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ABSTRACT

We investigate the relationship between the eigenvalues of a graph G and fractional
spanning tree packing and coverings of G. Let w(G) denote the number of components of a
graph G. The strength 1(G) and the fractional arboricity y (G) are defined by

X _ |E(H)|
——— and y(G) =max —,
(G —X) — w(G) V(H)| -1

where the optima are taken over all edge subsets X whenever the denominator is non-zero.
The well known spanning tree packing theorem by Nash-Williams and Tutte indicates that
a graph G has k edge-disjoint spanning tree if and only if (G) > k; and Nash-Williams
proved that a graph G can be covered by at most k forests if and only if y (G) < k. Let 4;(G)
(1i(G), qi(G), respectively) denote the ith largest adjacency (Laplacian, signless Laplacian,
respectively) eigenvalue of G. In this paper, we prove the following.

(1) Let G be a graph with § > 2s/t. Then n(G) > s/t if ,_1(G) > -Z=L or if

n(G) = min

t(é+1)’
2(6) <8 — &g orif 2 (6) < 28 — B
(2) Suppose that G is a graph with nonincreasing degree sequence dq, d,, ..., d, and

2
n> 2] 41Lletp=2— 1T G Theny (G) < s/t,if B = 1,0rif0 < B < 1,

L1+
n> [2s/t] +1+ Zigz
n2s/t — 2/t — B(|2s/t] + 1))

(|2s/t] + D(n— [2s/t] — 1) °

Our result proves a stronger version of a conjecture by Cioaba and Wong on the relationship
between eigenvalues and spanning tree packing, and sharpens former results in this area.
© 2016 Elsevier B.V. All rights reserved.
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Mn—1(G) >
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1. Introduction

In this paper, we consider finite undirected simple graphs. Throughout the paper, k, s, t denote positive integers and G
denotes a simple graph. We follow the notations of Bondy and Murty [ 1], unless otherwise defined. However, we use w(G)
to denote the number of components of G, which differs from [1].

Let G be an undirected simple graph with vertex set {vq, vy, ..., v,}. The adjacency matrix of G is an n by n matrix A(G)
with entry a; = 1if there is an edge between v; and vj and a; = 0 otherwise, for 1 < i, j < n. We use 1;(G) to denote the ith
largest eigenvalue of G; when the graph G is understood from the context, we often use A; for A;(G). With these notations,
we always have A; > A, > --- > A, Let D(G) = (dj) be the degree matrix of G, that is, the n by n diagonal matrix with dj;
being the degree of vertex v; in G for 1 < i < n.The matrices L(G) = D(G) —A(G) and Q (G) = D(G) +A(G) are the Laplacian
matrix and the signless Laplacian matrix of G, respectively. We use 1;(G) and g;(G) to denote the ith largest eigenvalue
of L(G) and Q (G), respectively. It is not difficult to see that t,(G) = 0. The second smallest eigenvalue of L(G), u,_1(G), is
known as the algebraic connectivity of G.

For a connected graph G, the spanning tree packing number, denoted by 7 (G), is the maximum number of edge-disjoint
spanning trees in G. The arboricity a(G) is the minimum number of edge-disjoint forests whose union equals E(G).
Fundamental theorems characterizing graphs G with 7(G) > k and with a(G) < k have been obtained by Nash-Williams
and Tutte, and by Nash-Williams, respectively.

Theorem 1.1. Let G be a connected graph with E(G) # . Each of the following holds.
(i) (Nash-Williams [12] and Tutte [15]). T(G) > kif and only if for any X C E(G), |X| = k(w(G — X) — 1).
(i) (Nash-Williams [13]). a(G) < k if and only if for any subgraph H of G, [E(H)| < k(|[V(H)| — 1).

Following the terminology in [3,14], we define the strength n(G) and the fractional arboricity y (G) of a graph G
respectively by

X| B E(H)]
——— and y(G)=max————,
(G —X) — w(G) V(H)| — 1

where the optima are taken over all edge subsets X whenever the denominator is non-zero. Theorem 1.1 indicates that for
a connected graph G, 7(G) > kif and only if n(G) > k, and, a(G) < k if and only if ¥ (G) < k. Since n(G) and y (G) are
possibly fractional, we have t(G) = |[n(G)] and a(G) = [y (G)]. Thus, n(G) is also referred to as the fractional spanning
tree packing number of G.

