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Let ¢, denote the set of all graphs obtained from K, by removing five or fewer
edges. Cdmara and Haemers proved that graphs in &, are uniquely determined
by their adjacency spectra with the exception for graphs K7 — E(K4 — E(K»))
and K7 — E(K 4+ K7). In this paper, we show that all graphs in ¢, are uniquely
determined by their permanental spectra. We further extend our findings by inves-
tigating when a complete graph with a few edges removed is uniquely determined
by its permanental spectrum. More precisely, we prove that if
X C E(Kp) induces a star, or a matching, or a disjoint union of a matching
and a path P3, then K; — X is uniquely determined by its permanental spectrum.

Keywords: permanental polynomial; permanental spectrum; permanental
cospectral

AMS Subject Classifications: 05C31; 05C50; 15A15

1. Introduction

The permanent of an n x n matrix M with entries m;; (i, j = 1,2, ..., n) is defined by
n
per(M) =Y [ [mioq).
o =l
where the sum is taken over all permutations o of {1, 2, ..., n}. The permanent plays an

importantrole in combinatorics. For example, the permanent of a (0, 1)-matrix can enumerate
perfect matchings in the corresponding bipartite graphs.[1] However, Valiant [2] has shown
that computing the permanent is #P-complete even when restricted to (0, 1)-matrices. Up
to now, no efficient algorithm for computing the permanent is known.

We use G to denote a simple graph with vertex set V(G) = {vy, va, ..., v,} and edge
set E(G) = {ey, e2, ..., en}. For convenience, the complete graph, path, cycle and star on
n vertices are denoted by K,,, P,, C, and K ,_1, respectively. For a subgraph H of G, let
G — E(H) denote the subgraph obtained from G by deleting the edges of H. The degree
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of a vertex v € V(G) is denoted by d(v). Let ¢; (G) and p;(G) denote, respectively, the
numbers of i-cycles and i-vertex paths in G. Let G U H be the union of two graphs G and
H which have no common vertices. For any positive integer /, let /G denote be the union
of [ disjoint copies of graph G. Let A(G) be the adjacency matrix of G. The characteristic
polynomial of graph G, denoted by ¢ (G, x), is det(x/ — A(G)), where I is the identity
matrix of order n. The adjacency spectrum of graph G consists of the eigenvalues together
with their multiplicities of A(G). The polynomial 7 (G, x) = per(xI — A(G)) is called the
permanental polynomial of G. The per-spectrum of graph G, denoted by ps(G), is the set
of all roots (together with their multiplicities) of 7 (G, x).

Turner [3] first considered a graph polynomial which generalizes both permanental and
characteristic polynomials. The permanental polynomials of graphs were first systematically
studied by Merris et al. [4], and the study of analogous objects in the chemical literature was
started by Kasum et al. [5]. Borowiecki and J6Zwiak [6] posed a problem of characterizing
all graphs whose permanental roots are pure imaginary or zeros. Yan and Zhang [7] gave
a partial solution to this problem. They proved that if G is a bipartite graph containing no
subgraphs which are even subdivisions of K> 3, then the permanental roots of G are pure
imaginary or zeros. Zhang and Li [8] gave a characterization of bipartite graphs containing
no even subdivision of K> 3, and presented an approach to compute the permanental poly-
nomials of such graphs by Pfaffian orientation. In addition, Gutman and Cash [9] and Chen
[10] obtained some relations between the coefficients of the permanental and characteristic
polynomials of some chemical graphs, such as benzenoid hydrocarbons, fullerenes, toroidal
fullerenes and coronoid hydrocarbons. Cash [11,12] developed a computer-aided method
for the calculation of the permanental polynomials of molecular graphs and applied it
to a variety of benzenoid hydrocarbons and fullerenes. Belardo et al. [13,14] gave some
formulas for the permanental polynomial of any square matrix (over any field) in terms
of the permanental polynomial of weighted digraphs. For more studies on permanental
polynomials, see [15—-19], among others.

Two graphs with the same adjacency spectrum are called cospectral. A graph G is
determined by its adjacency spectrum (DAS for short) if every graph cospectral with G
is isomorphic to G. van Dam and Haemers in [20] proposed the question to determine
DAS graphs. This seems difficult in the theory of graph spectrum. By now, only a few
types of graphs are proved to be determined by their spectra, such as the complement of
the path,[21] T-shape trees,[22] lollipop graphs,[23,24] 6-graphs,[25] graphs with index at
most v/2 + /5,[26] graphs K" (see the definition in [27]) and their complements [27] and
SO on.

