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Abstract: Letd = {(d]",d),..., (d}, d;)} be asequence of of nonneg-
ative integers pairs. If a digraph D with V(D) = {v4, v, ..., v,} satisfies
di(vi) = d and d(v;) = di for each i with 1 </ <n, then d is called
a degree sequence of D. If D is a strict digraph, then d is called a strict
digraphic sequence. Let (d) be the collection of digraphs with degree se-
quence d. We characterize strict digraphic sequences d for which there
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exists a strict strong digraph D € {d). © 2016 Wiley Periodicals, Inc. J. Graph Theory 84:
191-201, 2017
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1. INTRODUCTION

Digraphs in this article are finite and loopless. We follow [1] for undefined terminologies
and notations. As in [1], V(D) and A (D) denote the vertex set and the arc set of a digraph
D; and (u, v) represents an arc oriented from a vertex u to a vertex v. A digraph D is strict if
D has neither loops nor parallel arcs; and D is nontrivial if A(D) # #. If X and Y are vertex
subsets (not necessarily disjoint) of adigraph D, thenletA(X,Y) = {(u,v) € A(D)|x € X
and y € Y}. For a subset X C V (D), define

35 (X) = A(F, V(D) — X) and 9}, (X) = 3}, (V(D) — X).

We use D[X] to denote the subdigraph of D induced by X. If F is a subdigraph of D,
then for notational convenience, we often use 8; (F), 0, (F) for 8;; V(F)), o, (V(F)),
respectively.

For a vertex u of D, define the out-degree d;;(u) (in-degree d, (u), respectively)
of u to be |Bg({u})| (19, ({u})|, respectively). Let V(D) = {vy, ..., v,}. The sequence
of integer pairs {(d}; (vi), d, (v1)), (d}(v2), dpy (v2)), ..., (d](vy), dyy (v;))} is called a
degree sequence of D. Throughout this article, we always assume in the sequence d =
{(d],d]),...,(d},d;)}, the first components are so ordered thatd” > dff > --- > d}.

A sequence of integer pairsd = {(d;", dy),...,(d}, d;)}isdigraphic (multidigraphic
or strict digraphic, respectively) if there exists a digraph (a multidigraph or a strict
digraph, respectively) D with degree sequence d, where D is called a d-realization. Let
(d) be the set of all d-realizations. The following theorem is well known, which can be
found in [2, 8, 13], among others.

Theorem 1.1 (Fulkerson-Ryser). Letd = {(d;", dy),...,(d}, d,)} be a sequence of

nonnegative integer pairs with d1+ > .- >dF. Then d is strict digraphic if and only if
each of the following holds:

() d < n—ld <n—1f0ralll<z<n
(11) Zl 1 1 Zl 1 l )
(i) Y, d7 < Y min{k — 1,d;} + Y0, min{k,d"} forall 1 <k <n.

For any sequence d = {(d,", d;), ..., (d},d;)} satisfying ) 1, d* ="  d, we
associate with a bipartite graph G with Vertex bipartition (X,Y) such that X =
{x1,x0,...,x,} and Y ={y;,y2,...,y,} and such that for each i with 1 <i <n,
dg(x;) = df and dg(y;) = d; . Obtain a digraph D” from G by orienting each edge
x;yj € E(G) to an arc (x;, y;). Then obtain a digraph D’ on n vertices from D" by iden-
tifying each x; with y;, for every i with 1 < i < n. By the construction, D’ is a digraph
with degree sequence d. Note that it is possible that this D may have parallel arcs and
loops. We shall call this digraph D' a pseudo d-realization. This construction of D’ will
be utilized in the proof of the following multidigraphic version of Theorem 1.1.

Proposition 1.2. Let d = {(d, d),...,(d}, d;)} be a sequence of nonnegative

n?’ n

integer pairs. Then d is multidigraphic if and only if each of the following holds:
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() X df=301d
@ii) fork=1,...,n, d,j' < Z#kdf.

Proof.  We assume first that that a multidigraph D is a d-realization. Then
Y dt =]AD)| =Y ", d; andso (i) follows. Foreachu € V (D), wehave 35 ({u}) =
o, (V(D) —{u}) < UVGV(DH”} 9, ({v}), implying (ii).

