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Abstract A graph G is supereulerian if G has a spanning eulerian subgraph. Boesch et al. [J. Graph
Theory, 1, 79-84 (1977)] proposed the problem of characterizing supereulerian graphs. In this paper,
we prove that any 3-edge-connected graph with at most 11 edge-cuts of size 3 is supereulerian if and
only if it cannot be contractible to the Petersen graph. This extends a former result of Catlin and Lai
[J. Combin. Theory, Ser. B, 66, 123-139 (1996)].
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1 Introduction

We consider finite, undirected and loopless graphs. Undefined terms and notaions will follow
Bondy and Murty [4]. In particular, x(G) and &’(G) denote the connectivity and the edge-
connectivity of a graph G, respectively. A graph G is nontrivial if |[E(G)| > 0, and we write
H C G to mean that H is a subgraph of G. Let O(G) denote the set of all odd degree vertices
of a graph G, and ¢g(G) (called the girth of G) be the length of a shortest cycle in G. A graph
G is even if O(G) = 0, and is eulerian if it is both even and connected. If G has a spanning
eulerian subgraph, then G is supereulerian. The supereulerian graph problem, raised by Boesch
et al. [3], seeks to characterize supereulerian graphs. Pulleyblank [16] showed that determining
if a graph is supereulerian, even when restricted to planar graphs, is NP-complete. For more
in the literature on supereulerian graphs, see Catlin’s survey [6] and its update by Chen and
Lai [11].
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For X C E(G), the contraction G/X is obtained from G by contracting each edge of X and
deleting the resulting loops. If H C G, we write G/H for G/E(H). If H is connected, let vy
denote the vertex in G/H to which H is contracted, in this case, H is called the preimage of
VE .

A graph G is collapsible if for every even subset R C V(G), G has a spanning connected
subgraph Hp with O(Hg) = R. In particular, K; is both supereulerian and collapsible, and
any collapsible graph G is supereulerian.

In [5], Catlin showed that every graph G has a unique collection of pairwise disjoint maximal
collapsible subgraphs Hy, Ho, ..., H.. The graph obtained from G by contracting each H; into
a single vertex (1 <i < ¢), is called the reduction of G. A graph is reduced if it is the reduction
of some other graph.

Since every 4-edge-connected graph is collapsible [5], and so supereulerian [15], efforts to
characterize supereulerian graphs have been within families of 3-edge-connected graphs. Chen et
al. [10, 12, 13] investigated conditions under which a 3-edge-connected graph G is supereulerian
if and only if G cannot be contracted to the Petersen graph. These settled the 3-edge-connected
case of a conjecture by Benhocine et al. [1]. Caltin et al. considered 3-edge-connected graphs
with limited number of 3-edge cuts. They proved the following:

Theorem 1.1 ([9, Theorem 3.12]) Let G be a 3-edge-connected graph. If G has at most 10
edge-cuts of size 3, then exactly one of these holds:

(i) G is supereulerian;

(ii) The reduction of G is the Petersen graph.

Theorem 1.2 ([9, Theorem 3.14]) Let G be a 3-edge-connected graph. If G has at most 11
edge-cuts of size 3, then exactly one of these holds:

(i) G is supereulerian;

(ii) The reduction of G is the Petersen graph;

(iii) The reduction of G is a nonsupereulerian graph of order between 17 and 19, with girth
at least 5, with exactly 11 vertices of degree 3 and 1 vertex of degree 5, and with the remaining
vertices independent and of degree 4.

It has been a question whether graphs stated in Theorem 1.2 (iii) exist or not. In this paper,
we settle this problem by showing that no such graphs exist.

Theorem 1.3 Let G be a 3-edge-connected graph. If G has at most 11 edge-cuts of size 3,
then the following are equivalent:

(i) G is supereulerian;

(ii) The reduction of G is not the Petersen graph.

The following notations will be used throughout this paper. For a graph G and integer
i > 1, let D;(G) = {v|dg(v) =i, v € V(G)} and d;(G) = |D;(G)|. When G is understood, we
write d; for d;(G). Let F(G) denote the minimum number of extra edges that must be added
to G so that the resulting graph has two edge-disjoint spanning trees. Let Eg(v) = {uv|uv €
E(@),u € V(G)} and Ng(v) = {uluv € E(G),u € V(G)}. When G is understood, we write
N (v) for Ng(v) and E(v) for Eg(v).

Our proof depends on a new sufficient condition for a graph to be supereulerian. Let F
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denote the collection of all connected graphs satisfying each of the following;:

(F1) d5(G) =1, d3(G) =11,

(F2) 3 < 6(G) < A(G) <5,

(F3) g(G) > 5, and

(F4) no edge of G joins two vertices of even degree in G.

The following associate result plays an important role in our proof of Theorem 1.3.
Theorem 1.4 Let G € F be a graph. Then G is supereulerian.