Two graphs are per-cospectral if they share the same per-spectrum. A graph G is said to
be determined by its per-spectrum (DPS for short) if for any graph H, n (G, x) = n(H, x)
implies that H isisomorphic to G. Merris et al. [4] indicated that the permanental polynomial
seems a little better than the characteristic polynomial when it comes to distinguishing
graphs which are not trees, since the permanental polynomial can distinguish the five pairs
of cospectral graphs of [28]. Motivated by the statement of Merris et al., Liu and Zhang
[29,30] showed that complete graphs, stars, regular complete bipartite graphs, odd cycles
and odd lollipop graphs are DPS. They also showed that when restricted to connected
graphs, the paths, even cycles C442 (I > 1), lollipop graphs L, 2x+1 (k > 1) and L, 4 are
DPS. Meanwhile, they found that graphs characterized by the characteristic polynomial are
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not necessarily characterized by the permanental polynomial. In this paper, we focus on
investigating what other graphs are DPS.

Let ¢, denote the set of graphs each of which is obtained from K, by removing five or
fewer edges. Camara and Haemers [31] determined all DAS graphs in ¢,,, and obtained the
following result.

Tueorem 1.1 [31] A graph G € 9, is DAS if and only if G ¢ {K7 — E(K4 — E(K3)),
K7 — E(K1 4+ K2)}.

In this paper, we consider which graphs in &, are DPS. Surprisingly, we find that all
graphs in ¥, are DPS without exceptions. We will prove the following main theorem in
Section 3,

THeoreM 1.2 All graphs in 4, are DPS.

As extensions, we investigate when a complete graph K,, with some edges of special
structure deleted is DPS. Let H be an edge induced subgraph of K, with |[E(H)| =
[. We will show that K,, — E(H) is DPS, where (i) H = Ky, (ii) H = [P, and
({ii)H=(—-2)P,U Ps.

The rest of this paper is organized as follows. In Section 2, we present some character-
izing properties of the per-spectrum of graphs, and give formulae to compute the numbers
of i-cycles (i =3, 4, 5) in K, — E(H), where H is a subgraph of K, with / edges. In
Section 3, we give the proof of Theorem 1.2. In the final section, we prove that K, — E (K1 1),
K, — E(lPy) and K,, — E((l —2) P, U P3) are DPS.

2. Some preliminaries

It can be seen that there exist 45 non-isomorphic graphs with at most five edges and no
isolated vertices; for detail, see Appendix I in [32]. Thus, up to isomorphism there exist
exactly 45 graphs in ¢, for n > 10, which are labelled by G;;, 1 <i < 5,0 < j <25, and
illustrated in Figure 1.

A subgraph H of a graph G is said to be a Sachs subgraph if each component of H is
either a single edge or a cycle.

LemMma 2.1 [4] Let G be a graph with (G, x) = Zzzobk(G)x”’k. Then

be(G) = (=D} Y27 1<k <n,
H

where the sum is taken over all Sachs subgraphs H of G on k vertices and c(H) is the
number of cycles in H.

LemMma 2.2 Two graphs G and H are per-cospectral if and only if they have the same
permanental polynomials.
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LemMa 2.3 [29] Let G be a graph with n vertices and m edges, and let (dy, d>, . .., dy)
be the degree sequence of G. Then

bo(G) =1, bi(G) =0, by(G)=m, b3(G)=-2¢3(G),
b4(G) = (5) = D> (%) +2c4(G).

i=1

Lemma 2.4 Let G be a graph with n vertices and m edges, and let t;(G) denote the
degree sum of the three vertices on jth triangle in G. Then

c3(G)
bs(G)==2| Y (m+3—1;(G) +¢5(G) | (1)
j=1

Proof By definition, C3U P, and Cs are the only Sachs subgraphs with five vertices. There
exist m + 3 — t;(G) Sachs subgraphs of five vertices containing the jth triangle in G. By
Lemma 2.1, we obtain Equation (1). O

LemMma 2.5 [29] The following can be deduced from the permanental polynomial of a
graph G:

(i) The number of vertices.
(1) The number of edges.
(iii)) The number of triangles.
(iv) The length of a shortest odd cycle.
(v)  The number of shortest odd cycles.
(vi) Whether G is bipartite.

LemMma 2.6 [21] Let H C K, be a graph with | edges and let G = K,, — E(H). Then

d
3(G) = (’;’) -2+ Y < (2”)) — ¢3(H). )

veV (H)

Using (2), we can calculate the number of triangles of all G € ¥;; see Table 1. By
examining Table 1, we observe that some graphs in ¢, have the same number of triangles.
The following results can be derived from the Principle of Inclusion—Exclusion.

