.1(v).

Ifn > 5and(dy—, do_y, dy) € {(7,7,5),(6,6,6),(7,6,6),(7,7,6)},by Lemma 3.1(ii), there exists d’ = (d}, d5, ..., d;_5)
€ Fn_3 satisfyingd; = d/+c;and Eq.(2).Since ) 3 d; = 8(n—4)and minj¢,—3) d; > 4and by Lemma 3.1, d’ is multigraphic.
Then d’ has a strongly Zs-connected reallzatlon G, by induction on n.

If (dy—z, dn1,dy) = (7,7,5),letA = {v € V(G') : v isa d; -vertexwith ¢; > 0 and i € [n — 3]}. We construct a
graph G from G’ by adding three new vertices v,_», vy_1, v, and 12 edges such that |[v,, va_1]g] = 3, [[Vn—2, Un_1]g| = 4,
[[vn, Alg| = 2, |[vn_2, Alg| = 3 toobtain a new graph G so that G is a d-realization. By Lemmas 2.1 and 2.7(iii)(v), as G’ € (SZs)
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and G/G'/[va—1, vn_2lc = J1 € (SZs), we have G € (SZs), which provides a strongly Zs-connected realization of d. Similarly,
if(d,_2, dn_1, dy) € {(6, 6, 6), (7, 6,6),(7,7,6)}, we accordingly construct a graph G such that G/G’ € {J,, J3, J4} respectively,
and xo € V(J) with] € {J», J3,J4} (see Fig. 1) is the vertex onto which G’ is contracted in G/G'. Thus d has a realization G. By
Lemma 2.1(v) and Lemma 2.7, G is a strongly Zs-connected realization of d.

The remaining case isn = 4 and Z; d; = 24, and then (d,, d3, d3, d4) = (6, 6, 6, 6). By Lemma 2.7, the graph J, (see
Fig. 1) is the desired graph.

Case3:d, =7.
Ifd, =7,by Y i ,di =8n—8,thend, = dy_1 = --- = dy_g = 7, which implies that n > 7. Thus
n—4
D di=81-8-28>4(n—4)+4.
i=1
By a similar argument as in Lemma 3.1, there exist a degree sequence d’ = (d}, - - -, d;_,) and nonnegative integer ¢; such
thatd; = d; +candd; > 4for1 <i<n— 4, where Z?:_f ¢i = 4. Thus

n—4 n n n—4
ddi=>"di— > di—) c=8n-1)—28—4=8n-5).
i=1 i=1 i=1

i=n—3

By Lemma 3.1, d’ is multigraphic. By induction on n, d’ has a strongly Zs-connected realization G'. We construct the graph G
from G and 3G, by adding ¢; edges between d;-vertex and vertices of 3C4 such that dg(x) = 7 for any x € V(3Cy) so that G is
a d-realization. By Lemma 2.1(ii) and Theorem 2.2(i), 3C4 € (SZs). By Lemma 2.1(iii) (v) and (G/G')/3C4 = 4K; € (SZs), G is
a strongly Zs-connected d-realization. This completes the proof. B

Now we are ready to prove Theorem 1.4.

Theorem 1.4. For any nonincreasing multigraphic sequence d = (d,, dy, ..., d,), d has a strongly Zs-connected realization if
andonly if Y, d; > 8n — 8 and d, > 4.

Proof. To prove the necessarity, by Theorem 2.2(ii) and Lemma 2.1(iii), if G € (SZs) with degree sequence (d1, d>, ..., dy),
then ) ! ,d; > 8n—8andd, > 4.
For sufficiency, suppose the contrary that the nonincreasing multigraphic sequence (dq, da, . .., d,) is a counterexample

with }"! | d; minimized. By Lemma 3.2, )"\, d; > 8n — 8 and d, > 4.1f d, = 4, then by Theorem 2.3, we have Y [, d; <
2 Z?:z d; = 8n— 8, a contradiction. Thus we assume thatd, > 5and let(d}, d;, d}---,d;)=(d1—1,d,—1,d3, ..., d,).By
Theorem 2.4, (dy, . .., d,) is multigraphic, and so by the minimality of d, (d}, . . ., d},) has a strongly Zs-connected realization
G'. Then we obtain the graph G as a d-realization from G’ by adding one edge between the d’-vertex and the d),-vertex. Since
G € (SZs), it follows from Lemma 2.1(v) that G € (SZs), a contradiction. H

3.2. Proof of Theorem 1.3

Theorem 1.3. For any nonincreasing multigraphic sequenced = (dq, d>, . . ., dy), d has a modulo 5-orientation realization if and
onlyifd; ¢ {1,3} forevery1 <i<n.

