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A dicycle cover of a digraph D is a family & of dicycles of D such that each arc of D lies in at least one dicycle in #. We investigate
the problem of determining the upper bounds for the minimum number of dicycles which cover all arcs in a strong digraph. Best
possible upper bounds of dicycle covers are obtained in a number of classes of digraphs including strong tournaments, Hamiltonian
oriented graphs, Hamiltonian oriented complete bipartite graphs, and families of possibly non-Hamiltonian digraphs obtained from

these digraphs via a sequence of 2-sum operations.

1. The Problem

We consider finite loopless graphs and digraphs, and unde-
fined notations and terms will follow [1] for graphs and [2]
for digraphs. In particular, a cycle is a 2-regular connected
nontrivial graph. A cycle cover of a graph G is a collection
% of cycles of G such that E(G) = |Jgeg E(C). Bondy [3]
conjectured that if G is a 2-connected simple graph with n > 3
vertices, then G has a cycle cover € with |€| < (2n — 3)/3.
Bondy [3] showed that this conjecture, if proved, would be
best possible. Luo and Chen [4] proved that this conjecture
holds for 2-connected simple cubic graphs. It has been shown
that, for plane triangulations, serial-parallel graphs, or planar
graphs in general, one can have a better bound for the number
of cycles used in a cover [5-8]. Barnette [9] proved that if G is
a 3-connected simple planar graph of order », then the edges
of G can be covered by at most (n+1)/2 cycles. Fan [10] settled
this conjecture by showing that it holds for all simple 2-
connected graphs. The best possible number of cycles needed
to cover cubic graphs has been obtained in [11, 12].

A directed path in adigraph D from a vertex u to a vertex v
is called a (u, v)-dipath. To emphasize the distinction between
graphs and digraphs, a directed cycle or path in a digraph is
often referred to as a dicycle or dipath. It is natural to consider
the number of dicycles needed to cover a digraph. Following
[2], for a digraph D, V(D) and A(D) denote the vertex set

and arc set of D, respectively. If A’ ¢ A(D), then D[A'] is
the subdigraph induced by A’. Let K denote the complete
digraph on n vertices. Any simple digraph D on n vertices
can be viewed as a subdigraph of K. If W is an arc subset of
A(K}), then D + W denotes the digraph K;[A(D) U W].

A digraph D is strong if, for any distinct u,v € V(D), D
has a (u,v)-dipath. As in [2], A(D) denotes the arc-strong-
connectivity of D. Thus a digraph D is strong if and only if
A(D) > 1. We use (1, v) denoting an arc with tail 4 and head
v. For X, Y € V(D), we define

(X, Y)p={(x,y) e A(D):x€ X, yeY};

\ 8
35 (X) = (X,V (D) - X)p.

Let

dp (X) = [op, (X))
B ) 2)
dp (X) = [0 (X))

When X = {v}, we write dj;(v) = |0{v}| and d,(v) = |0, {v}.
Let NS(v) = {u € V(D)-v: (v,u) € A(D)}and N (v) = {u €
V(D) —v: (u,v) € A(D)} denote the out-neighbourhood and
in-neighbourhood of v in D, respectively. We call the vertices
in N7,(v) and N (v) the out-neighbours and the in-neighbours
of v. Thus, for a digraph D, A(D) > 1 if and only if, for any
proper nonempty subset @ # X ¢ V(D), |05,(X)| > 1.



A dicycle cover of a digraph D is a collection € of dicycles
of D such that | Jo.e A(C) = A(D). If D is obtained from a
simple undirected graph G by assigning an orientation to the
edges of G, then D is an oriented graph. The main purpose
is to investigate the number of dicycles needed to cover a
Hamiltonian oriented graph. We prove the following.

Theorem 1. Let D be an oriented graph on n vertices and m
arcs. If D has a Hamiltonian dicycle, then D has a dicycle cover
€ with |€| < m —n+ 1. This bound is best possible.

In the next section, we will first show that every Hamilto-
nian oriented graph with n vertices and m arcs can be covered
by at most m — n + 1 dicycles. Then we show that, for every
Hamiltonian graph G with n vertices and m edges, there exists
an orientation D = D(G) of G such that any dicycle cover of
D must have at least m — n + 1 dicycles.