The paper will be organized as follows. In the next section, we present the preliminaries
of Catlin’s reduction method and the related theory that will be used in the proofs. We then

prove Theorem 1.3 assuming the validity of Theorem 1.4. The last section will be devoted to
the proof of Theorem 1.4.

2 Prerequisites

In this section, we present Catlin’s reduction method to be used in our proofs.

Theorem 2.1 ([5, Theorems 3, 5 and 8]) Let G be a connected graph.

(i) Let H be a collapsible subgraph of G. Then G is supereulerian if and only if G/H is
supereulerian.

(ii) G is reduced if and only if G has no nontrivial collapsible subgraphs.

(iii) Let G’ be the reduction of G. Then G is supereulerian if and only if G’ is supereulerian,
and G is collapsible if and only if G' = K;.

(iv) If G is reduced, then every subgraph of G is also reduced.
Theorem 2.2 ([8, Theorem 1.5]) Let G be a reduced graph. If F(G) < 2, then G €
{K1, K2, Ko 4(t > 1)}.
Theorem 2.3 ([7, Theorem 7]) If G is a connected reduced graph, then F(G) = 2|V(G)| —
[E(G)] - 2.
Corollary 2.4 If G is a connected reduced graph, then 2F(G) = 3dy + 2ds + d3 — ijs(j —
4)d; — 4.
Proof As [V(G)| = 3,5, dj and 2|E(G)| = 3 ,5, jd;, by Theorem 2.3, we have 2F(G) =
3dy +2dy +ds — 5 5(7 — 4)d; — 4. O
Theorem 2.5 ([9, Theorem 3.1]) Let G be a 3-edge-connected graph with F(G) = 3. If G is
nonsupereulerian and reduced, then each of the following holds:

(i) G has no edge joining two vertices of even degree;

(ii) G has girth at least 5;

(i) G has no subgraph H with ' (H) > 2 and F(H) = 2.

For a graph G, an edge-cut X C E(G) is called essential edge-cut, if each component of
G — X has at least one edge.

Lemma 2.6 Let G be a 3-edge-connected nonsupereulerian reduced graph with F(G) = 3.
Then every edge-cut of size 3 is not an essential edge-cut (i.e., the number of edge-cut of size

3 is equal to d3(G)).
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Proof Let X C E(G) be an edge-cut of size 3, and H; and Hs the two components of G — X.
By (iv) of Theorem 2.1, H; and Hs are both reduced. Then by Theorem 2.3,

F(G) =2|V(G)| - |E(G)| -2
=2(|V(Hy)| + [V(H2)|) = (|E(Hy)| + |E(Hz)| + [ X]) — 2
=2|V(H1)| = [E(Hy)| = 2+ 2[V(H2)| - [E(H2)| - 3
= F(Hy) + F(Hz) - 1,

and so F(G)+1= F(Hy)+ F(H). Since F(G) = 3, min{F(H,), F(Hs)} < 2 (say F(H;) < 2).
By Theorem 2.2, Hy € {K1, Ko, Ko4(t > 1)}. If H; = K3, then X is not an essential edge-cut.
If H = Ky or H; = Ko 1, then vertex of degree 2 will appear, contrary to «'(G) > 3. Hence
Hy = K4 (t > 2). Since K24 (t > 2) contains Cy, this is contrary to (ii) of Theorem 2.5. This

completes the proof of the lemma. m]

3 Proof of Theorem 1.3
Let G’ be the reduction of G. By Theorem 2.1 (iii), it suffices to show that G’ either is

supereulerian or is the Petersen graph. We shall show that G is contractible to the Petersen

graph with the following assumption:
G’ is not supereulerian. (3.1)

Since G has at most 11 edge cut of size 3, G’ has at most 11 edge cut of size 3. Thus
d3(G") < 11. Since «'(G') > K'(G) > 3, d1(G') = d2(G’) = 0. By Corollary 2.4, we have

2F(G") = 3d1(G’)+2d2(G/)+d3(G')—Z(j—4)dj(G')—4 = dg(G’)—Z(j—él)dj(G’)—Zl. (3.2)
Jj=5 j>5
By (3.2) and by d3(G') < 11, F(G') < 3. If F(G') < 2, then by Theorem 2.2, G’ €
{K1,K2,Ko(t > 1)}. By (3.1), G’ # K1, and so G’ € {K2, Ko (t > 1)}, contrary to the fact
that '(G') > 3. Hence F(G') = 3.
In the rest of the proof, we will write d; for d;(G’), j > 1. By (3.2) and by F(G’) = 3,

10=ds— Y (j—4)d;. (3.3)

Jj=5
Thus 11 > d3 > 10. If d3 = 10, by Lemma 2.6, G’ has exactly 10 edge-cuts of size 3. Hence by
Theorem 1.1, G’ is the Petersen graph. If d3 = 11, then by (3.3), ds =1, d; =0, j > 6. Thus
V(G') = D3(G') U Dy(G") U D5(G"). Then by Theorem 2.5, G’ € F. Thus by Theorem 1.4, G’

is supereulerian, contrary to (3.1). This completes the proof of Theorem 1.3. O

4 Proof of Theorem 1.4

Let G € F be a graph. Throughout this section, we always use w € V(G) to denote the unique
vertex of degree 5. Let H be the subgraph induced by the vertices of distance at least 2 from w
in G and Go = G—E(H). Define S = N(w)ND4(G), T = N(w)ND3(G), S1 = U,ecs N(u) —w,
Ty = (Upyer N(v)) N D3(G) and Ty = (Uyer N(v)) N Dy(G). Let W = V(H) — (S1 UTy UTy),
and let

a=|Ds(G)NW| and b= |Dys(G)NW]|.