Proof. To prove the necessarity, let (dq, . .., d,) be any multigraphic sequence, by the definition of modulo 5-orientation,
we achieve d; ¢ {1, 3} forevery 1 <i <n.
For sufficiency, suppose the contrary that the nonincreasing multigraphic sequenced = (d4, ..., d,) is a counterexample

withm = )", d; minimized. By Theorem 2.3,d; < > [, d;.

ClaimA. d; <) ! ,di — 4

By contradiction, we assume that dy € {) ., di —2, > i, di}.

Ifdy = 2?22 d;, then d has a unique realization G by setting v, as the center vertex adjacent to the vertices v,, ..., v, with
d,, ..., d, multiple edges, respectively. Now we are to prove that G has a modulo 5-orientation D. Foreach2 <i <n— 1,ifd; is
even, then we orient one half of the edges from v; toward v, and orient rest edges from v to v;. If d; is odd, we assign d"zj edges
with the orientation from v; into vertex vy and d’;S edges with opposite direction. Thus G is a modulo 5-orientation realization of
d, a contradiction.

Assume that d; = Z?:z d; — 2. From the above oriented graph G with degree sequence (Z?:z di,d,, ..., dy,), we pick up one
directed edge oriented into the vertex v4, denoted by e, and another edge oriented out from vy, denoted by e,, where e;Ne; = {v1}.
Let G’ be the graph obtained from G by lifting two edges e, e, to become a new edge. It is easy to see that G’ preserves the modulo
5-orientation and that G' has degree sequence d = (Z?:Z di — 2,d,, ..., dy). This contradicts to the assumption that d is a
counterexample.
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ClaimB. d, ¢ {2,4}andn > 4.

By contradiction, assume that d, = 2t for some t € {1,2}. Letd = (d},d,,...,d,_;) = (di,d>,...,dy_1). Since
di < Y ,di — 4 by Claim A, we have d; < Y., ld’ By Theorem 2.3, d' is multigraphic. Since > [, ]d’ < m and by the
minimality ofm d’ has a modulo 5- orlentatlon reallzatlon G'. We pick up t directed edges e1, . . ., e; in the modulo 5-orientation
of G. Let G be the graph obtained from G’ by inserting the edges eq, ..., e; to a new vertex vy. This would extend the modulo
5-orientation of G' to the graph G. However, it is clear that G is a d-realization, a contradiction.

The case of n = 2 is obvious. Let n = 3. Since d3 > 5, we have d; + d, + d3 > 15, and so d, + d» + d3 > 16 by parity. By
Theorem 1.4 and since 16 = 8(n — 1), d has a strongly Zs-connected realization, and therefore a modulo 5-orientation realization,
a contradiction.

ClaimC. d; <) ! ,d; —6andd, # 6.

Suppose to the contrary that d; = Z, , di — 4 (by Claim A). Similar to the proof of Claim A, let G be a Z ,di,da, ..., dy)-
realization with center vertex v, adjacent to the vertices vy, ..., vy, With d,, . .., d, multiple edges, respectwely Since dp_1 >
dn, > 5 by Claim B, we lift the edges pair {viv,_1, v1v,} twice to obtain a graph G'. Then G'[{v1, vy_1, vn}] contains the graph
J1 (see Fig. 1), and therefore has a modulo 5-orientation by Lemma 2.7. Since |[v1, vilg| > 5 foreach2 < i < n — 2, we can
extend the modulo 5-orientation of G'[{vy, vy_1, vs}] to the entire graph G’ by Lemma 2.1(iii). This shows that G’ is a modulo
5-orientation d-realization, a contradiction.

Using a similar argument as employed in the proof of Claim B, we obtain d,, # 6. Since (dy, d2, ..., d,_1) is multigraphic
provided that d, = 6 and d; < Z?:z d; — 6. That is, we can insert three edges in G’ to a new vertex v, to form the desired graph
G.

Now, as d, > 5 and by Theorem 1.4, we have

Zdi < 8n— 10. 3)

Claim D. d, # 5.

