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1. Introduction

Graphs in this paper are simple and finite. Undefined terminologies and notations are referred to [1]. Thus A(G), §(G),
£2(G) and x (G) denote the maximum degree, the minimum degree, the girth and the chromatic number of a graph G,
respectively. When no confusion on G arises, we often use A for A(G). For v € V(G), let Ng(v) be the set of vertices adjacent
tovinG, Ng[v] = Ng(v) U{v},and dg(v) = |Ng(v)|. When G is understood from the context, the subscript G is often omitted
in these notations.

Let k, r be integers with k > O and r > 0, and let [k] = {1, 2, ..., k}.Ifc : V(G) — [k] is a mapping, and if V' C V(G),
then define c(V") = {c(v)|v € V'}. A (k, r)-coloring of a graph G is a mapping ¢ : V(G) — [k] satisfying both the following.

(C1) c(u) # c(v) for every edge uv € E(G);
(C2) |c(Ng(v))| = min{ds(v), r} forany v € V(G).

The condition (C2) is often referred to as the r-hued condition. Such coloring is also called as an r-hued coloring. For a
fixed integer r > 0, the r-hued chromatic number of G, denoted by x, (G), is the smallest integer k such that G has a (k, r)-
coloring. The concept was first introduced in [10] and [6], where yx,(G) was called the dynamic chromatic number of G. The
study of r-hued-colorings can be traced a bit earlier, as the square coloring of a graph is the special case whenr = A.

By the definition of x,(G), it follows immediately that x (G) = x1(G), and x4(G) = x (G?), where G? is the square graph
of G. Thus r-hued coloring is a generalization of the classical vertex coloring. For any integeri > j > 0, any (k, i)-coloring of
G is also a (k, j)-coloring of G, and so

X(G) < x2(G) <+ < % (G) <+ < xa(G) = xa41(G) = --- = x(G).
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In [9], it was shown that (3, 2)-colorability remains NP-complete even when restricted to planar bipartite graphs with
maximum degree at most 3 and with arbitrarily high girth. This differs considerably from the well-known result that the
classical 3-colorability is polynomially solvable for graphs with maximum degree at most 3.

The r-hued chromatic numbers of some classes of graphs are known. For example, the r-hued chromatic numbers of
complete graphs, cycles, trees and complete bipartite graphs have been determined in [5]. In [6], an analogue of Brooks
Theorem for x, was proved. It was shown in [3] that x,(G) < 5 holds for any planar graph G. A Moore graph is a regular
graph with diameter d and girth 2d + 1. Ding et al. [4] proved that x,(G) < A% + 1, where equality holds if and only if G is
a Moore graph, which was improved tor A + 1in [8]. Wegner [12] conjectured that if G is a planar graph, then

A(G) +5, if4<AG) =T;
xa(G) = .
[34(G)/2] +1, ifA(G) > 8.
A graph G has a graph H as a minor if H can be obtained from a subgraph of G by edge contraction, and G is called H-minor
free if G does not have H as a minor.

Define
r+3, if2<r<3;
K(r) = :
13r/2] +1, ifr>4.
Lih et al. proved the following towards Wegner’s conjecture.

Theorem 1.1 (Lih et al. [7]). Let G be a K4-minor free graph. Then
x4(G) < K(A(G)).

Song et al. extended this result by proving the following theorem. Theorem 1.1 is the special case whenr = A of
Theorem 1.2.

Theorem 1.2 (Songetal. [11]). Let G be a K4-minor free graph. Then x,(G) < K(r).
A conjecture similar to the above-mentioned Wegner’s conjecture is proposed in [11].

Conjecture 1.3. Let G be a planar graph. Then

r—+3, ifil<r<2

xr(G) = 31 +5, f3<r=<7
|3r/2]+1, ifr>8.

In this paper, we prove the following theorem.

Theorem 1.4. If r > 3 and G is a planar graph with g(G) > 6, then x,(G) <1 + 5.

Whenr > 8, we haver + 5 < |3r/2] + 1. Thus Theorem 1.4, together with Theorem 1.1 of [3] with 1 < r < 2,
justifies Conjecture 1.3 for all planar graphs with girth at least 6. Bu and Zhu in [2] proved the special case whenr = A of
Theorem 1.4, and so Theorem 1.4 is a generalization of this former result in [2].

2. Notations and terminology

Let G denote a planar graph embedded on the plane and k > 0 be an integer. We use F(G) to denote the set of all faces
of this plane graph G. For a face f € F(G), if v is a vertex on f (or if e is an edge on f, respectively), then we say that v (or
e, respectively) is incident with f. The number of edges incident with f is denoted by dg(f), where each cut edge counts
twice. A face f of G is called a k-face (or a k™ -face, respectively) if d;(f) = k (or d¢(f) > k, respectively). A vertex of degree
k (at least k, at most k, respectively) in G is called a k-vertex (k™ -vertex, k™ -vertex, respectively). We use n;(v) to denote the
number of i-vertices adjacent to v.

For two vertices u, w € V(G), we say that u and w are weak-adjacent if there is a 2-vertex v such that u, w € Ng(v).
A 3-vertex v is a weak 3-vertex if v is adjacent to a 2-vertex. The neighbors of a weak 3-vertex are called star-adjacent. If
a 5-vertex is weak-adjacent to five 5-vertices, we call it a bad vertex. (As an example, see the vertex v in Hy of Fig. 2). If a
5-vertex is adjacent to one weak 3-vertex and is weak-adjacent to four other 5-vertices, we call it a semi-bad type vertex.
As Fig. 2 demonstrates, the vertex v in Hs is a semi-bad type vertex.

Let G be a graph with V = V(G), and let V' C V be a vertex subset. As in [1], G[V'] is the subgraph of G induced by V'. A
mappingc : V' — [k]is a partial (k, r)-coloring of G if ¢ is a (k, r)-coloring of G[V']. The subset V' is the support of the partial
(k, r)-coloring c. The support of ¢ is denoted by S(c). If ¢y, ¢, are two partial (k, r)-colorings of G such that S(c;) C S(cy)
and such that for any v € S(cy), ¢1(v) = c3(v), then we say that ¢, is an extension of c;. Given a partial (k, r)-coloring c on
V' C V(G), foreach v € V — V’, define {c(v)} = @; and for every vertex v € V, we extend the definition of c(Ng(v)) by
setting c(Ng(v)) = Uzen, (v 1€(2)}, and define

{c)} if [c(Nc(v)| =

{c(v)} Uc(Ng(v)), otherwise. (M

clv] = {
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By (1), |c[v]| < r. We have the following observation.

Observation 2.1. Let ¢ be a partial (k, r)-coloring of G with support S(c). For any u ¢ S(c), and for any v € Ng(u), by the
definition of c[v], we have |c[v]| < min{d(v), r} and c[v] represents the colors that cannot be used as c (u) if one wants to extend
the support of c to include u. In other words, the colors in [k] — | c[v] are available colors to define c(u) in extending the

support of ¢ from S(c) to S(c) U {u}.

veN(u)

3. Proof of Theorem 1.4

Theorem 1.1 of [3] proved Theorem 1.4 for r € {1, 2}. So we assume thatr > 3.Let k = r 4+ 5. Then k > 8. We shall
argue by contradiction to prove Theorem 1.4, and assume that there exists a planar graph with girth at least 6 and without
any (k, r)-coloring. Throughout the rest of this section, we assume that

G is a counterexample to Theorem 1.4 such that |V (G)| is minimized. (2)

By (2), for any non-empty proper subset S C V(G), G — S has a (k, r)-coloring. In the following two subsections, we first
investigate the structure of this minimum counterexample G, and then use charge and discharge method to obtain a con-
tradiction to complete the proof.

3.1. Structure and properties of G

Since x;(G) = xa(G) for all r > A(G), we shall always assume that r < A(G). We investigate the structure of this
minimum counterexample G via a sequence of lemmas.

Lemma 3.1. Each of the following holds.

(i) Gis 2-connected.
(ii) G has no adjacent 2-vertices.
(iii) G has no path vovivyvs such thatin G, d(vy) = 2, d(v2) = 3, d(v3) < 3.

Proof. (i) If Gis disconnected, then by (2), every component of G has a (k, r)-coloring, and so G has a (k, r)-coloring, contrary
to (2). Hence G is connected. Assume that G has a cut-vertex v and so G has two nontrivial connected subgraphs G; and G,
satisfying V(G;) N V(Gy) = {v}and G = G; U Gy. As fori € {1,2}, |V(G)| < |V(G)], it follows by (2) that G; has a
(k, r)-coloring c;. Permuting the colors in ¢;(V(G,)) such that ¢;(v) = c,(v) and such that |c;(Ng, (v)) U c2(Ng, (v))| >
min{ds(v), r}. Since r < A(G), the permutation of colors in G, can be done to satisfy the requirements. Now define
c: V(G — [klbyc(x) = ci(x)ifv € V(Gy), for 1 < i < 2.1t follows that c is a (k, r)-coloring of G, contrary to (2).
This justifies (i).