2. Proof of the Main Result

In this section, all graphs are assumed to be simple. We start
with an observation, stated as lemma below. A digraph D is
weakly connected if the underlying graph of D is connected.

Lemma 2. A weakly connected digraph D has a dicycle cover
if and only if (D) > 1.

Proof. Suppose that D has a dicycle cover €. If D is not
strong, then there exists a proper nonempty subset @ # X ¢
V(D) such that [9/(X)| = 0. Since D is weakly connected,
D contains an arc (u,v) € (V(D) — X),X)p. Since € is
a dicycle cover of D, there exists a dicycle C € & with
(u,v) € A(C). Since (1, v) € (V(D) — X), X)p, we conclude
that @ +# A(C) n (X, V(D) - X))p € 05,(X), contrary to
the assumption that [0/(X)| = 0. This proves that D must
be strong.

Conversely, assume that D is strong. For any arc a =
(u,v) € A(D), since D is strong, there must be a directed
(v,u)-path P in D. It follows that C, = P + a is a dicycle of
D containing a, and so {C, : a € A(D)} is a dicycle cover of
D. O

Let C be a dicycle and let a = (u, v) be an arc not in A(C)
but with u,v € V(C). Then C + a contains a unique dicycle
C, containing a. In the following, we call C, the fundamental
dicycle of a with respect to C.

Lemma 3. Let D be an oriented graph on n vertices and m arcs.
If D has a Hamiltonian dicycle, then D has a dicycle cover €
with|€|<m-n+1.

Proof. Let C, denote the directed Hamiltonian cycle of D. For
eacha € A(D) - A(C), let C, denote the fundamental dicycle
of awith respectto C. Then € = {C,}U{C, : a € A(D)-A(C)}
is a dicycle cover of D with || < m —n+ 1. O

To prove that Theorem1 is best possible, we need to
construct, for each integer n > 4, a Hamiltonian oriented
graph on n vertices and m arcs D such that any dicycle cover
€ of D must have at least m — n + 1 dicycles in €.
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Let G be a Hamiltonian simple graph. We present a
construction of such an orientation D = D(G). Since G is

Hamiltonian, we may assume that V(G) = {v,v,,...,v,} and
C =v,vy,...,V,v, is a Hamiltonian cycle of G.
Definition 4. One defines an orientation D = D(G) as

follows.

(i) Orient the edges in the Hamiltonian cycle C =
ViVys ..., Vv, as follows:

(Vis1,v;) € A(D),
€)
i=12,....,n-1, (v,v,) € A(D).

(ii) Foreachi = 2,3,...,n—2,and foreach j =i +2,i +
3,...,n, assign directions to edges of G not in E(C) as
follows:

(vi, vj) € A(D),

ifvivjeE(G)—E(C), i+tl<j<n,
(4)
(vl,vj)eA(D),

ifvlvjeE(G)—E(C), i+l<j<n-1.

We make the following observations stated in the lemma
below.

Lemma 5. Each of the following holds for the digraph D:
(i) The dicycle Cy = v{v,v,,_;, . ..
dicycle of D.
(ii) The digraph D — A(C,) is acyclic.
(iii) N5(v,) = {v,.1 s Np(vy) = {n,}; Np(v,) = {v3}.
(iv) Thedicycle C,, is the only dicycle of D containing the arc
(v, v,).

(v) The dicycle C,, is the unique Hamiltonian dicycle of D.

, V3V, vy is a Hamiltonian

(vi) IfC" is a dicycle of D, then C" contains at most one arc
in A(D) — A(Cy).

Proof. (i) follows immediately from Definition 4(i).

(ii) By Definition 4, the labels of the vertices V(D) =
{vi, vy ..., v,} satisty (v,-,vj) € A(D) - A(C,) only ifi < j.
It follows (e.g., Section 2.1 of [2]) that D — A(C,) is acyclic,
and so (ii) holds.

(iii) This follows immediately from Definition 4.