Ifn = 4 and dy = 5, then by Z?:] di <22,d = (dy,d,ds,dg) € {(5,5,5,5),(7,5,5,5),(6,6,5,5)}. If (d1, d2,d3,dg) €
{(5,5,5,5),(6,6,5,5)}, we obtain the desired graph G from ], in Fig. 1 by replacing the vertex x3 with 2 or 3 parallel edges,
separately. If (d, d», d3, dy) = (7, 5, 5, 5), then we have the graph G from J; by inserting the parallel edges x1x;, to a new vertex
x4 and adding one new edge x3x4. In any case, it is easy to check that G is a modulo 5-orientation d-realization, a contradiction.

Ifn>5andd, =d,—; =5, thenletd = (d}, d,, ..., d,_,) =(dy,da, ..., ds_2). Since

n
di+5mn—1)<di+) d<8n-10,
i=2

we obtain d; < 3n — 5. Sincen > 5,d) <3n—5 < 5(n—3) < Z}:zz d;. By Theorem 2.3, d’ is multigraphic. By induction,
d’ has a modulo 5-orientation realization G'. Pick up a directed edge uv in the graph G'. Construct the graph G from G’ by adding
distinct vertices v,_1, vy, deleting oriented edge uv and adding oriented edges uv,_1, vyv and 4 parallel edges v,v,_1. Thus G is
the desired graph by Lemma 2.1(iii), a contradiction.

Otherwise, since d, = 5 and Y ., d; is even, there exists an odd d; > 7 for some 1 < i < n — 1. Letd =
(dy,....d,....d,_;)=(dq,...,di = 5,...,dp_q). Sincen > 5, wehaved; =d; <3n—-5<5n—-3)+2 < Z” 1d’
Theorem 2.3 and induction, let G’ be a modulo 5 orientation realization of d'. Construct the graph G from G’ by adding a new vertex
v, such that v, is adjacent to the d;-vertex with 5 parallel edges. By Lemma 2.1(iii), G is a modulo 5-orientation d-realization, a
contradiction.

ClaimE. d, # 7.

Ifd, =7, thend, = dy_1 = --- = dn_¢ = 7 by Eq. (3), which implies thatn > 7. Letd' = (d}, ..., d,_,) = (d1, ..., dy_4).
Sinced; +7(n—1) < Y. ,di <8n—10,weobtaind; <n—3 <7(n—5) < Z;:; d.. By Theorem 2.3 and induction, d’ has a
modulo 5-orientation realization G'. Let uqv1, upv; be two directed distinct edges in G'. We construct the graph G from G’ and 3C,4
with vertices vj, n — 3 < j < n, by deleting u,v1, upv, and adding oriented edges u;vn_3, Vn_2V1, U2Vn_1, Vpv2. By Lemma 2.1(ii)
and (i), 3Cy is strongly Zs-connected. Thus the modulo 5-orientation of G’ is easily extended to the graph G as a d-realization, a
contradiction.

Therefore, it follows from Claims A-E that d, > 8, and so 2?21 d; > 8n, a contradiction to Eq. (3). The proof is completed.
|

3.3. Proof of Theorem 1.5

A graph is called cubic if it is 3-regular. For a cubic graph G, a Y — A operation on a vertex v is to replace the vertex v with
a triangle, where each edge incident with v in G becomes an edge incident to a vertex of the triangle. It is clear that applying
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Y — A operation on a cubic graph still results a cubic graph, and it follows from Lemma 2.1(i)(ii) that any graph obtained
from K4 by Y — A operation is Zs-connected. We will use this observation (and in fact a stronger property) in the proof
of Theorem 1.5. Before presenting the proof, we shall handle some special cases first. If a sequence d consists of the terms
dy, ..., d; having multiplicities my, ..., m;, we may write d = (d'{” e d{”f) for convenience.

Lemma 3.3. Each of the integral multigraphic sequences (17, 93), (14, 9%), (16, 9%), (16, 9%) has a 9-edge-connected strongly
Zs-connected realization.

Proof. For d = (17, 9°), we construct a graph G as d-realization from J; in Fig. 1 by adding a new vertex x; with 2 parallel
edges x1x4 and 7 multiple edges x,x4, respectively, then adding 3, 2 multiple edges x3x,, X1X,, respectively. It is routine to
check that G is 9-edge-connected, i.e. for any S C V(G) with |S| = 1 or 2, we have |[S, V(G) \ Sl¢| > 9. By Lemmas 2.7 and
2.1(iii)(v), G is a strongly Zs-connected d-realization.