(ii) By contradiction, we assume that G has a path wuvx such that ds(v) = dg(u) = 2.By (2), G — {u, v} has a (k, r)-coloring
c. As [clwlUfc®)}| <r+ 1 < k, we can extend c to ¢; by letting c¢1(u) € [k] — c[w]|J{c(x)}. Thus c; is a partial (k, r)-
coloring with S(¢1) = V(G) — {v} and ¢; (1) # c1(x). As d(u) = 2, we have |ci[u] | Jc1[x]] <1 + 2 < k, which allows ¢; be
further extended to a (k, r)-coloring c, of G by choosing ¢, (v) € [k] — (c1[u] | c1[x]), contrary to (2). This proves (ii).

(iii) By contradiction, we assume G contains a path P = wvgvivv3 with dg(vy) = 2, dg(v;) = 3 and dg(v3) < 3.
Let N(v;) = {vq, v3, v4}). By (2), G — {v1} has a (k, r)-coloring c. Let ¢y denote the restriction of ¢ to V(G) — {vq, v,}.
Since dg(v3) < 3, we have |co[v3] U co[vg] U {co(vo)}] < 34+ 1 4+ 1 < k, and so we can extend ¢y to c; by taking
c1(v2) € [k] — {co(vo)} U colval | colvs]. This results in a (k, r)-coloring c; of G — {v1} satisfying c1(vg) # c1(v). Since
dc(vy) = 3, we have [ci[vo]l [Jci[v2]] < 1+ 3 < k, and so ¢; can be extended to a (k, r)-coloring ¢, of G by defining
c2(v1) € [k] — c1lvo]l | c1[v2], contrary to (2). This completes the proof of the lemma. O

Lemma 3.2. Suppose v is a 2-vertex of G with N¢(v) = {u, w}. Let c be a partial (k, r)-coloring of Gwithv & S(c), u, w € S(c)
such that c(u) # c(w). If |c[u]l U c[w]| < k, then G has a partial (k, r)-coloring ¢’ such that S(c) U {v} C S(c’) and such that
forany z € S(c), c(z) = c’(z). (We call that ¢’ is a partial (k, r)-coloring extending c, or an extension of c.)

Proof. Since |c[u] | c[w]| < k, one can define ¢’(v) € [k] — c[u] | c[w], and ¢’(z) = c(z) forallz € S(c). O

Lemma 3.3. Each of the following holds.

(i) Any 4-vertex v of G is adjacent to at most two 2-vertices.
(ii) If a 4-vertex v of G is adjacent to two 2-vertices, then v cannot be adjacent to any weak 3-vertex.
(iii) If a 4-vertex v of G is adjacent to one 2-vertex, then v cannot be adjacent to three weak 3-vertices.

Proof. (i) By contradiction, we assume that G has a 4-vertex v adjacent to at least three 2-vertices. Thus G has H; (as depicted
in Fig. 1) as a subgraph. The neighbors of v are vq, vy, v3, v4 with d(v1) = d(vy) = d(v3) = 2. By (2),G — vy hasa (k, r)-
coloring. Choose a (k, r)-coloring ¢ of G — v such that |{c(v), c(x)}| is maximized. We claim that c(v) # c(x). Assume that,
to the contrary, we have c(v) = c(x). Since c is a (k, r)-coloring with S(c) = V(G) — {v1}, the r-hued condition (C2) holds
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Hj

Hy

Fig. 1. Avertex is represented by a solid point if all of its incident edges are drawn, otherwise it is represented by a hollow point.

H4 H5

Fig. 2. Abad vertex v in Hy (left); a semi-bad type vertex v in Hs (right).

for each of vy, vz and v if r = 3; and if r > 4, then |c(Ng_,, (v))| = 3. Let ¢g be the restriction of ¢ to V(G) — {v1, vz, v3, v}.
Then g is a partial (k, r)-coloring with S(cy) = V(G) — {v1, va, v3, v}. We first extend cq by recoloring v. By Observation 2.1,
the colors in [k] — (J, ;<4 Co[vi] can be used to color v. Since co[v1] = {co(x)} and |co[vi]] = 1for2 < i < 3, we have
[ Uj<icq Colvill < 17+ 3 < k. We define ¢1(v) € [k] — (J;j<4 Colvil and ¢1(z) = co(2) forallz € V(G) — {v1, va, v3, v}.
Hence ¢y is a partial (k, r)-coloring with S(c1) = V(G)—{v1, v2, v3}. Let v and wj be the two neighbors of v; in G, for2 < j < 3.
With a similar argument, since |ci[w3] U ci[v]] <1+ 2 < k, it follows by Lemma 3.2 that there exists a (k, r)-coloring c, of
G — {v1, vy}, extending c;. Since |c;[w,] U cx[v]| < r + 3 < k, it follows by Lemma 3.2 that there exists a (k, r)-coloring c3
of G — {v1}, extending c,. But c3(x) = c1(x) # c1(v) = c3(v), this leads to a contradiction to the maximality of |{c(v), c(x)}].
Hence we must have c(v) # c(x). Since |c[x] U c[v]| < r +4 < k, it follows by Lemma 3.2 that there exists a (k, r)-coloring
¢4 of G, contrary to (2). This proves (i).

(ii) By contradiction, we assume that G has a 4-vertex v adjacent to two 2-vertices and at least a weak 3-vertex. Thus G has H,
(as depicted in Fig. 1) as a subgraph. We shall adopt the notation of H, in Fig. 1, and let v{, v,, v3, x denote the neighbors of v
in G such that vy, v, are 2-vertices and x is a weak 3-vertex with Ng(x) = {v, w, t}. By the definition of weak 3-vertices, we
may assume that Ng(w) = {w’, x}. By (2), G—xhas a (k, r)-coloring c. Let ¢y be the restriction of ¢ to V(G) — {v1, vy, v, w, X}.
Thus each of vy, v,, v, w satisfies the r-hued condition (C2) under the coloring cp. As |cp[v;]] = 1for1 < i < 2 and
colx] = {c(®)}, | Ui<i<z colvil U {co(H)}| <143 < k, we can extend ¢y to ¢q by setting ¢1(v) € [k] — (U1<i<3 co[vi] U {co(t)})
with S(c;) = V(G) — {v1, va, w, x}. Let {v, w;} be the neighbor set of v; for 1 < i < 2. As |ci[v]Uci[wq]] < 2471 <k,
by Lemma 3.2, c; can be extended to ¢, with c;(v1) € [k] — (c1[v] U cq[w]) and S(c;) = V(G) — {v2, w, x}. As w is
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a 2-vertex of G and as w, v; & S(c3), we have |c;[v] U ca[w] U ¢;[t]] < 34+ 1+ r < k. Thus ¢, can be extended
to c3 with c3(x) € [k] — (ca[v] U ca[w] U 3[t]) and S(c3) = V(G) — {w, va}. As |c3[v] U cs[wq]| < 4+ 71 < kit
follows by Lemma 3.2 that c3 can be extended to ¢4 with c4(v2) € [k] — (c3[v] U c3[w-]) and S(cy) = V(G) — {w}. As
Ng(w) = {w’, x}, we have |c4[x] U c4[w']] < 3 +r < k. By Lemma 3.2, ¢4 can be extended to a (k, r)-coloring cs of G by
defining ¢c5(w) € [k] — (c4[x] U c4[w’]), contrary to (2).

(iii) By contradiction, we assume that G has a 4-vertex v adjacent to one 2-vertex w and three weak 3-vertices vq, v,, vs.
Thus G has Hs (as depicted in Fig. 1) as a subgraph. We will adopt the notations in H3 of Fig. 1. By (2), G — w has a (k, r)-
coloring c. Let ¢y be the restriction of ¢ to V(G) — {v, uq, uy, u3, w}. Fori = 1, 2, 3, let {v, u;, u}} denote the neighbor set of
v;, and {u, v;} denote the neighbor set of u;, and let {v, w’} be the neighbor set of w.

As k > 8, ¢y can be extended to a (k, r)-coloring c; by defining

c1(v) € [k] — {co(v1), co(v2), co(v3), co(uy), co(U5), co(uy), co(w’)} with S(cq) = V(G) — {uy, uz, us, w}.

Fori = 1,2,3,as |[uf] U ci[vi]| < r + 3 < k, by Lemma 3.2, ¢; can be extended to a (k, r)-coloring ¢, such that
c2(uy) € [kl — (c1[uf1Ucq[vi]) and S(cy) = V(G) — {w}. As |ca[v]Uca[w']] < 4+71 < k, by Lemma 3.2, ¢, can be extended to
a (k, r)-coloring c3 of G such that c3(w) € [k] — (cz[v] U c[w']), contrary to (2). This completes the proof of the lemma. O

Lemma 34. If r # 5, any 5-vertex of G is adjacent to at most four 2-vertices; Furthermore, if it is adjacent to four 2-vertices,
then it is not adjacent to a weak 3-vertex.