Conversely, suppose that d = {(d;", ), ..., (df,d,)} satisfies (i) and (ii). We will
construct a multidigraph d-realization D with V(D) = {vy, v, ..., v,}. Since d satisfies
(i), as commented right before Proposition 1.2, there exists a pseudo d-realization D,
possibly with parallel arcs and loops. Let D be a pseudo d-realization whose number of
loops is minimized.

If D is loopless, then D is a d-realization, and so d is multidigraphic. Hence we assume
that D has at least one loop. If D has two distinct vertices v; and v; (say), both of which
are incident with loops, then obtain a new digraph D; from D by replacing two loops
£; = (vi,vi) and £; = (v;, v;) by two arcs a; = (v;, v;) and a; = (v;, v;). It follows that
D, is also a pseudo d-realization with fewer number of loops than D, contradicts the
choice of D. Hence we may assume D has exactly one vertex, say v;, incident with a
loop £ = (v;, v;). If for some j, k # i, a = (v;, ) € A(D), then obtain a new digraph
D, from D — {a, £} by adding two new arcs a; = (v;, v;) and a» = (v;, v¢). Thus D; is
also a pseudo d-realization with fewer number of loops than D, contradicts the choice
of D. This leads to the assumption that every arc in D must be incident with v;. Since
£ = (v, v;) € A(D), we conclude that a’l.+ >y i d;, contradicts (ii). This contradiction
indicates that D must be loopless, and so d is multidigraphic. ]

Graphic degree sequences for undirected graphs have been characterized by Havel
[11], Erdos and Gallai [5], and Hakimi [9], among others. Characterizations of multi-
graphic degree have been given by Senior [15] and Hakimi [9]. Characterizations for
graphic sequences and multigraphic sequences with realizations having prescribed edge
connectivity have been studied by many, as seen in Edmonds [4], Wang [16], Wang and
Kleitman [17], and Chou and Frank [3], among other. For more in the literature on degree
sequences, see surveys [10] and [12].

The purpose of this study is to seek analogous characterizations in digraphs. A digraph
D is strongly connected (or just strong) if for any u, v € V(D), D has a (u, v)-dipath. For
an integer k > 0, D is k-arc-connected if for any arc set S with |S| < k, the subdigraph
D — S is strongly connected. Thus a digraph is I-arc-connected if and only if it is
strongly connected. The k-arc-connector characterization of Frank in [6, 7] (see also
Theorem 63.3 in [14]) leads to a characterization for multidigraphic sequences with k-
arc-connected realizations. In Section 2 of this article, we shall present a characterization
for strict digraphic sequences to have a strongly connected realization. For k > 2, attempts
to obtain similar characterizations for strict digraphic sequences with k-arc-connected
realizations are discussed in the last section.

We conclude this section with a special notation used in this article. A 2-switching of
adigraph D is an operation on two arcs (u, v), (42, v2) € A(D) to obtain a new digraph
D' from D — {(uy, v{), (up, v2)} by adding new arcs {(u;, v»), (u2, vi)}. The resulted D’
is usually denoted by D & {(u;, v1), (12, v2)}. By definition,

D & {(uy1, v1), (uz, v2)} and D have the same degree sequence . (1.1)

Journal of Graph Theory DOI 10.1002/jgt



194  JOURNAL OF GRAPH THEORY

Thus digraphic degree sequences will remains unchanged under 2-switchings. This op-
eration will be a main tool in the arguments of this article.

2. STRICT DIGRAPH

In this section, we will present a characterization of strict digraphic degree sequences that
have strongly connected strict digraph realizations. By the definition of strong digraphs,
we observe that for a digraph D,

D is strongly connected if and only if for any @ #£ X C V (D), |85r X)) =1 (@1

Throughout this section, d = {(d;", d;),...,(d}, d,)} denotes a strict digraphic se-
quence with de >0 > d*. Forany k € {1, ..., n}, define
fk) = Z(a’_ —d)+ Z min{k (2.2)
i=k+1

Theorem 2.1. Lerd = {(d;, d),..., (d;r, d, )} be a strict digraphic sequence with
df > ...>d}. Thend has a strong strict d-realization if and only if both of the following
hold.