Supereulerian Graphs and the Petersen Graph 295

Lemma 4.1 With the notations above, each of the following holds.

(i) N(w) = SUT.

(ii) V(Go) = V(G) and E(Go) = U, csur E(u).

(ili) Yu,v € SUT with u # v, N(u) N N(v) —w = 0.

(iv) Gy is acyclic.

(v) (S1UThUTy) CV(H) and S1 C D3(G).

(vi) |S1] = 3|S]| and |T1| + |Tz| = 2|T).
(vil) d3(G) = [S1] + T + |T1| + a and dy(G) = |S] + |T2| + b.
(viii) [E(H[V(H) N D3(G))| = 5((Ba +2(|S1| + |Tu])) — (4b + 3|T2l)), and 4b + 3|T3| <
3a + 2(|S1| + |T1]).
Proof (i) follows from (F1) and (F2). The definition of H implies (ii). (iii) and (iv) follow
from (F3) and (v) follows from (F4). Since S C D4(G) and T C D5(G), for every u € S,
|IN(u) NV (H)| =3 and for every v € T, |[N(v) N V(H)| = 2. These imply (vi).

By the definitions of S1,77 and T3 and by (F3), S1,71 and T are mutually disjoint. Then
direct computation yields (vii). By the definition of H, |V(H)| =a+ b+ |S1|+ |T1| + |T2|. Let
Hy = H[V(H) N D3(G)]. Then counting 3,y (z,) de(v) in two different ways, we obtain

Ba+3(1S1 | +IT)) = > da(v)=2(E(H)|+[Si|+|T1] +4b+ 3|Ty,
veV (Hy)
and so (viii) follows. O
By (F1), 11 = d3(G) = 3|S| +|T| + |T1| + a > 3|S| +|T| = 3|S| + 5 — |S], and so
|S] < 3, where |S| =3 only if |T}| +a = 0. (4.1)

Throughout this section, let

S ={ur,ug,...,u5}, (4.2)
N(u;) NV (H) = {ws;—2,wsz;—1,ws; }, where 1 <i <[5,

T = {vi,v2,...,v5-9}

N(vi) NV (H) = {ws|s|4+2j—1,W3|s|+2; }, Where 1 < j <5 — S| =T.

As |S| <3, 3|S| +2(5 — |S|) < 13. By (F3),
w; # wj if and only if ¢ # j for 1 <4,5 < 13. (4.3)

Lemma 4.2 G must be one of 8 possible graphs.
Proof By (4.1), |S] < 3 and so we can analyze cases when |S| takes different values.
Case 1l |S]|=3.

Then |T| = 2. By (4), [T1|4+a = 0. Asd3(G) = 11, D3(G) = TUSy and |Tz| = 2|T|—|Ty| = 4.
By Lemma 4.1 (viii), 0 < b < 1. If b = 1, then V(G)NW N Dy4(G) has a vertex z. Since |T1| =0
and by (F4), N(z) C S;. Since dg(z) = 4, for some ¢ € {1,2,3}, |[N(z) N N(u;)| > 2, whence
G[(N(z) N N(u;)) U{z,u1}] induces a C4, contrary to (F3). Therefore in Case 1, b = 0, and so
there is only one possible graph, called G5, as presented in Table 1 below.

Case 2 |S|=2.
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As d3(G) =11, |Th| =11 —|T|—|S1|—a=2—a and |T5| =6 — (2 —a) = 4 + a. Then by
Lemma 4.1 (viii), 4b+ 3(4 + a) < 3a + 2(6 + 2 — a), and so, a + 2b < 2. Therefore, there will
be 4 different possible graphs in this case. Let G1, G3, G4, G5 denote such a graph when a = 2
and b=0,or whena=0and b= 1, or whena =1 and b =0, or a =0 and b = 0, respectively,
as presented in Table 1 below.

Case 3 |S|=1.

In this case, |T1| = 11 — |T| —|S1|—a =4 —a and |Th] = 8- (4 —a) = 4+ a. By
Lemma 4.1 (viii), 4b+3(4+a) < 3a+2(3+4—a), and so a + 2b < 1. Let Gg, G7 denote such
a graph when a = 1 and b = 0, or when a = 0 and b = 0, respectively, as presented in Table 1
below.