Proof. We argue by contradiction and assume thatr # 5 and G has a 5-vertex v with Ng(v) = {uy, Uy, us, uy, us}, such that
Uy, Uy, Us, Uy are 2-vertices and us is either a 2-vertex or a weak 3-vertex. For each i with 1 < i < 4, let Ng(u;) = {v, vi};
and let v, vs be two vertices adjacent to us. By Lemma 3.1(ii), d(v;) > 3 for 1 < i < 4.If us is a weak 3-vertex, then denoting
Ng(us) = {v, vs, x} where d(x) = 2, we apply Lemma 3.1(iii) to the path xusvs to conclude that d(vs) > 4.

If3 < r < 4,wehave 2r < r + 4. By (2), G — {v, uq, Uy, us, uyg} has a (k, r)-coloring cy. Since |cq[us] U
{c1(v1), c1(v2), c1(v3), c1(vg)}| < 1+ 4 < k, we extend c¢; to a (k, r)-coloring c; with S(c;) = V(G) — {uy, uy, us, ug}
by defining c;(v) € [k] — (c1[us] U {c1(v1), c1(v2), €1(v3), c1(va)}). For 1 < i < 4,as |c[v;]Jc[v]] <2r <r +4 <k, it
follows by Lemma 3.2 that ¢, can be extended to a (k, r)-coloring c of G, contrary to (2).

Therefore, we assume thatr > 6,and sok = r 4+ 5 > 11.If us is 2-vertex, then by (2), G — v has a (k, r)-coloring c. Let ¢,
be the restriction of c to V(G) — {v, uy, us, ug, us}. As |c1[v2]U{c1(u1)}| < r+1 < k, we extend c; to ¢, by defining ¢, (u,) €
[k]—(cq1[v2]U{c1 (u)}). Fori = 2, 3, 4,as |ci[vig1]U{ci(uq), ..., ci(u)}| < r+4 < k, the coloring c; can be extended to c;11 by
defining ¢i1(uir1) € [kI—(ci[vip1]U{ci(u1), ..., ci(u;)}).Hence S(cs) = V(G)—{v},and ¢s(uy), ¢s5(u2), 5 (us3), ¢s(Us), ¢5(us)
are mutually distinct. Since every u; is a 2-vertex, | UL cslui]] < 10 < 6 +5 < k, this coloring c5 can be extended to a
(k, r)-coloring cg by defining cg(v) € [k] — Uf’:1 cs[u;]. As S(cg) = V(G), this is a contradiction to (2).

Hence us must be a weak 3-vertex, By (2), G — v has a (k, r)-coloring c. Let ¢; be the restriction of ¢ to V(G) —
{v, uy, Uy, us, ug, x}. As |c1[v1]U{c1(us)}| < r+1 < k, one can extend c; to c; by defining ¢, (u1) € [k] — (c1[v1]U{c1(us)}).
Fori = 2, 3,4, as |¢[vi] U {ci(us), ci(uy), ..., c(ui—1)}| < r + 4 < k, one can extend ¢; to c¢;; by defining c;11(u;) €
[k] — (cilvil U {ci(us), ci(ur), - - -, 6i(ui—1)})- Hence S(cs) = V(G) — {v, x}, and cs(u1), ¢5(ua), c5(u3), C5(Uq), ¢5(Us) are mu-
tually distinct. Note that in G[S(cs) [ J{v}], each u;, (1 < i < 5), is a 2-vertex. Therefore, | U?:] cslu]] <10 < 6+5 <k,
and so cs can be extended to a (k, r)-coloring cs by defining cg(v) € [k] — Ule cs[u;] with S(cg) = V(G) — {x}. Denote
Ng(x) = {us, x1}. Since |cg[us] U cg[x1]] < 3+ < k, this coloring cg can be extended to a (k, r)-coloring c; of G by defining
c7(x) € [k] — (celus] U cs[x1]), contrary to (2). This justifies (iii) and proves the lemma. O

Lemma 3.5. If a 5-vertex v of G is adjacent to at least four 2-vertices, then any one of its weak-adjacent neighbors must be an
r-vertex.

Proof. Denote Ng(v) = {uy, Uz, us, g, us}. We assume that uy, u,, us, uy are 2-vertices. Let Ng(u;) = {v, v;}, 1 <i < 4.By
definition, each v; is a weak-adjacent neighbor of v. By contradiction, we assume that vy is not an r-vertex. By (2), G — u4
has a (k, r)-coloring c.

Let Go = G — {uy, Uy, us, Uy, v}, and cy be the restriction of ¢ to V(Gp). Since | Ui5:1 colui]] <r+4 < k,weextendcg toa
(k, r)-coloring c; with S(c1) = S(cp) U{v} = V(Gp) U{v} by defining c; (v) € [k]— (Uf=l colui]). Let Gy = G—{uq, Uy, us, Usg}.
Foreachi = 1, 2, 3, 4, we inductively define Gi;1 = G[V(G;) U {1;}], and extend ; to ¢;+1 with S(¢i+1) = V(Giy1) as follows.

Fori=1,2,3,|c[vl]Uci[vi]l]l <i+ 1+r < r+5.Recall that dg(v4) # r.1f dg(v4) > r 4 1, then by the definition of
(k, r)-coloring, |c4(Ng, (v4))| = [c(Ng,(v4))| = r,and so by (1), [c4[va]| = 1.1fdg(vs) < 1 — 1, thendg,(v4) <1 —2,and so
by (1), |ca[v4]| < dg,(v4) +1 < r — 1. Hence we always have |c4[vs] Ucs[v]| <r—1+4+5 <r+5.Foralli =1, 2, 3, 4, the
discussion above implies that |¢;[v] U ¢;[v;]| < r + 5, and so ¢;(v) # c;(v;). By Lemma 3.2, ¢; can be extended to ¢ with
S(cir1) = V(Gy) U {u;} = V(Giy1). Since Gs = G, cs is a (k, r)-coloring of G, contrary to (2). 0O

Lemma 3.6. Suppose that r = 5 and G has a bad vertex or a semi-bad type vertex v, with Nc(v) = {uy, uy, us, uy, Us} as
depicted in Fig. 2. (We shall adopt the notations in Fig. 2.) Then G — v has a (k, r)-coloring c satisfying each of the following.

(i) If v is a bad vertex, then for each i with 1 < i < 5, we have
c(N[vi]l = {ui}) = {c(v1), c(v2), c(v3), c(va), c(v5)} and [{c(v1), c(v2), c(v3), c(va), c(vs5)} = 5.
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(ii) If v is a semi-bad type vertex, then for each i with 1 < i < 4, we have
c(N[vi] = {ui}) = {c(v1), c(v2), c(v3), c(va), c(v5)} and [{c(v1), c(v2), c(v3), c(va), c(vs5)} = 5.

(Thus we may assume that c(vs) = 5, c(v;)) = iand c(N[v;] — {u;}) = {1,2,3,4,5}, 1 < i < 4.) Moreover, we have
4 < d(vs) < 5 and one of the following must hold.

(ii-1) If d(vs) = 4, then c({x1, y1, y2, y3}) = {1, 2, 3,4}, and forany i € {1, 2, 3}, y; is not a 2-vertex.
(11_2) If d(v5) - 5' then {15 23 35 4} g C({thﬁ,yz,}@’}u})-

Proof. (i) By (2), G — v has a (k, r)-coloring c. Let A = {c(v1), c(v2), c(v3), c(vs), c(vs)}. Choose a € [k] — A such that if
cl[vs] — A # @, then a € c[vs] — A. Let ¢g be the restriction of ¢ with S(cg) = V(G) — {uy, Uz, us, ug, us, v}.
Claim 1. |A| = 5.

By contradiction, we assume that there existi, j € {1, 2, 3, 4, 5} such thati < jand ¢y (v;) = ¢o(v;). Then we first extend ¢,
to a partial (k, r)-coloring c; by letting c; (v) = a.Nextapply Lemma 3.2 to extend c; to a partial (k, r)-coloring c, by coloring
uy with ¢ (u7) € [k] — (c1[v1] U {c1(v)}) and S(c;) = V(G) — {u, us3, uyg, us}. For 2 < i < 4, apply Lemma 3.2 repeatedly
to extend ¢; to a partial (k, r)-coloring c; ¢ by defining c;1 1 (u;) € [k] — (ci[vi] U {ci(v), ci(uq), - - - , ci(ui—1)}) with S(ciz1) =
S(ci) U {u;}. Hence S(cs) = V(G) — {us}. If c[us] C A, then |cs[vs]|Jcs[v]] <4 4+ 5 < 10, and so ¢s can be extended to a
(k, r)-coloring cg of G by letting cg (us) € [k]—(cs[vs] | cs[v]). If c[vs]—A # @, thenas cs(v) = ¢1(v) = a € c¢s[vs], we again
have |cs[vs] | cs[v]] < 10, and so cs can always be extended to a (k, r)-coloring cg of G, contrary to (2). This proves Claim 1.