() d>1,d > 1foralll <i<n;
(i) f(k) > 1foralll <k<n-—1.

Proof. Assume that D € (d) is a strong strict digraph. Then (i) follows from (2.1).
Let FF C V(D) be a nonempty proper subset of V (D). Then by (2.1),

> d7 = |ADIFD| + 10, (F)| = JADIF])| + 1 and

vi,eF

> d = |ADIFD| + 185 (F)| = |ADIF)| + Y IN, (i) N F.

vieF vigF
Thus ), p(d; — dh)y>1- dogr INp D) NFI > 1 =3 min{|F|, d;},andso (ii)
follows by letting F' = {vy, ..., v} fork =1, ..., n — 1. This justifies the necessity.

Now we prove the sufficiency. For any digraph H, let c(H) be the number of strong
components of H. Since d is a strict digraphic sequence, we assume that D € (d) is so
chosen that D is a strict digraph and that

c(D) is minimized. 2.3)

If ¢(D) = 1, then done, and so we may assume c(D) > 2. We shall show that D must
have certain structure that leads to a contradiction to (ii). Since c¢(D) > 2, D has a strong
component L; such that

N, (L) = 0. 2.4)
By Theorems 2.1(i) and (2.4), [V (L;)| > 2 and so,
L, is a nontrivial strong component of D. 2.5)
Claim 1. For any u € V(L,), and for any subset X C V(D) — V(L) with |X| > 2, if
D[X] is strong, then X C Ng (u).
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Let X C V(D) — V(L) with D[X] being strong, and let L, be the strong component
of D such that X C V (L,). Suppose, to the contrary, that there exist a vertex u € V(L;)
and a vertex v € V(L) € V(D) — V(L) such that (1, v) ¢ A(D). By (2.5) there exists
avertex u' € NZ“I (u), and by the assumption of Claim 1, there exists a vertex v/ € N, (v).
LetD' =D ® {(u,u'), (V/,v)}.Since d,, (L) = P andsince (u, v) ¢ A(D), D' is strict. By
(1.1), D’ € (d). AsD'[V (L) UV (L,)]1is strongly connected, we have ¢(D") = ¢(D) — 1,
contrary to (2.3). This proves Claim 1.

Claim 2. For any u € V(L) and (vi,v2) € A(D —V (L)), if (u,vy) € A(D), then
(u, vp) € A(D).

Suppose, to the contrary, that there exist u € V(L) and (v, v;) € A(D — V(L)) such
that (u,v;) € A(D) but (u,v2) ¢ A(D). If v, v, lie in the same strong component of
D, then by Claim 1, we would have (u, v;), (1, v;) € A(D), contrary to the assumption
that (u, v2) ¢ A(D). Thus v;, v, must be in different strong components of D, and so
c(D — {v1, v2}) = ¢(D). Let L' be the strong component of D containing v;.

Since L, is strong and by (2.5), there exists a vertex u' € NZ“I (w). Let D' =D ®
{(u, u'), (vi,v2)}. Since 3, (L) = @ and (u, v») ¢ A(D), D' is also strict. By (1.1), D’ €
(d). Furthermore, as both L; and L’ are strong, and as (u, v1), (v, u') € A(D"), it follows
by definition that D'[V (L;) U V (L')]is strong. Thisleads to c(D’) < c¢(D), acontradiction
to (2.3). This completes the proof of Claim 2.

Let Fi =V (L), F, = {v ¢ F}| there exists a nontrivial strong component N of D — F;
and a vertex u € V(N) such that D — Fj has a (i, v)-dipath}, and let

F=eVD)—(HUR) | SN,("};
Fy:={veF |N,(v)NF =0}

Fy = F — F31;

F,:=V(D)—- (FFUFRKUF);

Fy == {v € Fy | Ny (v) N Fy # 0};

Fp = F, — Fy.

(2.6)

It is possible that some of these subset defined above might be empty. Claim 3 follows
from Claims 1 and 2.