Lemma 2.7 Let H C K,, be a graph with | edges and let G = K, — E(H). Then

) ! d
c4(G)=3<Z>—2z(”2 >+ 2(2)+(n—5> 3 ( (2”)> — pu(H)+ea(H). (3)

veV (H)

Proof LetE(H) = {ey, e, ...,e}. LetS; denote the set of quadrangles of K,, containing
ei (i = 1,2,...,1). For any four vertices in K,, there exist exactly three quadrangles
containing them. So, K, contains 3(2) quadrangles. By the Inclusion—Exclusion Principle,
we have
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e, e

®

GSI7 GSIR G519 G520 GSZI GSZZ GSZ3 G524 GSZS

Figure 1. The collection of graphs in &, obtained from K, by deleting five or fewer edges drawn as
lines in a disk.

1
n
04(G)=3<4>—ZIS,-H—ZIS,-QSH—.Z 1S N'Sj N Sk
i=1 i<j i<j<k
+ ) 1SN NSNS

i<j<k<s

Since any edge e; is contained in 2(”;2) quadrangles of K,, we have Z§:1|Sl~| =
2l (";2) For any given ¢; and e}, if e; is adjacent to e, then there exist n — 3 quadrangles
in K, containing them. Otherwise, there exist two quadrangles containing them in K.
For the graph H, it contains exactly Zvev( H) (d(zv)) pairs of adjacent edges and (é) -

d . C ! d
ZveV(H)( (2v)) pairs of disjoint edges. Thus Z,-<j|5i nsjl=2 ((2) — ZveV(H)( (Zv))) +
=3 evim (“D7). Since any three edges in a quadrangle induce a Py, YicjulSins;n
Sk| = p4(H). Similarly, Zi<j<k<s|Si NS; NSk NSs| = ca(H). By the above arguments,
we arrive in Equation (3). O

We calculate the number of quadrangles of some graphs in &, by applying Equation (3)
as shown in Table 2.

For a graph G, let P3(G) denote the set of all subgraph of G isomorphic to a path P3.
For a subgraph H of G, and for each P3 € P3(G), define,

xp(P3) = 1, if P3is contained in a triangle in H,
HYE3) =10, otherwise.
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Table 1. The numbers of triangles of graphs in ¥,.

Graph c3(G) Graph c3(G)
3G (3) —n+2 Gs21 (3) —5n+10
G20 (3) —2n+5 G3.G33 (3) —3n+8
Gl (5) —2n+4 G41.Ga7 (3) —4n+11
G3o (3) —3n+9 Gs9.Gs24 (3) —5n+17
G (3) =3n+7 G42,G45,Gag (3) —4n+10
G (3) —3n+6 G44.G46,G410 (3) —4n +12
Gao (3) —4n+14 G50.Gs1.Gs14 (3) —5n+12
Ga3 (3) —4n+9 G55.G512.G520.G523 (3) = 5Sn+15
Gag (3) —4n+8 Gs3.G511.G513.Gs17 (5) —5n+13
Gs2 (3) = Sn+11 G53.G57.Gs18.G519.G522 (3) —5n+14
Gs4 (5) —5n+20 G56.G510.G515.G516.G 505 (3) —5n+16

LemMa 2.8 Let H C K, have l edges and let G = K,, — E(H). Letd (P3) denote the
degree sum of three vertices on the jth Py in H, and q = Zvev(m( ) Then

s(G) = 12(2) - 61<” ; 2) L4 —4) ((é) - q> + 2q<” 5 3) —(n— 4 pa(H)

q
_2<Z(Z+2_di (P3) + xH (P3))>+P5(H)—C5(H)~ “4)
i=1

Proof Let E(H) = {e1,e2,...,¢}. Foreachi = 1,2,...,[, let Q; denote the set of
pentagons (5-cycles) of K, contalnlng e;i.As K, contains 12( ) pentagons, by the Inclusion—
Exclusion Principle, we obtain a formula enumerating pentagons in G as follows,

CS(G)—12<> ZIQllJrZIQzﬂQ]I— > 10in QN Ol

i<j i<j<k

+ > 10iNQ;NONQl— Y, 10iNQ;N0kN QN Q.

i<j<k<s i<j<k<s<t

Since any edge of K, is contained in 6( ) pentagons, we have Z —11Qil =6l (” 2)
Fori # j,
2("_3) if ¢; is adjacent to e;
. m | = 2 9 l ]
10N Q)] {4(;1 —4),  otherwise.
For any graph H ,it contains exactly (5)— 3" V) (d(”)) pairs of disjoint edges. On the other
hand, the number of Ps in H equals g = Y~y (“D). It follows that Yijl0inQl =

4 —4((5) — ) +249("5)).
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Table 2. The number of quadrangles of some graphs in ¥,.