By Claim 1, we have |A| = 5. By permuting the colors, we assume that in G — v has a (k, r)-coloring c such that c(v;) =i
for1 <i<5.ThusA = {1, 2, 3, 4, 5}. Again let ¢ be the restriction of ¢ with S(cg) = V(G) — {uq, us, us, uy, us, v}. Note
that |c(N[v;] — {u;})] < dg(v;) foralli = 1,...,5.If v is a bad vertex, dg(v;) = 5foralli = 1, ..., 5. Thus to prove (i), it
suffices to justify the claim below.

Claim 2. For anyiwith 1 <i < 5,A C c(N[v;] — {u;}).

By contradiction and by symmetry, we assume that there exists a color @ € A — ¢(N[v;] — {uq}). Then we extend

co to a (k, r)-coloring ¢; by choosing c;(u;) = @ with S(c;) = S(cp) U {u1}. Foreachi = 2,3,4,5, as |¢i_1[vi] U

{ciiq(uy), -+, (Wi} < r+i—1 < k, we can extend ¢;_1 to a (k, r)-coloring ¢; by defining c;(u;) € [k] —
(ci—1[vi]l U {ci—1(uq), - -+, ci—1(ui—1)}) with S(¢;) = S(ci—1) U {u;}. Since ¢s(u1) = c1(u1) = d € A, it follows that
[{cs(uq), - -+, cs5(us)} UA] < 10 = k. Since S(cs) = V(G) — {v}, we can extend ¢s to a (k, r)-coloring cs of G by letting
cs(v) € [k]— ({cs(uq), - - -, cs(us)} UA), contrary to (2). This proves Claim 2. Now Lemma 3.6(i) follows from Claims 1 and 2.

(ii) Assume that v is a semi-bad type vertex. Then dg(vs) > 4 by Lemma 3.1(iii). We make the following claims.

Claim 3.4 < dg(vs) <5.

By contradiction, we assume that dg(vs) > 6. By (2), G — {us, x} has a (k, r)-coloring c. As dg_jys x(vs) = 5 =1, V5
satisfies the r-hued condition (C2) under this coloring c, and so c[vs] = {c(vs)}. Let cg be the restriction of ¢ to S(c) — {v}.
Extend co to ¢; by letting c1(v) € [k] — (UL, {co(u)}) U (U, {co(v)}). Thus ¢1(v) # c1(vs) and

lc1[v] U erlvs] U cqx]] = [{c1(ur), c1(u2), c1(u3), c1(uq), c1(v), c1(vs), c1(x)}| <7 <k,

and so we can extend c; to c; by defining c;(us) € [k] — (c1[v] U ci[vs] U cq[x]), with S(c;) = V(G) — {x}. Since
|ca[x1]1 U co[us]| < r + 3 < k, we can further extend c, to a (k, r)-coloring c3 of G by letting c3(x) € [k] — (c2[x1] U cz[us]),
contrary to (2). This justifies Claim 3.

By (2), G — v has a (k, r)-coloring c. In the rest of the proof of this lemma, we let ¢y denote the restriction of c to
V(G) — {uq, uy, us, uy, us, x, v}, and let A = c({vq, vy, v3, V4, Vs}).

Claim 4. |[A| = 5. (Thus we shall assume that A = {1, 2, 3, 4, 5} in the rest of the proof of this lemma.)

Suppose that |A] < 5. As S(cg) = V(G) — {uq,uy, us, uy, us, x, v}, we have |co[vs] U {co(x1)}|] < k and so
co can be extended to c; by defining ci(us) € [k] — (colvs] U {co(x1)}). Define ug = us. Fori = 1,2,3,4, as
lcilvi] U {ci(uo), ci(uy), - - -, ci(ui—1)}| < r + 4 < k, ¢; can be extended to c;;1 by defining ¢;1(1;) € [k] — (¢i[vi] U
{ci(uo), ci(uy), - -+, ci(ui—1)}). Now S(¢s) = V(G) — {v, x}. Since |A| < 4, [¢s({ug, Up, U3, Ug, us}) UA| <5+ 4 =9 <k, we

extend cs to cg by defining cg(v) € [k] — (cs5({u1, ua, us, ug, us}) U A). Since cg(us) = c1(us) # co(x1) = cs(x1), and since
lcs[x1] U cglus]] < r + 3 < k, it follows by Lemma 3.2, ¢ can be extended to a (k, r)-coloring of G, contrary to (2). This
proves Claim 4.

Claim 5.For 1 <i < 4, we have c(N[v;] — {y;}) = A ={1, 2, 3,4, 5}.

By contradiction, we may assume that there exists aj € A — c(N[v1] — {u4}). First extend ¢y to c; by defining c;(u;) =j.
As |c1[vs] U ci({uq, x1})] < 5+ 2 < k, we extend c¢; to c; by defining c;(us) € [k] — (c1[vs] U c1({uq, x1})). For
i = 2,3,4, as [¢[vi] U {ci(us), c;(u1), - -+, ci(ui—1)}| < r +4 < k, ¢; can be extended to cj1 by defining ¢;1(u;) €
[k] — (cilvil U {ci(us), ci(ur), - -+, ci(ui—1)}). Now S(cs) = V(G) — {v,x}. Since ¢s(u1) = ¢1(u1) = j € A, we have
|cs ({uq, ug, us, Uy, us}) UA| < 10 = k. Hence c¢5 can be extended to cg by defining cg(v) € [k] — (cs({uq, ua, us, ug, us}) UA).
Since cg(us) = c2(us) # c1(x1) = c(x1) and since |cg[x1] U cslus]| < r + 3 < k, it follows by Lemma 3.2 that cg can be
extended to a (k, r)-coloring of G, contrary to (2). This proves Claim 5.

By Claim 3, d¢(vs) € {4, 5}. Thus we will proceed our proof by discussing each of these two possibilities. As noted before,
we have a (k, r)-coloring of G — v with c(v;) = i, (1 < i < 5),A = c({v1, v2, V3, Vg, Us}) and cq is its restriction with
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Fig. 3. v is a semi-bad type vertex and vs is adjacent to three weak-3-vertices.

S(co) = V(G) — {uq, uy, us, ug, us, X, v}. We will continue using the notations of Hs in Fig. 2 for our discussions below,
except that y, will be removed in the proof of Case 1.
Case 1.d(vs) = 4.

We shall show that (ii-1) holds. As c(vs) = 5, we first claim that c({x1, ¥1, ¥2, ¥3}) = {1, 2, 3, 4}. Assume that the claim
is false and there exists a color a € {1, 2, 3,4} — c({x1,¥1,¥2,¥3}). Then we extend ¢y to c; by assigning c;(us) = a.
Let up = us. For 1 < i < 4, as |¢[vi] U ci({ug, uq, -+ ,ui1})| < r +4 < k, we can extend ¢; to ¢;y1 by defining
Civ1(U) € [k] — (ci[vi] U ¢i({uop, uq, - - - , ui_1})). Note that S(cs) = V(G) — {v, x}. As c5(us) = c1(us) = a € A, we have
les({uq, uy, us, ug, us}) UA| < 10 = k. Hence we can extend cs to cg by letting cg(v) € [k] — cs({uq, us, us, uy, tus}) U A. As
|cs[x1]Ucs[us]] < r+3 < kand cg(us) = c1(us) = a # co(x1) = cs(x1),by Lemma 3.2, ¢g can be extended to a (k, r)-coloring
¢; of G by letting c;(x) € [k] — (cg[x1] U cslus]), contrary to (2). This justifies the claim that c({x1, y1, ¥2, y3}) = {1, 2, 3, 4}.

We claim next that for any i with 1 < i < 3, y; cannot be a 2-vertex. If not, we may assume that y; is a 2-vertex. Let
a’ = c(y1). Let ¢/ be the restriction of ¢o with S(cy) = S(co) — {y1} = V(G) — {u1, uz, us, ug, us, y1, v, x}. Extend c; to ] by
defining ¢} (us) = @’ € {1, 2, 3, 4}. Similar to the arguments above, c; can be extended to c; with S(cs) = V(G) — {v, x, y1}.
Since c(N[v;] — {u;}) = Afor1 < i < 4, cc({uy,uz, us, us}) C {6,7,8,9,10}. As ci(us) = cj(us) € A, we have
lcs({uy, up, us, ug, us}) UA| < 10 = k. Hence we can extend c{ to cg by letting c5(v) € [k] — (ci({uy, Uz, us, ug, us}) U A).
Let No(y1) = {w, vs}. For |cg[w] U cg[vs]] < 1 +4 < kand |cg[x1] U cglus]| <1 + 3 < k, we extend cg to a (k, r)-coloring
c; of G by letting ¢;(y1) € [kl — (c5lw] U cglvs]) and ¢ (x) € [k] — (cg[x1] U cglus]), contrary to (2). Thus by symmetry, for
any 1 <i < 3,y;is not a 2-vertex.