Claim 3. Foranyve F,UF3, Fi €N, ().
Claim4. Foranyv e Fy, F, U F3 C Ng(v).

Suppose that there exist a vertex v € Fy; and a vertex u’ € F, U F, such that (v, u) ¢
A(D). Let V' € N (v) N Fy. By (2.6), F; contains a vertex w such that (w, V') ¢ A(D).
By (2.5), there exists a vertex w’ € Ng (w) NFy. If W' € F,, then by the definition of F,
there exists a vertex u € N, (u') N Fy; if u' € Fx, then by (2.6), there exists a vertex
u € N, (') N F;. In either case, a vertex u € N, (') N (F, U F3) exists. Define D' =
D —{(u,u'), v,v), w,w)} + {(u,w), vu'), (w,v)}. Asw' € Fyand 9, (F1) =9, D’
is also a strict digraph in (d).

If both ¥ and u' are in the same strong component C' of D, then in D —
{(u,u), v, V'), (w,w')}, every vertex in V(C') — {u} has a dipath to u. By Claim 1,
F; UV/(C’) induces a strongly connected subdigraph in D', whence ¢(D’) < ¢(D), con-
trary to (2.3).

Journal of Graph Theory DOI 10.1002/jgt



196 JOURNAL OF GRAPH THEORY

If u and «’ are in different strong components of D, then the strong components of
D — {(u,u), (v,V')} are also the strong components of D. Furthermore, by Claim 3,
(w, u) € A(D). Thus F; and the component containing u in D are contained in one strong
component of D, implying ¢(D') < ¢(D), again contrary to (2.3). This verifies Claim 4.

Claim 5.  There exists a vertex subset Z C V(D) with Fy; C Z C F, such that

(1) foranyve Z F, U Fx C Ng v) and Ng )N (Fy U F31) # 0, and
(ii) for any v € F3y, either Z C N, (v) N Fy or N, (v) N Fy C Z.

To prove this claim, we start with some notation. Let Xy := Fy;, Yy = ¢ and for
i=1,2,...,define

Xi i= X1 U (N (Y1) N Ey); @.7)
Yii={vely |NyWNFE ZX;and X; £ N, (v) N Fy). (2.8)

By definition, X; = X, = Fy;. We first justify the following subclaim (5A).

(5A). For any strict d-realization D satisfying (2.3), we define the sets
Fl, F2, F3, F31, F32, F4, F41, F42 as in (26), and X,‘, Y, with i > 0 as in (27) and (28)
Thus for any i > 1 and forany v € X;, F, U F3, € N} (v).

We argue by induction on i to prove (5A). When i =1 the result follows from
Claim 4. Assume that for some k > 1, (5A) holds for any i < k. We want to prove
(5A) holds for i = k as well. Suppose, to the contrary, that X; has a vertex v such
that > U F3, — N} (v) # . By induction, for any z € X;_, F> U F5, € N} (z). Hence
veXy —X;_1. By 2.7),v e N, (¥—1) NF; — X It follows that there exists a vertex
V' € Y;_; such that (v, V') € A(D). Moreover, by (2.8), X;_ contains a vertex u such that
(u, V') ¢ A(D). For these vertices u and v, we shall show that

There exists a u’ € N;; (u) such that (v, u') ¢ A(D). (2.9)

In fact, if k = 2, then u € X;_; = F,;. By the definition of Fj, there is a vertex u| € F,
such that (u, ;) € A(D). Asv ¢ X;_| = Fy1, v € Fyp. By the definition of Fi, (v, t}) ¢
A(D), and so (2.9) holds. Now we assume that k > 3. We first show thatu € X;_| — X;_».
If u € X;_,, then as (u, V') ¢ A(D) and (v, V') € A(D), we conclude that V' € ¥;_; and so
v € X;_, contrary to the assumption that v € X; — X;_;. Hence we musthave u € X;_| —
Xi—». By the definition of X;_,, there exists a vertex u; € Y;_» such that (u, ;) € A(D).
If (v, u,) € A(D), then as u; € Y;_» and by (2.7), we must have v € X;_, contrary to the
assumption that v € X; — X;_;. Hence (v, u;) ¢ A(D), and so (2.9) must hold.