Case4 |S|=0.

Then S = S; = 0. Again by d3(G) = 11, |T1| = 11 — |T] — |S1] —a = 6 — a and |T3| =
10— (6 —a) = 4+ a. Then by Lemma 4.1 (viii), 4b+3(4+a) <3a+2(0+6—a),and soa =0
and b = 0. Thus there is one such graph, denoted by Gg, as presented in Table 1 below.

Summing up, we list the 8 possibilities of G in the following Table 1, with n = |[V(G)].

G n S S1 T |Th| ThUT> a b
Gi 20 {ui,u2} {w1,wa,...,we} {v1,v2,vs} 0 {wr,ws, ..., w12} 2 0
G2 19 {ui,uz,uz} {wi,wa,...,we} {v1,v2} 0 {w1i0, w11, w12, w13} 0 O
Gs 19 {u1,u2} {wi,wa,...,we} {v1,v2,v3} 2 {wr,ws, ..., w2} 01
Gy 19 {u1,u2} {w1,wa,...,we} {vi,v2,vs} 1 {wr,ws, ..., w1z} 10
Gs 18 {u1,u2} {wi,wa,...,we} {v1,v2,v3} 2 {wr,ws, ..., w2} 00
Ge 18 {ui} {w1, w2, w3} {v1,v2,v3,v4} 3 {wa, ws, ..., w11} 10
Gz 17 {w} {w1, w2, w3} {v1,v2,v3,v4} 4 {wa,ws, ..., w11} 00
Gs 16 0 0 {v1,v2,v3,v4,v5} 6 {w1,w2,..., w0} 0 0
Table 1 The graphs G; (1 <i<38)
This proves the lemma. O

Throughout the rest of this section, the graphs G; (1 < ¢ < 8), will be these graphs defined
in Table 1.

Lemma 4.3 If G € {G1,G3,Gs,Gs}, then |E(H[V(H) N D3(G)])| = 0 and 4b + 3|Ts| =
3a + 2(|S1| + |T1]).
Proof By Lemma 4.1 (viii), it suffices to show that 4b 4 3|T3| = 3a + 2(]S1| + |T1])-

If G =Gq, thena=2,b=0, |T1| =0 and |S1| = 6. By Lemma 4.1 (vi), |T2| = 2|T| = 6.
Thus 4b+ 3|T| = 18 = 3a+ 2(|S1| + |T1]). If G = G3, thena =0,b =1, |T1| =2, |T2| = 4 and
|S1] = 6. Thus 4b + 3|T3| = 16 = 3a + 2(|S1]| + |T1]). If G = Gg, then a =1, b =0, |T1] = 3,
|T5| = 5 and |S1| = 3. Thus 4b + 3|T2| = 15 = 3a + 2(|S1] + |T1]). If G = Gs, then a = b = 0,
|T1| =6, |T2| =4 and |S1| = 0. Thus 4b + 3|T3| = 12 = 3a + 2(|S1] + |T1])- O

Lemma 4.4 G # Gs.
Proof Suppose G = G3. Then as shown in Table 1, Gy is isomorphic to G5 in Figure 1 (see

Section 6). Thus S = {u1,us}, S1 = {w1, we, w3, wy, ws,wg}, T = {v1,v2,v3}, a =0, b =1,
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|T1| = 2 and |T3| = 4. Denote the vertex of degree 4 in V(G3)NW by x. If the two vertices in T}
have one common neighbor in T (say v1 € N(wr7)NN(ws), and so 71 = {wr, ws}), then by (F4),
N(z) € S;UTy. Since |[N(x)| = 4, either T} C N(x), whence G[{v1, 2} UTj] contains a 4-cycle,
contrary to (F3); or for some i = 1,2, |N(z) N N(u;)| > 2, whence G[(N () N N(u;)) U {x, u;}]
has a 4-cycle, contrary to (F3). Hence by symmetry, we may assume that 77 = {wr,wo}.
By (F3) and (F4), wr,wg € N(x), ws € N(wg) and wip € N(wz), and so Ng(wi1) C 51 =
N(u1) U N(ug). Since wi1 € D3(H), then for some ¢ € {1,2}, |[Ng(w11) N N(u;)| > 2, and so
G{wi1,u;} U (Ng(wi1) N N(u;)) contains a 4-cycle, contrary to (F3). ad

Lemma 4.5 G # Gg.

Proof Suppose G = Gg. Then as shown in Table 1, Gy is isomorphic to G§ in Figure 1.
Thus we have S = {u;}, S1 = {w1,we, w3}, T = {v1,v2,v3,v4}, a = 1 and b = 0. Then
|T1| = 3 and |Tz| = 5. Denote the vertex of degree 3 in V(Gg) N W by z. By Lemma 4.3,
|[E(H[V(H)ND3(G)])| = |E(Gg[S1 UT1])| =0, and so Ng(w1) U Ng(wz) U Ng(w3) C Ts.