Case 2.d(vs) = 5.

We shall show that (ii-2) holds. By contradiction, we assume that there exists a color a € {1,2,3,4} —
c({x1,¥1,¥2,¥3,¥a}). Then we extend cy to c; by assigning ci(us) = a.Letuy = us. For1 < i < 4, as |¢[v;] U
¢i({ug, ug, - -+ ,ui_1})| < r+ 4 < k, we can extend ¢; to c;1 by defining c;1(v;) € [k] — (ci[vi] U ¢;({uo, u1, - -+ , ui_1})).
Note that S(cs) = V(G) — {v, x}. As cs5(us) = c1(us) = a € A, we have |cs({uq, Uy, us, ug, us}) U A| < 10 = k. Hence we
can extend cs to cg by letting cs(v) € [k] — cs({uq, Uz, us, Uy, us}) UA. As |cg[x1] U cslus]| <1+ 3 < kand cg(us) # cg(x1),
we finally extend cg to a (k, r)-coloring c; of G by letting ¢, (x) € [k] — (cg[x1] U cs[us]), contrary to (2). This completes the
proof for Case 2, as well as the proof for the lemma. 0O

Lemma 3.7. Suppose that r = 5 and G has a semi-bad type vertex v. Let Nc(v) = {uy, Uy, U3, Uy, us} such that us is the weak
3-vertex which is adjacent to v with Ng(us) = {v, vs, x}. If d(vs) = 4, then vs is adjacent to at most two weak 3-vertices.

Proof. By contradiction, we assume that G, v and vs satisfy the hypothesis of the lemma with d(vs) = 4, and vs is adjacent
to three weak 3-vertices y1, y2, Us, (see Fig. 3). Hence Hg depicted in Fig. 3 is a subgraph of G. We shall use the notations in
Fig. 3 in the proof of this lemma.

By (2), G — v has a (k, r)-coloring c. By Lemma 3.6, we assume that

cv) =i, (1<i<5), c@x)=4 and c(y)=j, (1=j=3). (3)

Let ¢ denote the restriction of c itself to V(G) — {v, t1, t2, X, Uy, Uy, U3, Uy, Us}. By Lemma 3.6(ii), we may assume (by
recoloring) that c(u;) = i+ 5, fori = 1, 2, 3, 4. Extend this recolored ¢ with S(c) = V(G) — {v, t1, t2, X, us} to ¢y by
defining c¢;(v) = 10. By Lemma 3.1(3), w1, s; must be 4™ -vertices.

Claim 1. {4,6,7, 8,9, 10} € ci(N[w1] U {wa} — {y1}) Ncr(N[s1] U {s2} — {y2}).
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By symmetry, it suffices to prove that {4, 6, 7, 8, 9, 10} C ¢;(N[w] U {w,} — {y1}). By contradiction, assume that there
exists a colora’ € {4,6,7,8,9, 10} — c;(N[w{] U {w,} — {y1}). Recall that we have ¢;(y;) = c(y;) = 1. Define

c1(z) ifz € S(cy) — {y1}
o) =1{d ifz=y,

1 ifz= Us.

Asd € {4,6,7,8,9,10} — c;(N[w1] U {w,} — {y1}), we note that both ¢, (y1) = a’ & c;[w1] U cj[t1] U c;[vs] — {c;(v1)}
and ¢;(us) = 1 & c¢;(Ng[v] U Ng[us] U {x1} — {us}). Therefore by definition, c; is a partial (k, r)-coloring with S(c5) =
V(G) — {x, t1, &2}

Ascy(us) =1# 4 =c)(x1), c;,(y1) = a' # c5(w2), ¢, (¥2) = c(¥2) # c(s2) = ¢;5(sy), it follows by Lemma 3.2 that ¢} can
be extended to a (k, r)-coloring of G, contrary to (2). Hence we must have {4, 6,7, 8,9, 10} C ¢;(N[w1] U {w>} — {y1}). By
symmetry, we also have {4, 6, 7, 8,9, 10} € c1(N[s1] U {s3} — {¥2}). This proves Claim 1.

Claim 2. ¢;(N[w1] U {wz} — {y1}) = {4,6,7,8,9, 10} and c;(N[s1] U {s2} — {y>}) = {4,6,7, 8,9, 10}.

By contradiction and Claim 1, assume that ¢c;(N[w1] U {w,} — {y1}) D {4,6, 7, 8,9, 10}. Thus |c;(N(w1) — {y1})| = 5,

and so the forbidden color set of y is c;({w1, wy, vs, ¥2, ¥3}). Leta’ € ([k] — {1}) — c;({w1, wo, vs, y2, y3}). Define

c1(z) ifz € S(cr) — {y1}

¢ (z2)=14a ifz =y,
1 ifz= Us.

With a similar analysis as in Claim 1, ¢/ is a partial (k, r)-coloring with S(c;) = V(G) — {x, t1, t}. By Lemma 3.2, ¢; can
be extended to (k, r)-coloring of G, contrary to (2). Hence we must have ¢;(N[w{] U {w,} — {¥1}) = {4,6,7,8,9, 10}. By
symmetry, we also have c;(N[s{] U {s2} — {y2}) = {4, 6,7, 8, 9, 10}. This proves Claim 2.

We now continue the proof of the lemma. Define

c1(z) ifz €S(cr) — {v, vs, y1}

©(2) = {5 ifz € {v, ;1}.

By Claim 2, (3) and since c; is a partial (k, r)-coloring of G, we conclude that c, is also a partial (k, r)-coloring of G with
S(c) = S(c1) — {vs} = V(G) — {x, t1, tz, us, vs}. Since c;[y1] = {2(¥1), 2(w1)}, 2ly2] = {2(¥2), C2(s1)}, C2lus] =
{c2(v)} and 2 (y1) = c2(v), we have |ca[y1] U ca[y2] U calus] U calys]ll < 4 +r < k, and so there exists a color
a € [k]—(c2[y1]1Uca [y21Ucs [us]Uc, [y3]). Extend ¢, to c3 by defining c3(vs) = a. By the choice of a, c5 is a partial (k, r)-coloring
with S(c3) = V(G) —{x, t1, t2, us}. Since c3(v) = c3(y1) € c3[vs]Nc3[v], we have |c3[vs]Ucs[v]Ucs[x] < 841 < k.Extend
c3 tocq by defining c4(us) € [k]—(c3[vs]Ucs[v]Ucs[x]). Thus c4 is a partial (k, r)-coloring of G with S(cs) = V(G) —{x, t1, t2}.
As c4(Us) F# c4(X1), c4(y1) =5 # ca(wy), c4(¥2) = c(¥2) # c(S2) = c4(s7), it follows by Lemma 3.2 that ¢4 can be extended
to a (k, r)-coloring of G, contrary to (2). This proves the lemma. O

Lemma 3.8. Suppose that r = 5 (and so k = 10). Each of the following holds for G.

(i) Any two bad vertices cannot be weak-adjacent.

(ii) Any two semi-bad type vertices cannot be star-adjacent.

(iii) Any two semi-bad type vertices cannot be weak-adjacent.

(iv) A bad vertex cannot be weak-adjacent to a semi-bad type vertex.

Proof. (i) Assume that G has two bad vertices u and v which are weak-adjacent. By definition, G has a 2-vertex x adjacent
to both u and v. Denote Ng(u) = {x, uq, Uy, us, ug} and Ng(v) = {x, v1, v2, v3, v4}, Where each u; is a 2-vertex and each
vj is a 2-vertex. Then G has a subgraph isomorphic to H; as depicted in Fig. 4. We shall adopt the notations in Fig. 4 in our
arguments below. For 1 < i < 4, denote N¢(u;) = {u, uj} and N¢(v;) = {v, v{}.

By (2), G — v has a (k, r)-coloring c. By Lemma 3.6(i), we may assume that,

cu)=5, forl<i<4, c(u) =1, c(v)) =1 and c(N[v{]—{vi}) ={1,2,3,4,5}. (4)

Let ¢y be the restriction of ¢ to V(G) — {u, v, v1, va, v3, v4, X}. Pick a color a € {6,7, 8,9, 10} — c({u}, u}, uj, uy}). Denote
{6,7,8,9, 10} = {a, d, ay, as, as}. Define

c(z) ifz € S(c)

5 ifz=x
ci(z)=1a ifz € {u, v}
a ifz=v
a; ifz=wv;,ie{2,3,4}.