Graph c4(G) Graph c4(G)

G3 3(4) —3n2 + 18n — 27 Gs1o 3(3) — 5n2 +32n — 50
G33 3(%) —3n%+17n — 23 Gsii 3(3) — S5n? +28n — 26
Gy 3(4) —4n? +22n — 22 Gsis 3(4) — 5n? +31n — 45
fem 3(4) — 4n? +24n — 35 Gsi6 3(3) — 5n% +33n — 55
Ga 3(4) — 4n* +25n — 39 Gs17 3(4) — S5n® +28n — 27
Gy 3(3) — 4n® +23n — 29 G513 3(3) — 5n® +30n — 37
Gag 3(4) — 4n? +22n — 23 Gsno 3(4) — 5n% + 30n — 40
G410 3(3) — 4n® +24n — 34 G523 3() — 5n® +30n — 39
Gso 3(4) — 5n% +27n — 21 Gsoa 3(3) — 5n° +32n — 48
Gsi 3(4) — 5n% +27n — 20 G41,Gys 3(4) — 4n? +23n — 27
Gs3 3(}) — 5n% +29n — 32 G57,G513 3(}) — 5n2 +29n — 30
Gss 3(}) — 5n% +30n — 38 Gs3,.Gs14 3(}) — 5n? +28n — 25
Gse 3(3) — 5n% +31n — 40 G512.G525 3(3) — 5n? +31n — 44
Gso 3(3) — 5n% +33n — 54 Gs519.Gs20 3(%) — 5n® +29n — 33

Note that any three edges in a Cs induce either a Py, or the disjoint union of a P3 and a
P>. Observe that any P3 in H is contained in [ + 2 — d(P3) + xy (P3) disjoint unions of P3
and P, in H. Further exactly 2(I4+2—d; (P3)+xg (P3)) pentagons in K, contain the disjoint
union of the i-th P3 and P, in H, and any P; is contained in n — 4 5-cycles in K. It follows
that Y, Qi N Q)N Okl = palH)(n —4) + 20 (1 +2—d; (P3) +x(P3))). Since
every four edges in a Cs induce a Ps5, we have Zi<j<k<s| 0iNQ;NONSs| = ps(H).
Similarly, Zi<j<k<s<,|Qi NQO;NQOrN Qs N Q| = cs5(H). Substituting such equations
into the expression of ¢5(G), we obtain Equation (4). O

Let K3(G) be the set of all 3-cycles of G. For each K € K3(G), define dg(K) =
Zvev(m dg(v) and D(G) = ZK6K3 (G)dg(K).

Lemma 2.9 Let G519 = K,, — E(C4 U Ky) withn > 6. Then

D(Gs19) = (Z>(3n — 3) — 201 + 90n — 80. 5)

Proof We use the notation in Figure 1 for G519 and let H = C4 U K> denote a subgraph
of K,,. Lete; = vjvp, €2 = 1203, €3 = V3V4, €4 = V4] and es = v5vg denote the edges H.
Direct computation yields D(K,) = (Z) (3n — 3). We will compute D(Gs19) by deleting
the edges ey, .. ., e5 one edge at a time.
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Step I We observe that K, has n — 2 triangles containing e, and these triangles will be
destroyed in K, — e1. We also note that K,, — e; has 2("52) triangles containing exactly
one endpoint of ej. For each of such 3-cycles, its degree sum in K, — e; will decrease by
1. As each triangle in K, has degree sum 3n — 3, it follows that

D(K,) — D(K, —e1) = (n —2)(3n — 3) + 2(” ; 2) =4n’> —14n+12. (6)

Step 2 Note that K, — e; has n — 3 triangles containing e;, and these triangles will be
destroyed in K, — {e1, e2}, and that the degree sum of each such triangle in K, — ej is
3n — 4. We also note that K,, — e; has 2("53) triangles containing exactly one endpoint of
ez but not vy, and for each of such 3-cycles, its degree sum in K,, — {ey, e>} will decrease
by 1 from its degree sum in K,, — e;. Moreover, K, — e has (”73) triangles containing
edge vqv3, and for each of such 3-cycles, its degree sum in K, — {e;, e} will decrease by

1 from its degree sum in K,, — ej. Thus, after deleting ¢, in K,, — e1, we have
-3
D(K,,—e1)—D(K,—ej—ep) = (n—3)(3n—4)+2(n ) >+(n—3) =4n’>—19n+21. @)

Step 3 Again K, — e; — e> has n — 3 triangles containing e3. Among these triangles,
viv3vg has degree sum 3n — 5 in K,, — e] — e, and each of the other 3-cycles has degree
sum 3n — 4 in K, — e; — e3. All these 3-cycles will be destroyed in K,, — {ey, e2, €3, e4}.
Moreover, K;, —e1 — e has 2(" ;4) 3-cycles each of which contains exactly one endpoint of
e3 and two vertices in V (K},,) — {v1, v2, v3, v4}; and 3("?4) 3-cycles each of which contains
exactly one of edges in {vjv3, v{v4, v2v4}. The degree sum of each of these 2(”54) +3 (” I4)
triangles in K,, — {e1, ez} will be decreased by 1 in K,, — {ey, ez, e3}. Thus,

D(K,, —e1 —ex) — D(K,, —ej — ey — e3) ®)

n—4 n—4 2
=0CBn—-54+m—-—4)Bn—-4)+2 5 +3 ! =4n° — 19n + 19.