By (F3), Nu(w;) N Ng(w;) = 0 for all ¢ # j,1 < i < 3,1 < j <3, and so [Ng(w1) U
Ny (we) U Ng(ws)| = 6, contrary to the fact that |Th| = 5. a

Lemma 4.6 G # G7.

Proof Suppose G = G7. Then as shown in Table 1, Gy is isomorphic to G, in Figure 1. Thus
we have S = {u1}, S1 = {wy,wa, w3}, T = {v1,v9,v3,v4} and a = b = 0. Then |T}| = 4
and |T»| = 4. By (F4) and Lemma 4.1 (viii), |E(G7[S1]UTh)| = |E(H[V(H) N D3(G)])| =
5((3a +2(1S1| + |T1])) — (4b + 3|T»])) = 1. By (F3), for any i # j with 4,5 € {1,2,3},
Ng(w;) N Ng(w;) = 0. As in this case, {wi,ws, w3} € Dy(H), and so [Ny (w1) U Ng(ws) U
NH(’LU3)| = 6. Since |E(G7[51] UTl)l = 1, we have |(NH(U}1) U NH(U}Q) U NH(wg)) n T1| S 1,
and so |(NH(’LU1) U NH(’LUQ) U NH(U)3)) N TQ‘ Z 5 by NH(wl) U NH(U}Q) U NH(wg) g T1 U Tg,
contrary to the fact that |Tx| = 4. m|

Lemma 4.7 If G = G4, then G is supereulerian.
Proof Suppose G = G1. We use the notation in Table 1 for Gy. As a = 2, let D3(G)NW =
{z,y}. By Lemma 4.3, E(G[S1U{z,y}]) = 0. Hence N(z)UN(y) C To = {wr, ws, wy, w1, w11,
wia}.
If N(z) N N(y)
y. Hence Ny (wr) C
N(z)N N(y) = 0.
Without loss of generality, by (F3) we may assume that € N(wr) N N(wy) N N(w11), and
y € N(wsg) N N(wip) N N(wiz2). Thus |N(wz) N S1| = |[N(ws) NS1| = 2. By (F3), without
loss of generality, we may assume that w; € N(wy) N N(wy) and wg € N(w2) N N(ws). Hence

then there is a vertex in T5 (say wz) which is adjacent to neither x nor

0,
S1. Since vertex wy; has degree 3 in H, C; must be induced. Therefore

[N (w3) N {wg, wig, w11, wi2}| = |N(we) N {wg, w19, w11, w12} = 2. By symmetry and by (F3),
we may also assume that ws € N(wg) N N(wi1) and wg € N(wig) N N(wi2).

By the assumptions above, we got a graph G| = G[E(Gy) U {zwr, zwg, xw11, yws, ywio,
YW1z, W1W7, WaW7, Walls, WsWs, W3y, W3W11, WeW10, Wew12 }] (see Figure 1). Then G is a span-
ning subgraph of G. Since G| — {wwvy, wve, Wu3, W3w11, WeW12, LWy, YW1} is a spanning eulerian

subgraph of G}, G is supereulerian. a
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Lemma 4.8 If G = Gs, then G is supereulerian.

Proof Suppose G = G>. We use the notation in Table 1 for G3. Then 77 = (), and so by
Lemma 4.1 (vi), Ty = {w1g, w11, w12, w13}. As a = b =0, 3a + 2(|S1]| + |T1]) — 4b + 3|Ts| =
18 — 12 = 6, and so by Lemma 4.1 (viii) and by (F4), |E(G[S1])| = 3. Let H; = H — E(G[S1]).

By (F3), g(G) > 5, and so Ny, (wi9) N Ny, (w11) = 0 and Ny, (w12) N N, (wi3) = 0. Let
P = Ny, (wi0) U N, (w11) and Q = Ny, (w12) U Ny, (w13). Then by (F4),

PUQC 8. (4.4)

As {wig, w11, wig.wiz} € D3(Hy), |Na, (wi0)| = [Nu, (wi1)| = |[Ng, (wi2)| = [Ng, (w13)| = 3.
Thus |P| = |Q| =6. If |[PNQ| > 5, then Ny, (w10) C (PNQ) or Ny, (wi1) C (PNQ). We
suppose N, (w19) C (PN Q). By |Ng, (wio)] = 3, wip has two neighbors in some member
of {Ng, (w12), Ny, (w13)}, say in Ny, (w12). Thus the two neighbors and {wig, w12} together
induce a 4-cycle in G, contrary to (F3). If [PN Q| < 2, then |[PUQ| > 10 > 9 = | S|, contrary
to (4.4). Hence 3 < |PNQ| < 4.

Casel |PNQ|=4.