By (4), ¢y is a (k, r)-coloring of G, contrary to (2). This justifies (i).



H. Song et al. / Discrete Applied Mathematics 198 (2016) 251-263 259

Hy Hyp

Fig. 4. Four cases of weak-adjacency and star-adjacency.

(ii) Assume that G has two semi-bad type vertices u and v which are star-adjacent. By definition, G has a 3-vertex x adjacent
to a 2-vertex as well as to both u and v. Denote Ng(x) = {u, v,x'}, No(x') = {us,x}, No(u) = {x, uy, uy, us, ug} and
N¢(v) = {x, v1, v2, v3, v4}, where for 1 < i,j < 4, each u; is a 2-vertex and each vj is a 2-vertex. Then G has a subgraph
isomorphic to Hy as depicted in Fig. 4. We shall adopt the notation in Fig. 4 in our argument below. For 1 <i < 4, let u; (v;,
respectively) denote the other neighbor of u; (v;, respectively).

By (2),G — v has a (k, r)-coloring c. By Lemma 3.6(ii), we may assume that,
c(w =5, for1<i<4 c(v) =1, c(N[v]] — {vi}) = {1,2,3,4,5} (5)
and {1, 2, 3,4} C c({u1, up, us, ug, us}).

Let cg be the restriction of ¢ to V(G) — {u, v, x, X', v1, vy, v3, V4}.

Case (ii)-1. c(us) > 5, and so by (5) c({uy, uy, us, ug}) = {1, 2, 3, 4}.
Choose colorsa € {6,7,8,9,10} — c({uf, uj, uj, uy}) and a’ € {6,7,8,9, 10} — {a, c(us)}. Denote {6, 7, 8,9, 10} —
{d', a} = {ay, as, a4}. Define

co(z) ifz € S(cp)

5 ifz=wv
c1(z)=13a ifz € {u, v1}
a ifz=x
a; ifz=v;,ie{2,3,4}.

By (5), c1 is a partial (k, r)-coloring with S(c1) = V(G) — {x'} such that ¢;(x) # c1(us). By Lemma 3.2, ¢; can be extended to
a (k, r)-coloring of G, contrary to (2). This proves Case (ii)-1.
Case (ii)-2. c(us) € {1, 2, 3, 4}. By symmetry, we assume that c(us) = 1.

By Lemma 3.6(ii), {2, 3,4} < c({u, uy, us, uy}), and so we may assume that c(u;) = i, (2 < i < 4),and c(uy) €
{1,6,7,8,9, 10}.
Case (ii)-2.1.c(uy) = 1.

Choose a € {6,7,8,9,10} — c({u}, uy, uy, uy}) and ' € {6,7,8,9, 10} — {a}. Denote {6,7,8,9, 10} — {d’, a} =
{az, a3, aq}. Define
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co(z) ifz € S(cy)

5 ifz=x
ci(z)=13a ifz € {u, v1}
a ifz=v
a; ifz=uv;,i€{2,3,4}.

By (5), ¢y is a partial (k, r)-coloring with S(c;) = V(G) — {x'}, such that c;(x) = 5 # 1 = ¢1(us). By Lemma 3.2, ¢; can be
extended to a (k, r)-coloring of G, contrary to (2). This proves Case (ii)-2.1.

Case (ii)-2.2.c(uy) € {6, 7, 8,9, 10}.
Chooseacolora € {1,6,7,8,9, 10} —c({uq, u}, v}, uj, uy}).Ifa = 1,denote {6, 7, 8,9, 10} = {d', a;, ay, as, as}. Define

co(z) ifz € S(c)

5 ifz=x
c1(z)y=13a ifz=u
a ifz=v
a; ifz=wv;,ie{l,2,3,4}.

Ifae {6,7,8,9, 10}, denote {6,7, 8,9, 10} = {a, @, ay, as, as}. Define

co(z) ifz € S(c)

5 ifz=x
ci(z)=1a ifz € {u, v}
a ifz=v
a; ifz=wv;,ie{2,3,4}.

By (5), ¢y is a partial (k, r)-coloring with S(c;) = V(G) — {x'} such that c¢;(x) # c;(us). By Lemma 3.2, ¢; can be extended
to a (k, r)-coloring of G, contrary to (2). This proves Case (ii)-2.2, and completes the proof of (ii).
(iii) By contradiction, assume that G has two semi-bad type vertices u and v which are weak-adjacent. By definition, G has
a 2-vertex x adjacent to both u and v. Denote Ng(u) = {x, uy, Uz, us, ug} and Ng(v) = {x, vy, v2, v3, v4}. By definition, we
assume that uy, U, u3 and vq, vz, v3 are 2-vertices, uy is a 3-vertex with Ng(us) = {u, uj, t}, and v, is a 3-vertex with
Ng(vs) = {v, v}, t1}. Also denote Ng(t1) = {vg, t;} and Ng(t;) = {us, t;}. Foreach 1 < i < 3, let Ng(u;) = {u, u;} and
Ng(vi) = {v, v{}. Then G has a subgraph isomorphic to Hy as depicted in Fig. 4. We shall adopt the notations in Fig. 4 in our
argument below.

By (2), G — v has a (k, r)-coloring c. By Lemma 3.6(ii), we may assume that, for some color a with 1 < a < 10,

c(uy=5, andfor1<i<4, cy) =i for1<j<3 c(N[va] —{vyh =1{1,2,3,4,5},
and  c((N(y) — {vah) (1) =11,2,3,4,a).

Let ¢q be the restriction of ¢ to V(G) — {u, v, vy, v2, v3, V4, X, t1, t,}. Choose ay € {6, 7, 8,9, 10} — c({u], uj, uj, uj}). Define

(6)

c(z) ifz € S(co)
c1(z) =145 ifz=x
a; ifz € {u, v}

By (6), cq is a partial (k, r)-coloring with S(c1) = V(G) — {v, vy, v3, v4, t1, t2}.

Case (iii)-1.a € {1, 2, 3, 4, 5}. Thus by (6), ¢1(t}) € {1, 2, 3, 4, 5}.
Denote {6, 7, 8,9, 10} = {a;, d, ay, as, as}. Define
c(z) ifzeS(c)
!

(z)=1a ifz=v
ai ifz= Vi, ie {2, 3, 4}

Case (iii)-2.a € {6, 7, 8, 9, 10}
Choose ay € {6,7,8,9, 10} — {a, a;}. Denote {6, 7, 8, 9, 10} — {ay, a4} = {d@’, ay, az}. Define
c(z) ifzeS(c)
!

(z)=1a ifz=v
a; ifz= Vi, ie {2, 3, 4}
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By (5), ¢ is a partial (k, r)-coloring with S(c;) = V(G) — {t1, tz} such that c;(t]) # c2(v4) and c3(t5) # c2(us). By
Lemma 3.2, ¢, can be extended to a (k, r)-coloring of G, contrary to (2). This proves Case (iii).
(iv) By Contradiction, we assume that a semi-bad type vertex u is weak-adjacent to a bad vertex v in G. Denote Ng(u) =
{x, uy, uy, us, ug} and Ng(v) = {x, vy, v2, V3, v4}. By definition, we assume that uq, u;, us and vy, v,, v3, v4 are 2-vertices, uy
is a 3-vertex with Ng(us) = {u, u, t1}, and N¢(t1) = {ua, t1}. Then G has a subgraph isomorphic to Hyo as depicted in Fig. 4.
We shall adopt the notations in Fig. 4 in our arguments below. For 1 < i < 3, denote N¢(u;) = {u, uj}; and for 1 < j < 4,
denote Ng(v)) = {v, vj}.

By (2), G — v has a (k, r)-coloring c. By Lemma 3.6(i), we may assume that

c(uy=5, forl1<i<4, c(u) =c(v)) =i and C(N[v{] —{vi}h) =11, 2, 3,4,5}. (7)

Let ¢y be the restriction of ¢ to V(G) — {u, v, vy, v3, v3, Vs, X, t1}. Choose a € {6, 7, 8,9, 10} — c({u}, uj, uj, uy}), and let
{69 75 85 9’ ]0} = {a7 a/7 a, as, a4}'

Define
co(z) ifz € S(c)
5 ifz=x
ci1(z) =13a ifz=u, v,
a ifz=v
a; ifz=v;,ie{2,3,4}.

By (7), ¢y is a partial (k, r)-coloring with S(c;) = V(G) — {t;} such that c¢;(t]) # c1(us). By Lemma 3.2, ¢; can be extended
to a (k, r)-coloring of G, contrary to (2). This completes the proof of (iv). O

Lemma 3.9. Suppose that r = 5. Let F1 = {f1, f>, f3, fa, fs} be the set of faces incident with a bad vertex v of G, as shown in the
graph H, depicted in Fig. 2; and F, = {f1, f>, f3} be the subset set of faces incident with a semi-bad type vertex v of G, as shown
in the graph Hs depicted in Fig. 2. Let s and t be the vertices as shown in Hy or in Hs in Fig. 2. Suppose that f = v,uyvu3v3S iS
a 6-face which is in F; or in F,. Then each of the following holds.