Cioaba and Wong [4] investigated the relationship between the second largest adjacency eigenvalue and 7 (G) for aregular
graph G, and made Conjecture 1.1(i). Utilizing Theorem 1.1, Cioaba and Wong proved Conjecture 1.1(i) for k € {2, 3}.

Conjecture 1.1(i) was then extended to Conjecture 1.1(ii) for any simple graph G (not necessarily regular). See [5-7,9,11]
for the conjecture and some partial results. Recently, Conjecture 1.1 was settled in [10].

n(G) = min

Conjecture 1.1. (i) ([4]) Let k and d be two integers with d > 2k > 4. If G is a d-regular graph with A,(G) < d — ZJ‘T_]] then
7(G) > k.

(i) ([5,7,9,11]) Let k be an integer with k > 2 and G be a graph with minimum degree § > 2k. If A,(G) < & — 25’:11, then
7(G) > k.

Motivated by the above conjecture and the corresponding results, we investigate the relationship between 7(G) and
eigenvalues of G. We also consider the relationship between the fractional arboricity y (G) and algebraic connectivity
Mn—1(G). Theorems 1.2 and 1.3 are the main results.

Theorem 1.2. Let G be a graph with § > 2s/t.

() If n-1(G) > 550 then n(G) = s/t.

(i) If 22(G) < 8 — j;;}), then n(G) > s/t.

(iii) If q2(G) < 286 — tﬁ;;}), then 1(G) > s/t.

Remark 1. Theorem 1.2 indicates that, for a graph G with § > 2k, if u,_1(G) > =1 6r 4, (G) < 8§ — %=L or

S EES
q2(G) < 26 — 2511;1] then t(G) > k. This was proved in [ 10] and settled Conjecture 1.1.

Theorem 1.3. Suppose that G is a graph with nonincreasing degree sequence dy, d;,...,d, and n > I_%J + 1. Let B =

2s
2 1 LF1+1
TS ST 2o di
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Q) If B = 1, then y(G) < s/t.

() If0< B <1,n>|2s/t] +1+2§;
n2s/t — 2/t — B(|2s/t] + 1))
(12s/t] + D(n— |2s/t] — 1) °

2 and

mn—1(G) >
then y (G) < s/t.

Remark 2. By Theorem 1.1(ii), it is not hard to see for a graph G with n vertices, if n < 2k then a(G) < k. Whenn > 2k + 1,
under the same conditions of Theorem 1.3, we also have a(G) < k.

Corollary 1.4. Let k > 0 be an integer, and G be a d-regular graph. Then a(G) > kif and only if d > 2k.

In Section 2, we display some preliminaries and mechanisms, including eigenvalue interlacing properties and the
quotient matrix, which will be applied in the proofs of the main results, to be presented in Section 3.

2. Preliminaries

In this section, we present some of the preliminaries to be used in our arguments. For a square matrix A, tr(A) denotes
the trace of A. For a graph G, we use d(G) to denote the average degree of G. Let U C V(G), d¢(U) or simply d(U) denotes the
average degree of all vertices of U in G. Thus d(G[U]) and d(U) are different. The former means the average degree of the
induced subgraph G[U], while the latter is the average degree of all vertices of U in G. The following theorem is commonly
referred to as the Weyl Inequalities. See also page 29 of [2] for the Courant-Weyl inequalities.

Theorem 2.1 (Weyl Inequalities). Let B and C be Hermitian matrices of order n. Then for 1 <1i,j <n,
() 2i(B) + A4j(C) < Aiyj—nB+O)ifi+j=n+ 1.
(iD) Ai(B) + A/(C) = Aij1 B+ O)if i+j <n+1.