Since |[P N Q| = 4 and |S| = 3, for some u; € S, |(PN Q)N N(u;)] > 2. Hence
we may assume that wi,ws € (PN Q) N N(ui). By (F3), Ny, (w1) N Ng,(w2) = 0. As
{wi, w2} C (PN Q)N Dy(H), we have |Ng, (w1) N {wio, w11} = |Ng, (w1) N {wiz, w1z} =1
and |Ng, (w2) N {wio, w11} = |Ng, (w2) N {wiz, wi3}| = 1. Hence by Ny, (w1) N Ng, (wz) = 0,
{w10, w11, w12, w13} C Npg, (w1) U N, (wa). Without loss of generality, assume that {w;wio,
wiwi2, wowyy, wewizt € F(G2). By symmetry and (F3), we may further assume {wigwy,
wiowr,wnws,wnwst C E(Gz). As [PUQ|[ = [P|+|Q[ - [PNQ| =8 <9 =[] and
by (4.4), |S1 —PUQ|=1. Ifwz € PUQ, then by {w1g, w11, w12, w13} C Ng, (w1) U Ng, (wa),
for some ¢ € {10,11,12,13}, |N(w;) N Ng, (u1)| > 2, say |N(wip) N Ng, (u1)] > 2. Then
G[{u1, w10} U (N (wi0) N Ng, (u1))] contains a 4-cycle, contrary to (F3). Therefore, ws ¢ PUQ.

It follows that either wg € N(wi2) and wg € N(wy3) or wg € N(wy3) and wg € N(w12).
By symmetry, we assume wg € N(wi2) and wg € N(w13). Thus ws must be adjacent to one of
vertices wy, ws and wg. The proofs for each of these subcases will be similar, and so we shall
only prove the case when wsw, € E(G) and omit the others.

Let GIQ = Go Hwiwio, wiwi2, wowi1, Wawis, WipWs, W1oW7, W11Ws5, W11Ws, WeW12, WoW13,
wswys} (see Figure 1). Then G} is a spanning subgraph of G. As G — {wvy, viw1g, wiwia,
wawi3} is a spanning eulerian subgraph of G5, G is supereulrian.

Case 2 |PNQ|=3.

By (4.4) and [PUQ| =|P|+|Q| —|PNQ| =9=151], PUQ = S1, and so A(G2[S1]) =
1. Let PUQ = {z1,29,23}. Hence {Ng,(21), Ng, (22), Ni, (23)} C {{w10, w12}, {wio, w13},
{wir, w12}, {wi1,wi3}}. By symmetry, we may assume Np, (z1) = {wio, w12}, Nu,(22) =
{w19, w13} and Ny, (23) = {w11,w12}. Let G§ = Go+ E(H;). Then GY is a spanning subgraph
of G. (An example with z; = wy, 22 = wa, z3 = wy is shown in Figure 1.) By |E(G2[S1])] =3
and A(G2[S1]) = 1, O(GY) = {w,v1, va, 21, 22,23} It follows that Gy — {wuvy, z1w10, 22w,

Z3W12, V2W12} is a spanning eulerian subgraph of G, and so G is supereulrian. O

Lemma 4.9 If G = Gy, then G is supereulerian.
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Proof Suppose G = G4. We use the notation in Table 1 for G4. Asa = 1, let D3(G)NW = {x}.
Since |Ty| = 1, by Lemma 4.1 (vi), |Ta| = 2|T| — |T1| = 5. Without loss of generality, let
Ty = {wr} and so Ty = {ws, wg, w1g, w11, w12}. By Lemma 4.1 (viii), |E(G4[S1 U {wz,2}])| =
3a + 2(|S1] + |Th]) — 4b + 3|Ts| = 1. Let E(G4[S1 U{wr,z}]) = {e}.

Case 1 z is not incident with e.

Since E(G4[S1U{w7,z}]) = {e}, x is an isolated vertex in G4[S1U{w7,z}] and so N(x) C Tx.
If N(z) C To — {ws}, then by |[N(x)| = 3, for some i € {2,3}, |[N(v;) N N(z)| > 2, and so
G[{z,v;} U (N(v;) N N(x))] has a 4-cycle, contrary to (F3). Hence € N(wsg). Without loss of
generality, we may assume z € N(wg) N N (w11).

Thus by (F4), Ng(wi) € S1 U{wr}. If Ng(wio) C Si, then as |[Ng(wig)| = 3, for
some i € {1,2}, |N(u;) N Ng(wio)| > 2, and so G[{u;,wip} U (N(u;) N Ng(wi))] has a 4-
cycle, contrary to (F3). Hence wig € N(w7). Similarly, w12 € N(wr). Since |Ng(ws)| = 3,
ws ¢ N(wz) and x € Ng(ws), we have |[Ny(wg) N S1| = 2. Then by (F3), ws must be
adjacent to one vertex in {wj,ws, w3} and to one vertex in {wy4, w5, wg}. Thus we may as-
sume wg € N(wp) N N(wy). Since e cannot be incident with two vertices in {wy, wa, w3},
with wg € N(wy), one of {ws, w3} must be adjacent to two vertices in {wg, w1g, w11, w12}
Similarly, one of {ws, wg} must be adjacent to two vertices in {wg, wig, w11, w12}. With-
out loss of generality, let |N(wsz) N {wg, w10, w11, w12} = |N(ws) N {wg, wig, w11, w12} = 2.
By (F3), {Ng(w2), Ng(ws)} = {{wg, w12}, {wio, w11}} and Ny (ws) # Ng(ws). By symmetry,
we assume {waowg, Wowi2, Wswig, wswi1} C F(G4). Note that Ng(ws) N {wr,wg} = @ and
Nu(we) N {wr, ws}t = 0.