(iv) Let C' be a dicycle of D with (v,v,) € A(C). Since
(v, v,) € A(CH N A(C,), we choose the largest label i < n,
such that (v}, v,), (V,, Vy1)se o (Viy1 V) € ACH N A(Cy).
Since C' # C,, we have i > 3. Since C' is a dicycle, there
must be a vertex v € V(D) such that (v;, vj) e A(C). By the
choice of i, we must have (vi,vj) ¢ A(C,), and so (v;, vj) €
A(D) - A(C,). By Definition 4(ii), we have i + 2 < j < n,
contrary to the fact that C' is a dicycle of D containing (v,, v,,).
This proves (iv).

(v) Let C' be a Hamiltonian dicycle of D. Since
V(C") = V(D), we have v, € V(C"). We claim that
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(vi,v,) € ACH. If (vi,v,) ¢ A(C"), then there exists v, €
V(C) (i € {vy,v3,...,v,_,}) such that (v;,v,) € A(C"). Hence,
Vs V)s Vs Vo 1)s -+ o> (Vias Vi) € A(C'). By Definition 4(i)
and (ii), N*(vi;;) € {Vi12, Viz35-- ., ¥y}, contrary to the fact
that C' is a Hamiltonian dicycle of D. Thus, (v;,v,) € A(C').
It follows from Lemma 5(iv) that we must have C' = Co-

(vi) By contradiction, we assume that D has a dicycle
C" which contains two arcs: a,a, € A(D) — A(C,). Since
V(D) = {v,vy...,V,}, we assume that a;, = (v;,v;) and
a, = (v;,vr). Without loss of generality and by Lemma 2, we
further assume that 1 <i < j <n.

Leti >t > 1 be the smallest integer such that v, € V(C").
Since C" is a dicycle of D, there must be v, € V(C") such
that (v, v,) € A(C"). By Definition 4, either (v, v,) € A(C,)
ands =t+1 < jor (v,v,) € A(D) - A(Cy) and 1 < s +
1 < t. By the choice of t, we can only have s = t + 1 and
(Verp> vy) € AC N A(C,). Choose the largest integer h with
t+1 < h < jsuchthat (v, V), (Vs Vg1 ) -« o> (Vi Viy) €
A(C") N A(C,). Since C" is a dicycle, there must be v, with
1 < k < nsuch that (v, v,) € A(C™. By the maximality of h
and by Definition 4(i), we conclude that (v, v,,) ¢ A(C,). By
Definition 4(ii), 1 < k < h—2. By the minimality of £, we must
havet < k < h— 2.1t follows by j > h that C" cannot contain
a, = (v;,v;), contrary to the assumption. This contradiction
justifies (vi). O

To complete the proof of Theorem 1, we present the next
lemma.

Lemma 6. Let G be a Hamiltonian simple graph. There exists
an orientation D = D(G) such that every dicycle cover of D
must have at least m —n + 1 dicycles.

Proof. Let G be a Hamiltonian graph and let D = D(G)
be the orientation of G given in Definition 4. For notational
convenience, we adopt the notations in Definition 4 and
denote V(D) = {v;,v,,...,v,}. Thus, by Lemma 5(v), C, =
ViVuVy_1> - - -» Vo ¥y 1s the unique Hamiltonian dicycle of D.

Let € be a dicycle cover of D. By Lemma 5(iv), we must
have C, € 6. For each arca € A(D) — A(C,), since € is a
dicycle cover of D, there must be a dicycle C(a) € € such that
a € A(C(a)). By Lemma 5(vi), A(C(a)) N A(D) - A(C,) = {a}.
It follows that if a,a’ € A(D) — A(C,), then a # a implies
C(a) # C(a") in 6. Thus we have {C(a) | a € A(D)-A(C,)} €
%. Hence

1812 [{C (@) :a € A(D) - A(Cy)}U{Co} -
=m-n+1l.
This proves the lemma. 0

By Lemmas 3 and 6, Theorem 1 follows. We are about to
show that Theorem 1 can be applied to obtain dicycle cover
bounds for certain families of oriented graphs. Let T, denote a
tournament of order n. Then T, is an oriented graph. Camion
(13, 14] proved that every strong tournament is Hamiltonian.
Hence the corollary below follows from Theorem 1.

Corollary 7. Every strong tournament on n vertices has a
dicycle cover € with |€| < n(n — 1)/2 — n + 1. This bound
is best possible.