By (2.9), there always exists a vertex u' € Njj(u) such that (v,u’) ¢ A(D). Let
D' =D®{(u,u), (v,v)}. Then since (u,V'), (v,u') ¢ A(D), D' is also a strict d-
realization. As the two arcs (u, 1), (v, V') are not in any strong components of D, ¢(D') <
c(D—A{(u,u), v,v)}) = c(D).By (2.3), we have c(D’) = c¢(D). Thus D’ is also a strict
d-realization satisfying (2.3).

To complete the proof of Subclaim (5A), we work on the strict d-realization D’ instead
of D. Since D' — {(u, V'), (v,u')} = D — {(u, u'), (v,v")} and since d,, (F|) = 3, (F}) =
@, we choose F| = Fi, and define the corresponding sets F, F;, F},, F},, F, F,,, F,, as in
(2.6), and X/, Y]f for j > 0 asin (2.7) and (2.8) for the digraph D’. Then by the definitions
of these sets, we observe that F) = F>, F; = F3, F, = 31, F}, = F, F) = F,.

If k=2, then by the definition of D', we have N,J;, (W) NFy#9, and so v € Fj,.
Applying Claim 4 to D', we conclude that F; U F}, € N}, (v), and so F> U Fy; € Nf (v).
If k > 3, then by the definitions of X j/ and ij , we observe that X! = X;, Y/ =Y, fori =
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1,...,k—2. However, as u' € Y;_», by (2.7), we conclude that v € X;_,. By induction,
F,UF], C NIJ;, (v). It follows that F> U F3, C N; (v), which completes the proof of (5A).

We are now ready to finish the proof of Claim 5. By (2.7), we have F;; = Xy C X; C
-+« C X; C Fy. The finiteness of the graph warrants that there is a constant integer 4 such
that Xj, = X; for any j > h. Define Z = Xj,. Then F;; C Z C F;. By (5A), forany v € Z,
F>, UFs, € NJ(v). Also, by the definitions of X;, N} (v) N (Fy U F3;) # ¢. This justifies
Claim 5(i). By (2.7) and (2.8), we have N, (Y;,) N Fy € X}, and Y}, = Y},. It follows that
Ny (Y1) NFy € X, 1T Y), # ¢, then for any v € ¥}, = Y}y, we have N, (v) N F; C Xj,.
On the other hand, by (2.8), N, (v) N Fy € X}, and so a contradiction is obtained. Hence
Y1 =Y, =0. By (2.8), we have, for any vertex v € F3;, either Ny (v) N Fy € Z or
Z C Nj (v) N Fy. This proves Claim 5.

We continue letting Z = X;. Choose zp € Z such that dz; (z0) = minuez{d;(u)} if
Z # (. Define

,_ [WeR—Z1di0) = djG) itZ#0
] ifZ=40.

Claim 6. [fZ' # (), then for any v € Z', Nj; (v) = N} ().

Let v € Z' be an arbitrary vertex. First, we show that N (v) N F3; € N} (z0) N F3.
Take any vertex u € NZ{(V) N F31. By (2.6), we have v € N,y (u) N F; and so N, (1) N
Fy £ Z. By Claim 5, we have Z C N, (u) N F. It follows that zo € N,y (1) and so
u € Njj (z0). Hence Nj(v) N F5 C Nj(z0) N Fp. Since v ¢ Fyy, Nj(v) = (Nj()N
F31) U(NS(v) N (F, U Fp)) € (N} (20) N Fs1) U (F> U F3) € Njj(20). This, together
with d (v) > d} (zp), implies N} (v) = N} (z0).

Define F = Fy U Z U Z'. We make the following two claims.

Claim7. Foranyv ¢ F, either F C N, (v) or N, (v) C F.