Under these assumptions, we shall show e = wzwg. If Ny(ws) C {wg, w1, w11, w12}, then
N (ws) € {{wg, w10}, {wg, w11}, {we, w1z}, {wio, w11}, {wio, w1z}, {wir, wi2}} by [Na(ws)| =
2. In any case, G would have a 4-cycle (see Table 2), contrary to (F3).

Ny (ws) is in G has a 4-cycle in

Wy, W10 Gl{ws, wo, w10, v2}]
W, W11 G{ws, wg, w11, x}]
Wy, W12 G{ws, wg, w12, w2}]
w10, W11 G[{w3,w10,w11,w5}]
w10, W12 G{ws, w10, w12, wr}]
W11, W12 G[{ws, w11, w12, v3}]

Table 2 Possible 4-cycles in G

Hence, by Ng(w3) N{wr,ws} = 0, |Ng(w3) N {ws, ws, we}| > 1. If |[Ng(w3) N {wy, ws, we}| >
2, then G[N(ws3) N N(uz) U {ws}] contains a 4-cycle, contrary to (F3). Hence |Ng(ws) N
{wa, w5, we}| = 1. By symmetry, [Ny (we) N {w, w2, w3} =1. As {e} = E(G1[S1 U{wr,x}]),
we have e = waws.

Let G} = Go + {7ws, zwg, TW11, W7W10, W7W12, W1 WS, W4Ws, WaW9, Wal12, W5W10, W5W11,
wswg }. Thus we obtained a spanning subgraph G/, of G4 (see Figure 1). Since Gl — {wvy, wvs,

W3, WrW1ig, WsW11, W12, TWe } is a spanning eulerian subgraph of G, G4 is supereulerian.

Case 2 z is incident with e.
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If e = zwy, then as |E(G1[51 U {wr,2}])] = 1, Ng(wi) U Ng(wz) U Ng(ws) C {ws, wo,
w1, ’wu,wlg} and by g(G4) > 9, NH(’LUz) ﬂNH(’U}j) =0 (Z 7& 7,0 = 1,2,3,57 = 1,2,3).
Hence | Ny (w1) U Ny (we) U Ng(ws)| = 6, contrary to Ny (w1) U Ny (w2) U Ny (ws) C {ws, wo,
w1, w11, wiz2}. Therefore x ¢ N(wy) and so |N(x) N S1| = 1. Thus by (F3), for every
v € {ws, wy, wig, w11, w12}, Ng(v) N {z,wr} # 0. Therefore,

{ws, wo, w10, w11, w12} € Ng(x) U Ny (wr),

and so
|Ng (z) U Ng (wr) N {ws, wg, wig, wi1, wiz}| > 5.

But as dy(z) = 3, dg(w7) =2 and |Ng(z) NSy =1,
|(Ne(w7) U Ng(x)) N {ws, wy, wig, w11, wiz}| < 4,
contrary to [Ny (z) U Ng(wr) N {ws, wg, wig, w11, wiz}| > 5. ad

Lemma 4.10 If G = G5, then G is supereulerian.
Proof Suppose G = G5. We use the notation in Table 1 for G5, and so S = {uj,us},

S1 = {wy, we, w3, wy, w5, we}, T = {v1,v2,v3} and a = b = 0. Since |T}| = 2, by Lemma
4.1 (vi), |Tz| = 2|T| — |T1| = 4. By Lemma 4.1 (viii),

|E(G5[S1 UTh])| = 3a + 2(|S1| + |T1]) — 4b + 3|T3| = 2.

Denote

E(G5[S1UTh]) = {e1,e2}.
As |Th| = 2, we may assume that 77 = {wy,w'} for some w’ € {ws, wy, ..., wis}.
Case 1 w' € N(v1). Then w' = ws.

Without loss of generality, we may assume that w;, wy and w; € N(wg), and that ws,
ws and wg € N(wig). Then each of wy; and wie must be adjacent to one in {wr,ws}. By
symmetry, assume wrwi1, wswiz € E(Gs). As wg, w11 € N(wy7) and as wig, w12 € N(ws), both
of e; and es can only be adjacent to vertices in S;. By (F3), g(G5) > 5, and so e; is not adjacent
to ez. Since Ny (wg) = {wy, wq, w7} and Ny (wig) = {we, ws, ws}, each of ws and wg is adjacent
to at least one in {wi1,w12}. Thus we may assume that wswi1, wewia € E(G5) (the proofs for
the other cases wiwis, wgwi € E(Gs) or wawyy, wgwi € E(Gs) or wawie, wewiz € E(G5) are
similar).