Step 4 We again note that K, — e; — e» — e3 has n — 4 triangles containing e4, and the
degree sum of each of these triangle in K,, —ej —e2 —e3 is 3n — 5. All these 3-cycles will be
destroyed in K, — {e1, e2, €3, e4}. Furthermore, K, —e; — ez — e3 has 2(”54) 3-cycles each
of which contains exactly one endpoint of e4 and two vertices in V (K,,) — {vy, v2, v3, va};
and has 2("?4) 3-cycles each of which contain exactly edge in {vivs, vovs}. The degree
sum of each of these 2(";4) + 2("?4) triangles in K, — {e1, e2, e3} will be decreased by 1

in K,, — {e1, ez, e3, ea}. Thus, after deleting e4 in K,, — ] — €3 — €3, we have
D(Ky —er —ex—e3) — D(Ky, —ep —ex —e3 — eq) )

—4

- (n—4)(3n—5)+2<” ) >+2(

n—4

| >=4n2—24n+32.

Step 5 We observe that K, — e; — ex — e3 — e4 has n — 2 triangles containing e5. Among
these triangles, each of vjv5vg, V2U5V6, V3V5V6 and v4v5V6 has degree sum 3n — 5, and each
of the n — 6 others has degree sum 3n — 3 in K,, — e; — e2 — e3 — e4. All these 3-cycles
will be destroyed in K,, — {ey, 2, €3, e, e5}.

Moreover, K, — e] — es — e3 — e4 has 2(”;6) 3-cycles each of which contains exactly
one endpoint of e5 and two vertices in V (K}) — {v1, vz, v3, v4, Vs, g}, has 8(";6) triangles
each of which contains one of edges in {vivs, vavs, V3V5, V4V5, V]V, V2VG, V3V, VaVe} and
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avertex in V(K,) — {v1, v2, v3, v4, V5, vg}, and the four other 3-cycles in {vsvv3, V5V V4,
U6V1V3, Vsv204}. By direct computation, the degree sum of each of these 2(" ;6) +8 ("16) +4
triangles in K, — {e1, €2, €3, ea} will be decreased by 1 in K,, — {e1, €2, €3, ea, e5}. Thus,
after deleting e5 in K,, — e] — €2 — e3 — e4, we have

D(K, —e; —ex—e3—e4) — D(K, —e; —ex —e3 —e4 — e3) (10)

=4(3n—5)+(n—6)(3n—3)+2(n;6)+8<n;6)+4=4n2—14n—4.

Combining (6)—(10), we obtain Equation (5). O
Lemma 2.10 Let Gspp = K,, — E(Pg) withn > 6. Then

D(Gsp) = (Z>(3n — 3) — 20n% 4+ 90n — 78. (11)

Proof The proof of Lemma 2.10 is similar to that of Lemma 2.9. Let H = P denote a
subgraph of K,,. Then Gsoo = K, —E(H).Lete; = vivy, ex = 1203, €3 = V304, €4 = V405
and es = vsvg denote the edges H. With the same Steps 1-3 in the proof of Lemma 2.9
and the similar arguments, we obtain (6)—(8). We only need to modify the proofs in Steps
4 and 5.

Step 4 Note that K, — e; — e» — e3 has n — 3 triangles containing es, and that among
these triangles (as subgraphs in K, — e; — e» — e3), vivavs has degree sum 3n — 5,
vov4vs has degree sum 3n — 6 and each of the other (n — 5) 3-cycles has degree sum
3n —4in K,, — e] — ez — e3. All these 3-cycles will be destroyed in K, — {e1, e2, 3, e4}.
Moreover, K,, — e; — e¢p — e3 has 2(”;5) 3-cycles each of which contains exactly one
endpoint of ¢4 and two vertices in V(K,) — {v1, v2, v3, v4, vs}, and has 5("?5) 3-cycles
each of which contains exactly one of the edges in {vjv4, v2v4, V1V5, V205, V3V5} and a
vertex in V(K,,) — {v1, va, v3, v4, vs5}, plus the 3-cycles vjv3vs. By direct computation, the
degree sum of each of these 2("55) + 5(";5) + 1 triangles in K, — e] — ey — e3 will be
reduced by 1 in K,, — {e1, e2, e3, e4}. It follows that