Pick an arbitrary vertex v ¢ F. By (2.6), we have v € (F, U F3) U F3; U (Fy — (Z U
Z")). We will justify Claim 7 by showing that any subset in the union containing the
vertex v will lead to the conclusion of Claim 7. If v € F, U F3,, then by Claims 3
and 5, F; UZ € N, (v). It follows that v € N} (z0). If Z/ =, then F = FFUZUZ' C
Nj (v), and so Claim 7 holds. Now assume that Z' # (). By Claim 6, for any 7' € Z/,
v € N (z0) = Ny (). Thus Z' C N, (v). It follows that F = F; UZU Z' € N, (v), and
so Claim 7 holds. If v € F3y, then by Claim 3, either N, (v) N Fy € ZorZ C N, (v) N Fy.
In fact, if Z C N, (v) N Fy, then (20, v) € A(D). Thus by Claim 6, (z,v) € A(D) for
any 7' € Z', implying ZUZ' C N, (v). Hence we have either Ny W) NF, S ZUZ or
ZUZ' < Nj (v) N F,. Furthermore, by the definition of F3; in (2.6) and by Claim 3, we
must have N, (v) = F; U (N, (v) N Fy). Thus either Ny (v) S F{UZUZ =F or F C
Ny, (v). In either case, Claim 7 holds. Therefore, we may assume that v € Fy — Z — Z.
By the definition of Fj; in (2.6), and by the fact Fy; C Z, it follows that Fy —Z — Z' is
an independent set of D. Furthermore, by the definitions of F;, F3 and by Claim 2, we
have N, (v) N (F> U F3) = §. It follows that N, (v) € F; UZ U Z' = F. Hence Claim 7
is justified.

Claim8. Foranyu e Fandv ¢ F, dg(u) > dg ).

Let u € F and v ¢ F be two vertices. Since F = F; UZ U Z', we will justify Claim
8 by examining the cases when the vertex u lies in different subsets of F. If u € F,
then by Claim 3 and by the fact that D[F}] is strong, we have dg (u) > |F, UF;| + 1.
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By the definition of Fy; or by Claim 2, N} (v) N Fy = @. Thus dj(v) < |, UF;| <
dg (u) — 1, and so Claim 8 holds. Hence we may assume u € ZU Z' — F|. By Claims
5 and 6, a? (u) = |[F, UF3p|+ 1. If v e F, U F;, then by the definitions of F3; and F3,
we have N (v) N F3; = ¢. By Claim 2, we also have N} (v) N F, = @. Thus Njj (v) C
F> U Fy,. Thisleads to d} (v) < |F> U Fy| < d}f (u), and so Claim 8 holds. Hence we may
assume that v € Fy — Z — Z'. By the definition of Z’, we observe that d(v) < d(zp) =
miny,cz dj (w) = min,ezuz d; (w) < dj} (u). Claim 8 is proved.

We are now ready to complete the proof of the theorem. We adopt the notation that
V(D) ={vi,...,v,} withd}} (v,) =d and d}, (v;) =d; fori=1,...,n. Assume that
|F| =t. By Claim 8, F = {v, ..., v}. By Theorem 2.1(ii), we have

D (dpw) —djw) + Y min{|F|,dy )} =Y (d;d})+ Y minf{t,d;} > 1.
ucF u¢F i=1 i=t+1
(2.10)

This inequality (2.10) and Claim 7 imply that
o, (F)| =Y dj, (u) — |A(DIFY))

ueklF

= dy ) = Y djf ) + 135 (F)
ueF uelF

=" (dy ) — djy ) + Y min{|F|, dp ()} = 1.
ueF u¢F

As Fy =V(L), by (2.4), we must have 9,, (F;) = ¥, and so there is an arc (x,y) € A(D)
suchthatxe F=F UFR U (F, —Z—Z7)and y € ZUZ C F,. This is a contradiction
to Claim 2 or to the definition of Fy;. This completes the proof of Theorem 2.1. (]

3. AN EXAMPLE

As shown in Theorem 63.3 of [14], Frank in [6, 7] has obtained characterizations for
multidigraphic degree sequences to have strongly k-arc-connected realizations. It is nat-
ural to seek similar characterizations of strict digraphic sequences that have a strongly
k-arc-connected strict realization. The purpose of this section is to present an example to
show that it might be difficult to find such a characterization.