For d = (16, 95), we construct the graph G, from two disjoint copies of 3K, with labeled vertices v’, v” respectively, by
identifying vertices v’, v” to a new vertex and lifting the two edges e, e,, where ey, e, are adjacent to v/, v’ in each 3Kj. It is
easy to check that Gy is 9-edge-connected. Since Gy contains J, (see Fig. 1) as a subgraph and by Lemmas 2.7 and 2.1(v), Go
is a strongly Zs-connected d-realization.

For d = (16,9%), we obtain the desired graph G; gained from J; in Fig. 1 by adding two new vertices x4, Xx; with
edges x1X4, X2X4 and 3, 3, 3, 7 parallel edges x3Xs, X1Xs5, X2Xs5, X4X5, respectively. For any S C V(G,), it is easy to check that
[[S, V(G1) \ S]| = 9.Thus G is a 9-edge-connected strongly Zs-connected d-realization by Lemma 2.7 and Lemma 2.1(iii)(v).

For d = (14, 9*), we have the desired graph G, obtained from above G; by lifting the two edges x3x5 and x4xs. Let
S C V(Gy). It is routine to verify that |[S, V(G;) \ Slg,| = 9 forany S C V(G,). Therefore G; is a 9-edge-connected strongly
Zs-connected d-realization by Lemmas 2.7 and 2.1(iii)(v). ™

Theorem 1.5. For any nonincreasing multigraphic sequence d = (dy, dy, . . ., dy) with minie, d; > 9, d has a 9-edge-connected
strongly Zs-connected realization.

Proof. letd = (di,d,,...,d,) be a nonincreasing multigraphic sequence with d, > 9. By Theorem 2.3, we have
di < Z?:z di. If n = 2, then d; = d; and it is obvious to verify this statement by Lemma 2.1(iii). We argue by induction
onm = 2?:1 d; and assume that n > 3 and that Theorem 1.5 holds for smaller value of m. We are to construct a 9-edge-
connected strongly Zs-connected d-realization.

Case 1:d; =09.

Since d,, > 9, we have (dy,d5,...,d;) = (9,9,...,9). Since Z?zl d; is even and n > 3, this implies that n is even
and n > 4. We obtain a graph G’ by applying Y — A operation on the complete graph K, several times until the cubic
graph processes n vertices. By Lemma 2.1(i)(ii), G' € (Zs). Let G = 3G. Then G € (SZs) by Theorem 2.2(i). Since G’ is
3-edge-connected, G is a 9-edge-connected strongly Zs-connected d-realization.

Case 2:d, > 10.

In this case,d; > d, > 10,and we letd = (d; — 1,d, — 1,ds, ..., d,). By Theorem 2.4, d’ is multigraphic. By induction
on m, d’ has a 9-edge-connected strongly Zs-connected realization G'. Construct the graph G from G’ by adding one edge
joining (d{ — 1)-vertex and (d, — 1)-vertex in graph G’. By Lemma 2.1(v), G is also a 9-edge-connected strongly Zs-connected
realization of d.

Now, we consider the remaining case.

Case3:d; > 10anddy, =---=d, =9.

Ifd, > 18, weletd = (di — 9,d>,...,dy_1). Then d’ is multigraphic as d; — 9 < Z}Z; d; and by Theorem 2.3. By
induction on m, there exists a 9-edge-connected strongly Zs-connected graph G’ as d’-realization. Construct the graph G by
adding one new vertex v, and 9 parallel edges joining v, and (d; — 9)-vertex in G'. By Lemma 2.1(iii)(v), G is the desired
graph. Combining Case 1, we assume that 10 < d; < 17 below.

Case 3.1: d; is odd.

Since ZL diiseven,nisevenandn > 4.1fn = 4and 11 < d; < 15, weletd; — 9 = 2q, where 1 < g < 3. Let
v be an arbitrary vertex in 3K, and let ey, ..., e, be non-parallel edges not adjacent to v in 3K4. We obtain the graph G as
d-realization from 3K, by inserting the edges ey, ..., eq to the vertex v. By Lemma 2.5(i), G is 9-edge connected. Since G
contains J, as a spanning subgraph, by Lemmas 2.7 and 2.1(v), G € (SZs). Otherwise, (d1, do, d3, d4) = (17,9, 9, 9), which
has already been handled in Lemma 3.3.