D(K, —e1 —ey—e3) — D(K, —e; —ex —e3 — ey)

=(3n—5)+(3n—6)+(n—5)(3n—4)+2(n;5)
+5(”IS) +1=4n2— 19 + 15. (12)

Step 5 We observe that K,, — e; — ez — e3 — e4 has n — 3 triangles containing e5s. Among
these triangles, vivsvg has degree sum 3n — 5, both vov5v6 and v3vsve have degree sum
3n — 6, and each of the n — 6 others has degree sum 3n —4in K,, — e —ep — e3 — e4. All
these 3-cycles will be destroyed in K,, — {eq, €2, €3, es, e5}.

Moreover, K, —{e1, e2, e3, e4} has 2(”;6) 3-cycles each of which contains exactly one
endpoint of es and two vertices in V (K,,) — {vy, v2, v3, v4, V5, vg}, and has 7("?6) triangles
each of which contains exactly one of edges in {v vs, v2v5, V3Vs5, V] Vg, V2 V6, V3 V6, U4V} and
a vertex in V(K,) — {v1, vz, v3, v, vs, v}, plus the 3-cycles in {vsvv3, vev2V4, VeV V3,
veV1V4}. By direct computation, the degree sum of each of these 2(" ;6) + 7(" Iﬁ) + 4
triangles in K,, — {eq, €2, e3, ea} will be reduced by 1 in K,, — {ey, e2, €3, e4, e5}. It follows
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that
D(Ky, —e1 —ex—e3—eq) — D(Ky, —e1 —ex —e3 —eq — e5)

= (3n—5)+2(3n—6)+(n—6)(3n—4)+2<n;6)
+7(n16>+4=4n2—19n+11. (13)

We now combine (6)—(8), (12) and (13) to conclude that D(Gsz) = (3)(3n — 3) —
20n% 4+ 90n — 78. O

3. Proof of theorem 1.2

We first present the main idea in the proof of Theorem 1.2. By Table 1, ¥, is partitioned
into different groups according to the number of triangles a graph in ¢, will have. From
Lemmas 2.2 and 2.3, we can see that any two graphs in different groups are not per-
cospectral since they have either different number of edges or different number of triangles.
Further, by Lemmas 2.3 and 2.4 and Table 2, we calculate the fourth and fifth coefficients
of the permanental polynomial of graphs in each group above, respectively, and compare
the coefficients to determine whether such graphs are per-cospectral or not. So, to prove
Theorem 1.2 is sufficient to verify the following lemma.

LemMma 3.1  Each of the following holds.

(1) Graphs Gz and G33 are not per-cospectral.
(1) Graphs G41 and G47 are not per-cospectral.
(i)  Graphs Gas4, G4 and G419 are not pairwise per-cospectral.
(iv) Graphs Gy, Gas and Gag are not pairwise per-cospectral.
(v) Graphs Gso, Gs1 and Gs14 are not pairwise per-cospectral.
(vi)  Graphs Gss, Gs12, Gsyo and Gsp3 are not pairwise per-cospectral.
(vil)  Graphs Gsg, Gs11, G513 and Gs17 are not pairwise per-cospectral.
(viii)  Graphs Gsg and Gsp4 are not per-cospectral.
(ix) Graphs Gs3, Gs7, G518, G519 and G5y are not pairwise per-cospectral.
(x)  Graphs Gse, Gs10, Gs15, G516 and Gsys are not pairwise per-cospectral.

Proof

(i) By Table 2, we have c4(G32) — ca(Gzz) = n — 4. By Lemma 2.3,
ba(Ga) = ba(G3n) = L4y ((M§) = (4§7)) + 2a(G3) — ea(G3)) =
2n — 9 # 0. Hence by Lemma 2.2, G3; and G33 are not per-cospectral.

(ii) ByLemma2.3and Table2, wehave by(G41)—ba(Ga7)=3"_, ((di(§47>)—(df(§4')))
+ 2(c4(G41) — c4(Ga7)) = 4 # 0. Hence by Lemma 2.2, G41 and G47 are not

per-cospectral.
(iii) For graphs G44 and G4, by Lemma 2.3 and Table 2, we have b4(G44) —bs(Ga6) =

S0 ((4599) = (1)) + 2(ca(Gaa) — 4(Gag)) = 9 = 2n # 0. Hence by
Lemma 2.2, G44 and Gae are not per-cospectral. Similarly, we have that
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b4(Gaa) — b4(Ga10) = —2 and b4(Gas) — ba(Ga10) = 2n — 11 # 0, which
imply that G4 is not per-cospectral with G4 or Gge.