Define the function f as in (2.2). In Theorem 2.1, it is shown that a necessary condition
for a strict digraphic sequence d to have a strongly 1-arc-connected strict realization is
that f(i) > 1 foralli with 1 <i <n — 1. In fact, a slightly stronger necessary condition
is also presented in the arguments to prove Theorem 2.1. For any subset / with J £ [ C
{1, ..., n}, define

g =Y (d7 —d") + ) min{|l|.d;}. (3.1

iel i¢l
By definition, it is routine to verify that the function f defined in (2.2) satisfies f (i) =
g({1,2,...,1}). In the justification of (2.10), we have shown that a necessary condition

for a strict digraphic sequence d to have a strongly 1-arc-connected strict realization
is that g(I) > 1, for any subset I with J = I C {1, ..., n}. With a similar argument as
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in the proof of Theorem 2.1, it is routine to show that both f(i) > k and g(I) > k are
necessary conditions for a strict digraphic sequence d to have a strongly k-arc-connected
strict realization. In this section, we will give a strict digraphic sequence d to show that
it is possible that a strict digraphic sequence d satisfies the condition f(i) — oo (or the
condition g(/) — 00), but d to does not have a strongly k-arc-connected strict realization.

Example 3.1. Lett > 1 be an integer and d = {(n—1,t)", 3t + 1,2t + 1), 2t +
1,3t + 1), ¢ +2,0), (t,t +2), (t,n — 1)'}. Then each of the following holds.

(i) There is only one strict digraph D with degree sequence d.
(ii) The sequence d satisfies the condition that g(I) >t forany 9 C I C {1, ..., n}.
(iii) The only strict digraph D with degree sequence d is not strongly 2-arc-connected.

Proof. By Theorem 1.1, d is strict digraphic. Let D be a strict digraph with degree
sequence d, X; be the set of the ¢ vertices with out-degree n — 1 and in-degree ¢, X,
be the set of the ¢ vertices with out-degree ¢ + 2 and in-degree ¢, X3 be the set of ¢
vertices with out-degree ¢ and in-degree ¢ + 2, X4 be the set of ¢ vertices with out-
degree ¢ and in-degree n — 1. Then |X|| = |Xo| = |X3| = |X4| =t and n = 4¢ + 2. Let
u,v¢ U?:l X; be the two additional vertices satisfying &} (u) = 3t + 1, d,, (u) = 21 + 1,
dj(v) =2t +1,d,(v) =3t + 1. Thus V(D) = {u, v} U (UL, X)).

In order to determine the structure of D, we only need to find out N} (x) for every
vertex x € V(D). We make the Observations (A)—(F) as follows.

(A) For each vertex x € V (D), as vertices in X have out-degree n — 1 and vertices in
X, have in-degree n — 1, both X4 — {x} € N} (x) and X; — {x} € N, (x).

(B) For each x; € X, and x3 € X3, it follows by (A) and by the fact that vertices in
X> have in-degree ¢ and vertices in X3 have out-degree ¢, that N, (x,) = X; and
Ng (X3) = X4.

(C) By Observations (A) and (B), we have both Ng () CX;UX3UX, U {v} and
N, (v) CSXiUXo UXyU{u}. As dg(u) =d,(v) =3t + 1, we must also have
Npw) =X, UX;UXqs U {v}and Ny (v) = X; UXo U Xy U {u}.

(D) For each x4 € X4, since Xy is the set of ¢ vertices with out-degree ¢ and in-degree
n — 1, and by (A)—(C), we conclude that N; (x4) = Xy — {x4}) U {v}.

(E) It follows from (A)—(D) that for each x; € X;, we have N, (x1) = X; U {v} — {x1},
and so N (v) € X3 U Xy U {u}. These, together with the fact dj(v) =27+ 1,
implies N} (v) = X3 U X4 U {u}.

(F) For every x; € X5, we have Xy U {u, v} € N} (x2). As d(x) =1+ 2, we must
have N;) (x2) = X4 U {u, v}.

From Observations (A)—(F), we conclude that for each x € V (D), the set Ng (x) is
uniquely determined. This implies (i).