(i) dg(s) > 3,and

(ii) if dg(s) = 3, then dg(t) > 3.

Proof. We shall argue using the notations in Fig. 2. By (2), G — v has a (k, r)-coloring c. By Lemma 3.6, we may assume that
c(y) =ifor1 <i<5,c(s) €{1,2,3,4,5},andfor 1 <j <4, c(N[v;] — {u;}) = {1, 2, 3, 4, 5}. Furthermore, if v is a bad
vertex, then c(N[vs] — {us}) = {1, 2, 3, 4, 5}, and if v is a semi-bad type vertex, then {1, 2, 3, 4} C c(N(vs) — {us}) U {x1}.
Thus c(us) € {6,7,8, 9, 10}.

(i) Assume first by contradiction that dg(s) = 2 and Ng(s) = {v,, v3}. Let ¢; be the restriction of ¢ to V(G) —
{s, uy, uy, us, ug, v}. Denote {6, 7, 8,9, 10} = {a, c(us), ay, as, a4}. Extend c; to a (k, r)-coloring c, by defining c,(u;) =
c(s), c(v) = a,and c;(u;)) = q;fori = 1,3,4. Now S(c;) = V(G) — {s}, ca(v2) # c2(v3) and c3[v2] U ca[v3] =

{1, 2, 3,4,5, as}. By Lemma 3.2, c; can be extended to a (k, r)-coloring of G by coloring s, contrary to (2).

(ii) Now assume that ds(s) = 3 and Ng(s) = {t, v,, v3}. By contradiction, assume that dg(t) = 2, let t’ # s be another
neighbor of t. Let ¢; be the restriction of c to V(G) — {s, t, uy, Uy, us, ug, v}. Denote {6, 7, 8,9, 10} = {a, c(us), ay, as, as}.
Extend c; to a (k, r)-coloring c, by defining c;(u;) = c(s), co(v) = a, and c;(y;) = aq; fori = 1, 3,4. Now S(c;) =
V(G) — {s, t}. As c3(v2) # c2(v3), {c2(t)} = ¢ and as |cz[v2] U c3[v3] U co[t]] < 7, we conclude that c; can be extended to a
partial (k, r)-coloring c3 by defining c3(s) € [k] — (c2[v2] U ca[v3] U ey [t]), with S(c3) = V(G) — {t}. Since c3(s) # c3(t’) and
since |c3[t'1Ucs[s]| < r+3 < k, by Lemma 3.2, c3 can be extended to a (k, r)-coloring of G by coloring t, contrary to (2). O

3.2. Discharging

We will complete the proof of Theorem 1.4 in this subsection. Throughout this section, G always denotes a 2-connected
plane graph embedded on the plane with girth at least 6. Let F = F(G) denote the set of all faces of G. We will use V = V(G)
and E = E(G). We assign the initial charges to the vertices and faces of G as a weight function w defined as follows

_J2de(x) —6  ifxeV
wi) = {dc(x) —6 ifxeF.
By Euler’s formula |V (G)| — |[E(G)| + |F(G)| = 2 and by the relation )
[1]), it follows that

wx) =Y (2d(v) — 6) + Y _(d(f) — 6) = —12. (8)

xeV(G)UF(G) veV feF

d(v) = ZfeF d(f) = 2|E| (Theorem 10.10 of

veV

Discharging Rules We will recharge the vertices and faces of G with certain charge and discharge rules. The resulting new
charge will be denoted as a new weight function w’. A contradiction to (8) will then be obtained if the new charge w’
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satisfies w’(x) > 0 for all x € V [ JF. This contradiction then will establish Theorem 1.4. In the following, we will describe
our recharge and discharging rules based on the different cases. Depending whether r = 5 or not, we use different rules. In
the discharge rules (R1) and (R2) defined below, for all unmentioned vertex or face x € V U F, we do not change the charge
of x. That is, w'(x) = w(x).
(R1) Suppose that r £ 5. For a vertex v, and for each i > 0, let n;(v) be the number of i-vertices in Ng(v), and define
N (V) = 3o (V).

(i) If a 2-vertex v is adjacent to two 4™ -vertices v, v,, then increase the charge of v by 2, and for i = 1, 2, reduced the
charge of v; by 1.

(ii) If a 2-vertex v is adjacent to one 4*-vertex vy, and one 3-vertex v, such that N¢(v,) = {v, v;, v%}, then increase the
charge of v by 2, reduced the charge of v, by 1, and for i = 1, 2, reduced the charge of vg by %

(iii) If a 2-vertex v is adjacent to two 3-vertices v1, v, such that for 1 < j < 2, N¢(v;) = {v, vj], vjz}, (as girth of G is at

least 6, Ng(v1) N Ng(vz) = {v},) then increase the charge of v by 2, and for 1 < i, j < 2, decrease the charge of v; by %

Claim 1. Let w’(x) denote the new charge of each x € V U F after the applications of (R1). Then for any x € V U F, we have
w’'(x) > 0.

Proof of Claim 1. Since the girth of G is at least 6, if follows that for any f € F, we have w'(f) = w(f) = d(f) — 6 > 0. Let
v € V be ad-vertex and Ng(v) = {vq, v, - - - , vg}.

Case 1.1 d¢(v) = 2.By Lemma 3.1, n,(v) = 0 and each 3-vertex incident with v must be adjacent to two other 4*-
vertices. Thus either ny+ (v) = 2, whence by (R1)(i), w'(v) = 2 x 2 — 6 + 2 = 0; or ng+(v) = 1, whence by (R1)(ii),
w'(v) =2 x 2 —6+ 2 =0; or ng+(v) = 0, whence by (R1)(iii), w'(v) =2 x2—-6+2=0.

Case 1.2 dg(v) = 3.By (R1), we conclude that w'(v) = w(v) =2 x 3 —6 =0.

Case 1.3 d¢(v) = 4. By Lemma 3.3(i), np(v) < 2.1f n,(v) = 0, then by (R1), for each weak-3-neighbor of v, v will discharge
% through this weak-3-neighbor to a 2-vertex. Since dg(v) = 4, we have w'(v) > 2 x4 —6 — 4 x % = 0. Now we
assume that n,(v) > 0. Thus by (R1), if n,(v) = 2, then by Lemma 3.3(ii) v cannot be adjacent to any weak 3-vertex, and so
w'(v) =2x4—6—2x1=0;andifny(v) = 1, then by Lemma 3.3(iii) v is adjacent to at most two weak-3-vertices, and
sow'(v) >2x4—-6-1-2x1=0.

Case 1.4 d;(v) = 5. By Lemma 3.4, either n(v) = 4 and ng+ (v) = 1, whence by (R1), w'(v) >2x5—6—-4x 1=0; or
ny(v) < 3, whence by (R1), w'(v) > 2 x5 —6 —n(v) — 3 x (5 —m() = 2 — 2 > 0.

Case 1.5 dg(v) > 6. Then ny (v) 4+ n3(v) < dg(v),and so w’(v) > 2 x d(v) — 6 — d(v) = d(v) — 6 > 0. This completes the
proof of Claim 1.

(R2) Suppose that r = 5. For a vertex v, let n; (v) be the number of 2-vertices star-adjacent to v and n%(v) be the number of
semi-bad type vertices star-adjacent to v.

(i) If a 4T -vertex v is adjacent to 2-vertices vy, vo, . . ., vq,, then reduce the charge of v by dq, and for 1 < i < d;, increase
the charge of v; by 1.

i) If a 4T -vertex v is star-adjacent to 2-vertices vq, vy, ..., vg,, then reduce the charge of v by 22, and for 1 < i < dj,

ii) Ifa 4t i dj 2-verti ,, then reduce the ch fbdzzdfl'd
increase the charge of v; by %

iii) If a 4-vertex v is star-adjacent to semi-bad type vertices vq, v,, ..., vq4,, then reduce the charge of v by =3, and for

(iii) If a 4-vert is star-adj tt i-bad t ti 5, th duce the ch fob ‘123 d fi
1 < i < ds, increase the charge of v; by %

(iv) If a 7*-face f is incident with bad or semi-bad type vertices vs, v, . .., vg,, then reduce the charge of f by %, and
for 1 <i < d4, increase the charge of v; by ;.

(v) If a 5-vertex v is weak-adjacent to bad or semi-bad type vertices vi, vy, ..., vgs, then reduce the charge of v by

ds x (2x5—6—ny (v)—%ﬂ; ()

2x5—6—n(v)— 113 (v)
nz(v) —_— .

ny(v)

,and for 1 < i < ds, increase the charge of v; by

Claim 2. Let Fy, F, be the two sets of faces defined in Lemma 3.9, as shown in the graphs H4 and Hs in Fig. 2, respectively, and
use the notations in Fig. 2. Each of the following holds.