A bipartite graph G(A, B) with vertex bipartition (A, B)
is balanced if |A| |B|. If bipartite graph G(A, B) has a
Hamiltonian cycle, then G is balanced. Let K, , be a complete
bipartite graph with vertex bipartition (A,B) and |A| =
m, |B| = n; then K, , has Hamiltonian cycle if and only
ifm = n > 2; that is, K, is balanced. Let K, denote a
balanced complete bipartite graph.

Corollary 8. Every Hamiltonian orientation of balanced com-
plete bipartite graph K, ,, has a dicycle cover € with |€| <

(n — 1)*. This bound is best possible.

Proof. Since an oriented balanced complete bipartite graph
K,,, has n* arcs, so, by Theorem 1, we have | %] < n* -2n+1 =
(n—1)".

To prove the bound is best possible, we need to construct,
for each integer n > 2, a Hamiltonian oriented balanced
complete bipartite graph on 2n vertices such that any dicycle
cover € of K, must have at least (n — 1)* dicycles in €. We
may assume that V(K| ,)) = {u},u,, ..., 1, v, v5,...,v,} and
C = uyviu,v,,...,u,v,u, is a Hamiltonian cycle of K ,. We
construct an orientation D, ,, = D(K,, ) as the orientation of
Definition 4; thus, by Lemmas 5 and 6, every dicycle cover €
of D, ,, must have at least (n — 1)* dicycles. This proves the
corollary. O

3. Dicycle Covers of 2 Sums of Digraphs

In this section, we will show that Theorem1 can also be
applied to certain non-Hamiltonian digraphs which can be
built via 2 sums. We start with 2 sums of digraphs.

Definition 9. LetD, = (V(D, ), A(D, ))and D, = (V(D, ),
A(D,,)) be two disjoint digraphs; a; = (v;,,vy;) € A(D, )
anda2 = (v33,vy) € A(D,,). The2-sum D, &, D, of D, and

D, is obtained from the union of D, and. D by 1dent1fy1ng
the arcs a, and a,; that is, v;; = v, and Vi, = v22

Definition  10. Let Dnl’Dnz""’Dns be s disjoint
digraphs with n,,n,,...,n, vertices, respectively. Let
D, GBZD 692 @, D, denote a sequence of 2 sums of
Dl D,, thatls, (D, 9, D, )®2D3)@2 -)®, D

Theorem 11. Let D, , D, ,..., D, be s disjoint Hamiltonian
oriented graphs on n,n,,...,n, vertices and ml,mz,...,m
arcs, respectively, and let D = D, &, D, &, &, D,, . Then
D has a dicycle cover € with |€| < |A(D)| - |V(D)| + 1 This
bound is best possible.

Proof. By Theorem 1, Dn,- (i =1,2,...,s) has a dicycle cover
€, with |€;] < m; —n; + 1. Let € = |J;_, €;. Then |€] <
(my—nm+1)+my—ny+ 1)+ +(m,—n,+1) = (m; +m, +

ctmg) - Ayt tn)+s=(mprmy+o+mg—(s—
1))-(m+n,+---+n,—2(s—1))+1 = |A(D)| - [V(D)| + 1. By
Definition 10, € is a dicycle cover of D. Thus, D has a dicycle
cover € with |€| < |A(D)| - |[V(D)| + 1.



Let G,, be s disjoint Hamiltonian simple graphs for i €
{1,2,. ..,s} We may assume that V(G,,) = {vi;, Vo, -+ > Vi }
and C; = vV, ..., Vi vy I8 @ Hamiltonian cycle of G,,, and
let

D,

6
=D (Gn[) be the orientation of G, given in Definition 4. ©
For notational convenience, we adopt the notations in
Definition 4 and denote V(D,, ) = {v;;,V;5,..., V;, }. Thus, by
Lemma 5(v), C;| = v;Vj,,...,VpV; is the unique Hamilto-
nian dicycle of D .Leta; = (v, v;) be an arc of D,,. We
construct the 2-sum dlgraph D,®,D, &, --®,D, from the
unionofD, ,D, ,..., D, byidentifying thearcs ayay, ... a,
suchthatv,, = v, =---=vgand v, = vy, =--- = v,. We
assume that v, == v;; = v,; = =vgand v, = v, = vy, =

-+ = v, (the case when s = 2 is depicted in Figure 1).