Next we justify (ii). For each nonempty I C {1, ..., n}, we will show that g(I) > t.
Let X ={v;|iel},and let o; = [ X NX;|, fori=1,2,3,4, o, = | X N{u}| and &, =
XN {v}.Then0 <¢q; <tfori=1,2,3,4and0 < a,,®, < 1.Leto = |X|. Then @ =
S a4 o, +a,. By B.1),

g =>"(d —d)+ > min{ll].d;}
iel il
=@t—-m—1))a+t—C+2)ox+(t+2) -z +n—1—-1ay
FQt+1—Gt+ Doy + Gt +1— (2t + 1))y + (f — o) minfer, £}
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+ (¢t — ap) min{a, t} + (t — a3) min{e, t + 2}

+ (t —ag) min{a,n — 1} + (1 — «,) min{e, 2t + 1} + (1 — o) min{e, 3¢ + 1}
= @t+ 1)(ag —ay) +2(az — ap) + (o, — y) + (2t — ) — ) min{e, ¢}

4+ (t —az)minf{a, t + 2} + ¢ (t — ay) + (1 — ) min{e, 2f + 1}

+ (1 — «,) min{e, 3¢ + 1}.

Case 1. 1 < a <. In this case,

g) =GBt + (g —oy) +2(x3 — o) +t(ay, —oty) + (4t 42
—Q] — 0y — 03 — Qg — 0y — Q)X
=@r+2—a)a+ Gt+ (g —oay) +2(a3 — op) + 1 (o, — )
= ({t — o)+ o +3tar + Bt +4)as + (6 + 3)as + 2t + 2)ay,
+ (4t 4+ 2)a,.
If at least one of oy, a3, a4, oy, @, is at least 1, then g(/) > t. Hence we may
assume that o, = o3 = o4 = o, = &, = 0. Thus o = 1, and so g(I) = (t —
aat+ta=a(t+1—a)>tasl <a <t.
Case 2. t+1 <« <t+ 2. In this case,
g) =GBt + 1)(og —ay) +2(a3 —an) +t(ay, — o) + (2t — ) — )t
+Q2t+2—0a3 —ag — o, —a,)a
=—Utr+Da;—t+2)ar — (¢ —2)azs + Bt +1 —a)ay — (t + o)y,
—(a =)oy, + 21> + 2t + 2)x
=—@t+ Do —t+2)ar — (¢ —2)az+ Bt + 1 —a)agy — (t + o),
—(@—Da,+2> — 2t — Do+ 4t + (o +ar + a3 +ou + oy + )
=—2t—Da+@Bt—Dar+@t+3—a)as+ (7Tt +2 —a)ay
+ @B+ 1 —a)a, + Gt + 1 —a)a, + 21
> 22— (2t — Da+ 2 — Doz + a3 + og + oty + @)
>22— 2= Da+ Qr— (o —1) =t.
Case3. t+3 <o <n-—1=4¢t+ 1. In this case,

g) = (3t + Doy —ay) + 2(a3 —ap) +1(ay — o) + (2t — ) — o)t
+(t—a3)(t+2)+at — ooy + (1 — o) min{e, 2t + 1}
+ (1 — «,) min{e, 3¢ + 1}.
Since min{e,2t+1}- (1 —,) >0 and min{e,3t+1}- (1 —,) > (1 —
o) (a1 + ap), it follows that
g) = Br+ 1)(as —a1) +2(az —a2) + 1oy — o) + (2t — ) — )t
4+t —a3)(t+2)+ (o) +or +a3 +og + oy + )t — oy
+ 1 —oy)(o + )
=-Gt+a)a — (1 +a,)a+ @+ 1 — @)y + 2ta, + 3> + 2t
> — (Bt 4+ a,)t — (1 + o)t + 2, + 3> + 2t = 1.
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As in any case, we always have g(I) >t forall ¥ C I C {1, ..., n}. This proves (ii).
To see that this strict digraph D is not 2-arc-connected, it suffices to observe that direct
computation yields [9,, (X; U X> U {u})| = 1. Thus (iii) must hold. [l

Example 3.1 shows that the necessary condition g(/) > k fails to be a sufficient condi-
tion for d to have a strict k-arc-connected realization. It remains open to find an necessary
and sufficient condition for such degree sequences.
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