Corollary 2.2. Let & be the minimum degree of a graph G. Thenfori=1,2,...,n,
() mn—iz1 + 24 = 6.
(ii) 6 + Ai < qi.
Proof. (i) By the definition, L(G) = D(G) — A(G). Then L(G) + A(G) = D(G). By Theorem 2.1(ii), Ap—it+1(L(G)) + A;i(A(G)) >
)\n(D(G))v i.e., Mn—it1 + )Li = 8.
(i) By the definition, Q (G) = D(G) + A(G). By Theorem 2.1(i), A,(D(G)) + Ai(A(G)) < 1i(Q(G)),ie,8 + A <gq. O
Given two real sequences 6; > 6, > --- > 6Gpand n; > n, > --- > n, withn > m, the second sequence is said to

interlace the first one if 6; > n; > 6,4, fori = 1,2, ..., m. When we say the eigenvalues of a matrix B interlace the
eigenvalues of a matrix A, it means the non-increasing eigenvalue sequence of B interlaces that of A.

Theorem 2.3 (Cauchy Interlacing). Let A be a real symmetric matrix and B be a principal submatrix of A. Then the eigenvalues
of Binterlace the eigenvalues of A.

Given a partition 7 = {Xq, X3, ..., X;} of the set {1, 2, ..., n} and a matrix A whose rows and columns are labeled with
elementsin {1, 2, ..., n}, A can be expressed as the following partitioned matrix
A -0 Ag
A=l oo
Aq - Ag

with respect to 7. The quotient matrix A, of A with respect to 7 is an s by s matrix (b;) such that each entry by is the average
row sum of Aj.

Theorem 2.4 (Haemers, Corollary 2.3 in [8]). The eigenvalues of any quotient matrix of a real symmetric matrix A interlace the
eigenvalues of A.

Corollary 2.5. Suppose that G is a simple graph and 7 is a partition of V(G) with || = s. Let L, be the quotient matrix of L(G)
with respect to 7w. Then 1 < As_1(Ly).
Proof. By Theorem 2.4, As_1(Ly) > Ap—sis—1)(L(G)), i.e., pip—1 < As—1(Ly). O

For any subset U C V(G), d(U) denotes the set of edges each of which has one end in U and the other end in V(G) \ U.

Lemma 2.6 (Lemma 3.2 of [10]). Suppose that X,Y C V(G) with X NY = @ If us—1(G) > max{M M}, then

X1 >y
[eX. V)2 = IX] - Y]ttt — 200) gy — L0,
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3. The proofs of main results
In this section, we present the proofs of the main results. We begin with a useful lemma.
Lemma 3.1. Let G be a graph and U be a non-empty proper subset of V(G). Suppose that d(U) is the average degree of U in G.
If |0(U)| < d(U), then |U| > d(U).

Proof. By contradiction, we assume that |U| < t_i(U).Then_|U|(|U| —-D+PWU) > |U|d(U) by counting the incidences in U
in two ways. But [U|(JU| — 1) 4+ |9 (U)| < d(U)(JU| — 1) +d(U) = |U|d(U), contrary to the fact that |U|(|U| — 1) +[3(U)| >
|U|d(U). Thus |U| > d(U). O

Proof of Theorem 1.2. By the definition of 7 (G), it suffices to show for any X C E(G),
tIX| > s(w(G — X) — w(G)).

Without loss of generality, we may assume that G is connected and so w(G) = 1. Let w = w(G — X) and V; be the
vertex set of each component of G — X for 1 < i < w, respectively. Without loss of generality, we may assume that
BV < [0(Vo)| < -+ < [0(V)|.Ift]d(V2)] = 25, thent|X| >t >, ;. 18(V;)]/2 > s(w— 1), done. Thus, we assume that
tlo(Vy)] <2s—1.

Let g be the largest index such that £[0(V,)| < 2s — 1.Then2 < q < w.ByLemma 3.1, |Vi] > § +1for1 <i < q.
By Lemma 2.6, for2 <i < gq,

EIDI 19 (Vi)
Vi, Vi 2 > |V4||V; n—1— -1
[E'( 1 )] > | 1|| |<,U, 1 |V]| )(M 1 |V,| )

2s—1 2s—1
> < - |a(v1)|> (— - |8(Vi)|>
t t
2s — 1 2
z( ; —IB(V,-)|> .