Ifn > 6, we obtain a graph G’ by applying Y — A operation on K4 repeatedly until the cubic graph processes n vertices.
Denote the last obtained vertex by v; in G/, which is in the last generated triangle. Let d; — 9 = 2q, where 1 < q < 4. We
select g edges ey, .. ., g4 that are coming from the edges of the basic graph K4, which are not adjacent to v; in the graph G'.
Obtain the graph G from 3G’ by inserting the edges ey, .. ., e; to vy. By Lemma 2.5(i), G is 9-edge-connected. To verify that
G is strongly Zs-connected, we first observe that the graph induced by the vertices of the last generated triangle is strongly
Zs-connected as it contains J; as a spanning subgraph. Then we can contract the last generated triangle and consecutively
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contract all the generated triangles, the remaining graph is strongly Zs-connected as it contains a J, as a spanning subgraph.
By Lemma 2.1(v), G is a strongly Zs-connected d-realization.

Case 3.2:d; iseven.

Since Zle d; is even, nis odd and n > 3. When n = 3, we have d = (d;, d3, d3) = (dq, 9?) and it is straightforward to
obtain a 9-edge connected d-realization G containing the graph J;.Ifn = 5and d; = 14ord; = 16 orn = 7 and d; = 16,
then the multigraphic sequences are (14, 9%), (16, 9%), (16, 95), which are all verified by Lemma 3.3.

The remaining cases are as follows: n > 9,orn =7 and 10 < d; < 14,orn = 5and 10 < d; < 12. We construct a graph
G’ by applying Y — A operation on K, repeatedly until the cubic graph processes n — 1 vertices. Let E' C E(G’) consist the
edges of the base graph K4 and one edge in each generated triangle in G'. Thus |E’| > 8ifn > 9; |E'| =7ifn=7; |[E'| = 6if
n = 5. Letd; = 2q. Note that |E'| > q. We select the edges ey, ..., e; in E” and obtain the graph G from 3G’ by inserting the
edgeses, ..., e, € E’' to a new vertex vq. By Lemma 2.5(ii), G is 9-edge connected. Clearly, G is a d-realization. To see that G
is strongly Zs-connected, we first recall that J; and J, are strongly Zs-connected by Lemma 2.7. By contracting J; and 3K3 in
the generated triangles of G consecutively, the resulting graph consists of 5 vertices, namely v; and the remaining 4 vertices
induced a graph containing J,. We then contract J, and the resulting 2q parallel edges to obtain K;. This shows that G is a
strongly Zs-connected by Lemma 2.1(v). The proof is completed. ®

Proof of Corollary 1.6. We assume that d = (di, ..., dy;) is a nonincreasing multigraphic sequence with d, > 8. By
Theorem 2.3, d; < Z?:z d;. The case of n = 2 is trivial. Assume that n > 3. Suppose to the contrary that (dy, ..., d;) is
a counterexample withm = )", d; minimized.

Ifd, > 10,letd = (d}, d, ..., d,) = (d1 — 2,ds, ..., dn).1fd; —2 =d|, > d, = dp, thend, <dy <> . ,di=>"1,d.
Otherwise, d; = di — 2 < d, then maXjgy{d} = dy < dy < dy —2+ Y [ ,di = d|, + Y . ,d,sincen > 3. Hence
d’ is multigraphic in any case by Theorem 2.3. Let G’ be a 8-edge-connected modulo 5-orientation d’-realization by the
minimality. We obtain the desired graph G from G’ by inserting one edge to the (d; — 2)-vertex in G'. By Lemma 2.5(i), G is
also a 8-edge-connected modulo 5-orientation d-realization, a contradiction.

Ifdi = 8 thend; = --- = d, = 8. Hence G = 4C, is a 8-edge-connected modulo 5-orientation d-realization,
a contradiction. Assume that d; = 9 in the following. As ZL] d; is even, we have d; = 9.1fd, = 8, we letd =
(d),dy,....d,_;) = (di,dy,...,dp_q). Thend] < d) < Z?:z d;, and so d’ is multigraphic by Theorem 2.3. Let G’ be a
8-edge-connected modulo 5-orientation d’-realization by the minimality. Let e; € E(G'), 1 < i < 4. We obtain the desired
graph G from G’ by inserting the edges e, ..., e4 to one new vertex v,. By Lemma 2.5(ii), G is a 8-edge-connected modulo
5-orientation realization of d, a contradiction. Therefore, we have d,, > 9, and it follows from Theorem 1.5 that there exists
a 9-edge-connected strongly Zs-connected graph G as a d-realization, which admits a modulo 5-orientation as well. This
contradiction completes the proof of Corollary 1.6. ®
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