We argue similarly to get b4(Gap) — b4(Gas) = 11 — 2n, ba(Ga2) — ba(Gag) = 1
and b4(G4s) — ba(G43) = 2n — 9. These imply, by Lemma 2.2, that none of pairs
G4 and G4s, G4 and Gag and G4s and Ggg are per-cospectral.

By Lemma 2.3 and Table 2, we have b4(Gso) — ba(Gs51)) = —1,
b4(Gs50) — ba(Gs14) = 9 — 2n and b4(Gsy) — ba(Gs514) = 11 — 2n. By Lemma
2.2, we conclude that any two graphs in {Gsg, G51, G514} are not per-cospectral.
By Lemma 2.3 and Table 2, we have b4(Gss) — ba(Gs;2) = 13 — 2n,
b4(Gs5) —ba(Gs20) = 4, b4(G55) —b4a(Gs23) = 1, b4(G5s12) —ba(Gs20) = 2n—9,
b4(Gs12) — ba(Gs23) = 2n — 11 and by (Gs20) — b4(G523) = —2. By Lemma 2.2,
we conclude that any two graphs in {Gs5, Gs12, G520, G523} are not per-cospectral.
ByLemma?2.3 and Table 2, we have b4 (Gs58) —ba(G511) = 2,b4(G53)—ba(G513) =
11—=2n,b4(G58)—b4(Gs17) = 4,b4(Gs11)—ba(Gs17) = 2,b4(G511) —ba(Gs13) =
9 —2n and b4 (Gs13) — ba(Gs17) = 2n — 7. These imply, by Lemma 2.2, that Gsg,
G511, Gs13 and G517 are not pairwise per-cospectral.

Assume, by contradiction, that Gs59 and Gso4 are per-cospectral. By Lemma 2.2,
we have b4 (Gs9) — bs(Gsya) = 0. However, by Lemma 2.3 and Table 2, we have
ba(Gs59) — ba(Gs24) = 4n — 26 # 0, a contradiction.

By Lemma 2.3 and Table 2, we observe that b4(G519) = ba(Gs22). By (4), we have
es(Gsio) = 12(2) = 30("37) + 8("37) +20("7*) — 8 and ¢5(Gsx) = 12(2) —
30("§2) +8(”;3) +21(" 74) —10. We assume that G519 and G375 are per-cospectral.
By Lemmas 2.2 and Equations (1), (5)and (11), wehave O = b5(G519)—bs5(G522) =
2n — 16, forcing n = 8.

Using Maple 12.0 with n = 8, we compute the permanental polynomials of G519
and G527, respectively. We found that 7 (G519, x) = m(Kg—(E(C4)UE(K>2)), x) =
x8 +23x% — 60x° +319x* — 936x3 +2309x2 — 3628x + 2812 and (G522, X) =
7 (Kg—E(Ps), x) = x34+23x°—60x> +319x* —936x3 4+2286x2 —3620x +2909.
So 7 (Gsy9, x) # w(Gsy, x), a contradiction, which indicates that G519 and Gspo
are not per-cospectral.

Similarly, by Lemma 2.3 and Table 2, we have b4(Gs53) — ba(Gs7) = 2,
b4(Gs3) —b4(Gs1g) = 11 =2n,b4(Gs3) —ba(Gs19) = —2,b4(Gs53) —bs(Gs22) =
—2,b4(G57)—b4(Gs18) = 15—2n,b4(G57)—b4(G519) = 6,b4(G57)—ba(G522) =
6,b4(G518)—ba(Gs19) = 2n—13and b4 (Gs18) —b4(G522) = 2n—13. These imply,
by Lemma 2.2, that Gs3, Gs7, G518, G519 and G5»> are not pairwise per-cospectral.
Suppose that Gs¢ and G516 are per-cospectral, by Lemma 2.3 and Table 2, we have
0= b4(656) - b4(G516) =32 — 4n, and son = 8.

Using Maple 12.0 withn = 8, we obtain that 7 (Gse, x) = 1(Kg— E(K14UP2), x) =
x8 +23x% — 64x7 + 335x* — 980x3 + 2293x? — 3316x + 2252, 7(Gs16, x) = w(Kg —
E(Ks — E(P2)), x) = x8 +23x5 — 64x° + 335x* — 952x% + 2161x2 — 2872x + 1608.
So n(Gse, x) # m(Gsie, X), a contradiction, which shows that Gs¢ and Gs1e are not
per-cospectral.