Claim 1. There does not exist a dicycle whose arcs intersect
arcs in two or more D,, s (i=1,2,...,9).
By Definition 9, we have V(D, ) nVv(D, ) ={v, v} (0 +

7). Without loss of generality, we ‘consider oriented graphs

D, and D, ; suppose that there exists a dicycle C, such that
1 2
{A(Cy) = (v v} N A(Dnl) + 0, -
7
{A(Cy) = (vpm)inA (Dnz) #0.

Thus, there must exist four different arcs

{(Vli’>vl)’(VI’VZi”)>(V2j”’V2)>(V2’V1j’)} €A(Cy) (8

with (vli:,vl),(vz,vljr) € A(D, ) and (vy,vyn), (vzjn,vz) €
A(D,,), as shown in Figure 2, or four different arcs

{(Vls” Vz) > (Vz’ V) s (Vs v1) s (v Vlk’)} €A (Co) )

with (vig,v,), (v, vip) € A(D,, ) and (vy, vygr), (vyer, vy) €
A(Dnz), as shown in Figure 3.

By Definition 9, Lemma 5(iii), and (6), we have N, (v,) =
{v,}, and so v, = v, or vy = v,, contrary to the assumption
that C,, is a dicycle. This proves Claim 1.

By Claim 1, for every dicycle C in D, all arcs in C (except
for the arc (v,,v,)) belong to exactly one of oriented graphs
Dn,- (i = L,2,...,n). By Definition 4 and Lemma 6, every
dicycle cover of oriented graph D, (i = 1,2,...,n) must have
at least m; — n; + 1 dicycles. This completes the proof. O

By Corollary 7 and Theorem 11, we have the following
corollary.

Corollary 12. Let D, ,D,,...,D, be s disjoint strong

tournaments with ny,n,,...,n, vertices, respectively. Then

D,®,D,®, - ®,D, has a dzcycle cover € with |€| <

(nl(n1 - 1)/2 + r12(112 -2+ +nn,—-1)/2) - (n, +n, +
-+ 1) + 5. This bound is bestpossible.

Let G,, be a Hamiltonian graph with » vertices and m arcs;
let D;, (i is an integer) denote a Hamiltonian orientation of
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Vin -1 Vin, Von,

Van,-1

Vin -2

Vis

V14 V13 Va3 V24
FIGURE 1: The 2-sum digraph for D,, and D,, .
Vin -1 Vin, Van, Von,-1

Vin -2

Vis

V14 V13 V23 Va4

Vin -1 Vim Van, Vony-1

Ving -2

Von, -2

Vis V25

FIGURE 3

G, For a positive integer s, let H(G,;, s) denote the family of
all 2-sum generated digraphs D} @, D@, - - - @, D, as well as
a member in the family (for notational convenience). By the
definition of H(G,,, s), we have H(G,,, 1) = Drll and H(G,, s) =
H(G,,s — 1)@, D;. The conclusions of the next corollaries
follow from Theorem 1. The sharpness of these corollaries
can be demonstrated using similar constructions displayed in
Lemma 6 and Corollary 8.

Corollary 13. Letm,n > 3 be integer, let G,, be a Hamiltonian
graph with n vertices and m edges, and let K,, be a complete
graph on n > 3 vertices:

(i) Any member in H(G,,s) has a dicycle cover € with
|G| < s(m — n+ 1). This bound is best possible.

(ii) In particular, any H(K,,, s) has a dicycle cover € with
|G| < s(n(n—1)/2—n+1). This bound is best possible.
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Corollary 14. Let m,n > 3 be integer, let B, be a Hamiltonian
bipartite graph with 2n vertices and m edges, and let K, , be a
complete bipartite graph:

(i) Any H(B,,, s) has a dicycle cover € with |€| < s(m —
2n + 1). This bound is best possible.

(ii) In particular, any H(K,,,, s) has a dicycle cover € with
|B| < s(n—1)*. This bound is best possible.
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