(i) If Fy has at least four 6-faces, then there exist at least three vertices in the 5-vertices vy, v,, v3, Vs, Us, each of which is
adjacent to at most three 2-vertices.
(ii) If all faces in F, are all 6-faces, then each of the two 5-vertices v, vs is adjacent to at most three 2-vertices.

Proof of Claim 2. As defined in Lemma 3.9, the faces in F; are all incident with a bad vertex v, with Ng(v) =
{u1, uy, us, ug, us}. By the definition of a bad vertex, for each 1 < i < 5, u; is a 2-vertex and v; is a 5-vertex adjacent to
u;. Let f; denote the face in F; incident with v;_; and v;, for all integer i (mod 5). Let N = {v; |f; and f;; are 6-faces}.
Therefore if F; contains four 6-faces, then [N’| > 3, (see H, in Fig. 2). Without lose of generality, we assume that v, € N/,
and s € Ng(v2) NNg(v3). Since v, € N, both f, and f; are 6-faces. By Lemma 3.9, s must be a 3" -vertex, and furthermore, s is
not a weak 3-vertex. Thus we conclude that each vertex in N’ is adjacent to at most three 2-vertices. This justifies Claim 2(i).
The proof for Claim 2(ii) is similar and will be omitted. O
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Claim 3. Let f be a face. Let w'(f) denote the new charge after performing (R2).

(i) If f is a 6-face, then w'(f) = 0.
(ii) If f is a 7" -face, then w'(f) > 0.

Proof of Claim 3. By (R2), any 6-face neither receives charges from other vertices, nor does it discharge to other vertices,
and so w'(f) = w(f) = d(f) — 6 = 0. Thus (i) follows. If d(f) > 7, then by Lemma 3.8, f is incident with at most L@J bad

or semi-bad type vertices. It follows by (R2)(iv) that w'(f) > w(f) — 2 x L =d(f)—6 - L >0. O

Claim 4. For any v € V(G), let w’(v) denote the new charge after performing recharge rule (R2). Then w’(v) > 0.

Proof of Claim 4. We examine the value of w’(v) based on the degree of v. By Lemma 3.1(i), dg(v) > 2.

Case 2.12 < dg(v) < 3.The justification for this case is identical to those of Cases 1.1 and 1.2 in the proof of Claim 1, with
(R1) replaced by (R2). Thus it is omitted.

Case 2.2 dg(v) = 4. By Lemma 3.3(i), ny(v) < 2.
Assume first that nj(v) = 0.If n,(v) = 0, then by (R2)(ii), for each weak-3-neighbor of v, v will discharge % through

this weak-3-neighbor to a 2-vertex. Since dg(v) = 4, we have w'(v) > 2 x4 -6 —4 x % = 0. Now we assume
that np(v) > 0. If np(v) = 2, then by Lemma 3.3(ii) v cannot be adjacent to any weak 3-vertex, and so by (R2)(i)
w@®) =2x4—6-—2x1=0;Ifny(v) = 1, then by Lemma 3.3(iii) v is adjacent to at most two weak 3-vertices,
and so by (R2)(i) and (i), w'(v) >2x4—6—1—2x 1 =0.

Now assume that nj(v) > 1. By Lemma 3.6(ii-1), np(v) = 0; and by Lemma 3.7, v is adjacent to at most two weak 3-
vertices. Hence by definition, nj(v) < 2.Itfollows that either n}(v) = 2,and so by (R2)(iii), w'(v) = 2x4—6—2><2x% =0;
orn(v) = 1 < n3(v) < 2,and so by (R2)(ii) and (iii), w'(v) =2 x4 —6—2x 3 — 5 = 5.

272
Case 2.3 d;(v) = 5. Let F; and F, be the sets of faces defined in Lemma 3.9.

Suppose first that v is a bad vertex with F; being the set of faces incident with v, such that F; hast > 07 -facesand 5 — t
6-faces. It follows by (R2)(iv) and (v) that if t > 2, thenw’(v) > 2x5—6—5+t x 2 > 1;andift < 1, then by Claim 2(i),

v receives at least % from each weak-adjacent 5-vertex, and so w'(v) > 2 x5—6 -5+ 3 x % =0.

Suppose that v is a semi-bad type vertex with F, being a subset of faces incident with v, such that F, has t > 07" -faces
and 3 — t 6-faces. It follows by (R2)(iv) and (v) thatif t > 1,thenw’(v) > 2x5—6—4— % +tx % > 0;and ift = 0, then
by Claim 2(ii), v receives at least 3 from each weak-adjacent 5-vertex,and so w'(v) > 2x5—-6—-4— 1 +2x 1 =1 > 0.

Finally we assume that v is neither a bad vertex nor a semi-bad type vertex. Then by Lemma 3.5, n,(v) < 4. It follows
by (R2)(i), (ii) and (v) that either ny(v) = 4, whence w'(v) > 2 x5 —-6 —4x 1 = 0; or n,(v) < 3, whence
w (@) >2x5-6-3-2x1=0.

Case 2.4 d;(v) > 6.

It follows by (R2)(i) and (ii) that w’(v) > 2 x d(v) — 6 — d(v) = d(v) — 6 > 0. This completes the proof of Claim 4.

By (R1) and (R2), after the recharge process, we obtain a new charge w’ satisfying ), _r, w' () = >, py W(X). By
Claims 1,3 and 4, w'(x) > 0 forany x € V(G) U F(G). It follows by (8) that 0 < >, ., w'(X) = D, puy W) = —12 < 0.
This contradiction establishes Theorem 1.4.

Acknowledgement

The research of Huiming Song is partially supported by National Natural Science Foundation of China (Nos. 11271230
and 11401346) and the research of Jian-Liang Wu was partially supported by National Natural Science Foundation of China
(No.112710086).

References

[1] J.A. Bondy, U.S.R. Murty, Graph Theory, Springer, New York, 2008.

[2] Y.H.Bu, X.B. Zhu, An optimal square coloring of planar graphs, J. Comb. Optim. 24 (2012) 580-592.

[3] Y. Chen, S.H. Fan, HJ. Lai, H.M. Song, L. Sun, On dynamic coloring for planar graphs and graphs of higher genus, Discrete Appl. Math. 160 (2012)

1064-1071.

[4] C.Ding, S.H. Fan, H.J. Lai, Upper bound on conditional chromatic number of graphs, J. Jinan Univ. 29 (2008) 7-14.

[5] HJ. Lai, ]. Lin, B. Montgomery, Z. Tao, S.H. Fan, Conditional colorings of graphs, Dircrete Math. 306 (2006) 1997-2004.

[6] H.J. Lai, B. Montgomery, H. Poon, Upper bounds of dynamic chromatic number, Ars Combin. 68 (2003) 193-201.

[7] KW. Lih, W.F. Wang, X. Zhu, Coloring the square of a K4-minor free graph, Discrete Math. 269 (2003) 303-309.

[8] Y. Lin, Upper bounds of conditional chromatics number (Master thesis), Jinan University, 2008.

[9] X.Li, X. Yao, W. Zhou, H.J. Broersma, Complexity of conditional colorability of graphs, Appl. Math. Lett. 22 (2009) 320-324.
[10] B. Montgomery, (PhD Dissertation), West Virginia University, 2001.
[11] H.M. Song, S.H. Fan, Y. Chen, L. Sun, HJ. Lai, On r-hued coloring of K,-minor free graphs, Discrete Math. 315-316 (2014) 47-52.
[12] G. Wegner, Graphs with given diameter and a coloring problem, Technical Report, University of Dortmund, 1977.


http://refhub.elsevier.com/S0166-218X(15)00241-3/sbref1
http://refhub.elsevier.com/S0166-218X(15)00241-3/sbref2
http://refhub.elsevier.com/S0166-218X(15)00241-3/sbref3
http://refhub.elsevier.com/S0166-218X(15)00241-3/sbref4
http://refhub.elsevier.com/S0166-218X(15)00241-3/sbref5
http://refhub.elsevier.com/S0166-218X(15)00241-3/sbref6
http://refhub.elsevier.com/S0166-218X(15)00241-3/sbref7
http://refhub.elsevier.com/S0166-218X(15)00241-3/sbref8
http://refhub.elsevier.com/S0166-218X(15)00241-3/sbref9
http://refhub.elsevier.com/S0166-218X(15)00241-3/sbref11
http://refhub.elsevier.com/S0166-218X(15)00241-3/sbref12

	On  r -hued coloring of planar graphs with girth at least 6
	Introduction
	Notations and terminology
	Proof of Theorem 1.4
	Structure and properties of  G 
	Discharging

	Acknowledgement
	References