Similarly, suppose that 7 (G516, X) = (G525, x). Wehave 0 = b4(G516) —ba(Gs25) =
4n — 24, and so n = 6. Let W¢ be a graph obtained from the path P, by adding two pendant
edges at every vertex. By Maple 12.0, we obtain that 7 (G516, x) = 7(Ke — E(Kg4 —
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E(P>)), x) = x® + 10x* — 12x3 +33x2 = 20x + 4, 7(Gs25, x) = 7(Kg — E(Wg), x) =
x84+ 10x* — 12x3 4 33x% — 28x + 20. So G516 and Gsp5 are not per-cospectral.

In addition, by Lemma 2.3 and Table 2, we have ba(Gs¢) — ba(Gs1g) = 42 — 4n,
b4(Gse) — ba(Gsis) = 20, ba(Gse) — ba(Gszs) = 16, ba(Gsi0) — ba(Gsis) = 2n — 11,
b4(Gs10) — b4(Gs16) = 2n — 1, ba(Gs10) — ba(Gs25) = 2n — 11, ba(G515) — ba(Gs16) =
22 —4n and b4(Gs15) — ba(Gsz5) = —2. By Lemma 2.2, we conclude that no two of Gsg,
Gs10, Gs15, Gs16 and Gsps are per-cospectral. O

4. Further characterizations

In this section, we focus on the induced subgraph structures of an edge subset X in
K, such that K,, — X is DPS, as an attempt to extend Theorem 1.2. More precisely,
let H be an edge induced subgraph of K, with |E(H)| = [. We will show that when
He{Ki;,lP,, (I —2)P, U P3}, K, — E(H) is DPS.

Tueorem 4.1 [fstar K1 is a subgraph of K, then the graph K,, — E(K1 ) is DPS.

Proof Let G be a graph per-cospectral with K, — E(K,). Then G must be isomorphic to
some K, — E (H) for an edge induced subgraph H of K, with |E(H)| = L.AS Y .y (d(zv))

equals the number of P3’s in H, ",y ) (d(zv)) < (é) If H 2 K, then either there exist

at least two edges in H that are not adjacent or H is just a triangle. Hence ), eV (H) (d(zv)) -
c3(H) < (é) By Lemma 2.6, we have 3 (K, — E(H)) = (3) =1(n=2)+Y_ ey (m) (d(zv)) -
c3(H) < (5)—ln—2)+ (é) = c3 (K, — E(K1,)), contradicting Lemma 2.5 (iii). Hence,
we must have H = K. Thatis, G = K, — E (K1,). O

Theorem 4.1 immediately implies the following corollary.
CoroLLARY 4.2 The disjoint union of a complete graph and an isolated vertex is DPS.

Lemma 4.3  Let H be a graphwithl edges. Then c3(H) < %ZUEWH) (d(zv)), and equality
holds when H = 11C3 U (I — 31y) P> for some integer 1y > 0 andl — 311 > 0.

Proof Any vertex v € V(H) is contained at most (d(zv)) triangles in H. Then
c3(H) = 33 ey (‘). Clearly, the equality holds when H = [,C3 U (I — 311) P
for some integer /1 > 0 and / — 3/; > 0. O

THeEOREM 4.4 Ifl P is a subgraph of K, then the graph K,, — E(l P>) is DPS.

Proof Let G be a graph per-cospectral with K, — E (I P»). Then G must be isomorphic to
some K,, — E(H) for a subgraph H of K, with |E(H)| = [ and no isolated vertices. When
n < 2, the result is trivial. Now we may assume that n > 2. Suppose H is not isomorphic
to [P>. Then H has a vertex of degree at least two. By Lemmas 2.6 and 4.3, we have
3(G) = c3(Ky — E(H) = (5) =10 =2+ X ey (‘YY) — es(H) > (5) —=1(n —2) =
¢3(K, — E(IP,)). This is a contradiction with Lemma 2.5 (iii). Thus G = K, — E(IP»). U
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TueorREM 4.5 If(I1—2)P,U P3isasubgraphof K,, then the graph K,, — E((I—2) P,U P3)
is DPS.

Proof Similarly, let G be a graph per-cospectral with K, — E((I —2)P> U P3). Then G
must be isomorphic to some K, — E(H) for a subgraph H of K,, with |[E(H)| = [ and no
isolated vertices. By Lemma 2.5(iii), we have ¢3(G) — c3(K,, — E((l —2)P, U P3)) = 0.
By Lemma 2.6, we simplify this equation to have

d
3 ( (;)) —¢3(H) = 1. (14)

veV (H)

If H contains at least one triangle, then Lemma 4.3 implies that )y, (H) (d(;)) —c3(H) >
2c3(H) > 2, a contradiction. So, we may assume that H contains no triangles. By (14),
we have Zvev( H)(d(;)) = 1. This implies that there exists exactly a vertex v € V(H)
such that d(v)=2, and the other vertices have degree one. Thus H = (I — 2)P>, U P3. So

K, — E((I —2)P, U P3) is DPS. O
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