Thus e(Vy, Vi) > =1 — [3(V;)|, which implies that t - e(Vy, Vi) > 2s — 1 —t[d(V;)|,and so t - e(Vq, V;) > 25— t[d(V;)|. Then
LAV =t g eVi, Vi) = 3, (2s — £]0(Vy)]). Hence £ )i, [0(Vi)| = 2s(q — 1). Thus

ey |a(vi)|/2=;<r S wl+e Y |a<v,->|)

1<i=w 1=<i=q g+1<i<w

tiX|

v

> %[Zs(q = 1)+ 2s(w — )]
=s(w—1),
which finishes the proof of (i). By Corollary 2.2, (ii) and (iii) follows from (i). O
Proof of Theorem 1.3. (i) Assume that y (G) > s/t. By the definition of y (G), G has a nontrivial subgraph H with |E(H)| >

(IV(H)| — 1)s/t. Since H is simple, |V (H)|(|V (H)| — 1) > 2|E(H)| > 2(|V (H)| — 1)s/t,and so |V (H)| > 2s/t. Thus [V (H)| >
|25/t ]+ 1.Let dy be the average degree of the subgraph H. Then W}Hl YR g > gy = 201 S 2VE =Dyt L1

i=1 [V(H)I [V(H)I
It follows that g = 2 — L2s/§J+1 S2/UH g < 1, contrary to g > 1.

(ii)We argue by contradiction and assume that y(G) > s/t. By the definition of y (G), G has a nontrivial subgraph H with
|[E(H)| > ([V(H)| — 1)s/t. It implies that t|[E(H)| > ([V(H)| — 1)s, or in other words, t|E(H)| > (|[V(H)| — 1)s + 1. Thus

[E(H)| = (IV(H)| — Ds/t +1/t. (2)
Since H is simple, [V(H)|(|V(H)| — 1) > 2|E(H)| > 2(JV(H)| — 1)s/t,and so |V(H)| > 2s/t. Thus
IV(H)| = [2s/t] + 1. 3)

Let V; = V(H) and d; be the average degree of V; in G. Since |Vy| > [2s/t] + 1,

[2s/t]+1

> di<2s/t—8. (4)

di < ————
[25/t] +1 &

By (2) and counting the incidences of vertices of V; in G, we have

10(V1)| = |Vildy — 2|E(H)| < [Vildy — 2(IV4] — 1)s/t — 2/t. (5)
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By (4), (5) and by the definition of 8,
[(V)] < [Vil@2s/t — B) —2(|Vq| — Ds/t — 2/t = 2s/t — 2/t — B|V4]
2s/t — 2/t — B(|2s/t] + 1). (6)
By (5), [Vild; — 2([V4] — 1)s/t — 2/t > 0.1t follows that |V;| < (2s/t — 2/t)/(2s/t — d;) < W and so

IA

25 —2

25 —
both |V;] <

and |[V\Vq{| >n-— 7
VAV = B (7)
Moreover, by (5),
[0(V)| < [Valdy — 2(IVa] — s/t — 2/t < |V4ldy — di (V4| — 1) — 2/t < dy. (8)
By (8) and Lemma 3.1,
Vil = dn + 1. (9)
Letr = |d(V7)|and V' = V\V;.The quotient matrix of the Laplacian matrix L(G) with respect to the partitionw = (V;, V')
is
r T
Vil Vil
Ar = r r
v v
By Corollary 2.5,
r r Vil + |V'Dr nr
pno1(G) < Ai(Ax) S tr(Ag) = — + — = —— = (10)

Vil vl VAV vav
By (3)and (9), we have |V;| > max{|2s/t] +1,d, + 1} = |2s/t] + 1.By (7), |V'| = n— %.Asn > [2s/t] +1+ 21;2,
it follows that |Vq]| - |V’| is minimized when |V;| = |2s/t]| 4+ 1. Thus by (6) and (10),
n2s/t — 2/t — B(|2s/t] + 1))
(12s/t] + D(n— |2s/t] — 1)’
contrary to (1). This proves (ii). O

mn—1(G) <
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