Let G5 = Go + {wiwy, wawy, wrwg, wawig, WsWig, WeWio, WrW11, WeW12, W3W11, WelW12 }.
Then Gf is a spanning subgraph of G5 (see Figure 1). Since G§ —{wv1, wva, wus, wrwiy, wswis }
is a spanning eulerian subgraph of G%, G5 is supeuelerian.

Case 2w’ ¢ N(v1). Thus we may assume that w’' = wy.

Then by (F3), wswg, wipwy € E(G5). By symmetry, each of wq; and w2 must be adjacent
to one in {wr7,wg}, to one in {wq,ws, w3} and one in {wy, ws, we}. Without loss of generality,
we assume vertex wi, wy and wr € N(w11), and wy, ws and wyg € N(wiz). Let G = Go +
{wgwg, wrwig, W1wW11, WaW11, WrW11, Wal12, WsWi2, Wow12}. Thus GY is a spanning subgraph
G5 (see Figure 1).

As Ny (wr) = {wio, w11} and Ny (wg) = {ws, w12}, E(G5[S1]UTh) = E(G5[51]). By (F3),
A(Gs5[S1]) = 1. Since Ny(wi1) = {wi,wq, w7} and Ny (wiz) = {ws,ws,we}, each of ws
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and wg is adjacent to wg or wig. If {wswig, wews} C E(G5) (or similarly, {wsws, wswig} C
E(G5)), then GY + {wswig, wews} — {wvy, wug, wuz, wgwy, wrwyp} is an eulerian subgraph of
G + {wswi0, wews} which spans G5, and so G5 is supereulerian.

If {wsws, wews } C F(G5) (or similarly, {wswig, wewio} C E(Gs)), then GY +{wsws, wews }
— {wvs, viwr, vawg } is & spanning eulerian subgraph of G¥ + {wsws, wews} that spans G5, and

so G5 must be supereulerian. O

Lemma 4.11 If G = Gg, then G is supereulerian.
Proof Suppose G = Gg. We use the notation in Table 1 for Gg, and so S = 0, T =

{v1,v2,v3,v4,v5}. By Lemma 4.3,
|E(H[V(H) N Ds(G)]) =0,

and so
H is a bipartite graph with a vertex bipartition (T7,7%). (4.5)

By (F3), for any ¢ with 1 <4 <5,

Np (w2i-1) N Nu(ws;) = 0. (4.6)
Without loss of generality, assume that ws, w19 € T». Define

T'={veT:Ny)CT}.

If |T'] > 2, as |[T1| = 6 and |Tz| = 4, we may assume {wy, ws, wg, w1} = To. By (F3) and (4.5),
Ny (w7) U Ny (ws) = {w1, wa, ws, wy, ws, we} = Ng(wg) U Ng(wig), |[Nu(wr)| = |Ng(ws)| =
[N (wy)| = |Ng(wio)] = 3 and Ny (w7) N Ng(ws) = Ng(wg) N Ny (wip) = 0. It follows that
either | Ny (w7) NNy (wg)| > 2 or [Ny (wr7) NNy (wip)| > 2, forcing Gg to has a 4-cycle, contrary
to (F3). Hence |T"| < 1.

Casel |T'|=1.

We may assume that 77 = {v5}, and so by symmetry, assume that Ty = {wg, ws, wg, w1 }-
By (4.6) and (F'3), we have that Ny (wg) U Ny (wio) = {w1, wa, ws, ws, ws,wr}. By symme-
try, let {wjwg, wswg, wswe} C E(Gg), it follows {wawg, wawig, wrwip} C E(Gg). By (F3),
wewr, wswg € E(Gg). Let G = G + {wiwg, wswg, wswy, waWig, Wal1g, Wi, WeW7, WsWs }.
Thus G§ is a spanning subgraph of Gg (see Figure 1). Since G§ — {wvy, wvg, wuz, wswy, wyvs,
wrvg} is eulerian, Gg is supereulerian.

Case 2 |T'|=0.

Then we may assume that Tb = {w4, ws, ws, w10}. By (4.6) and by symmetry, we may
assume that {wyws, wywe, wows, wawig} C E(Gs). As ws, wig € N(wa), by (F3), ws ¢ N(wsg)N
N(w1p), and so wsws € E(Gs). Similarly, wyws, wrwig, wswyg € E(Gg). Let G§ = Go +
{wiwy, wiwg, waws, Wwawg, W3We, WaWs, W7W19, Wy }. Thus GY is a spanning subgraph of
Gy (see Figure 1). As wuswswvawswew v Waowrvswswevsw is a Hamilton cycle of GY, G

is supereulerian. O

5 Remarks
Remark 5.1 Both Theorem 1.1 (Theorem 3.12 of [9]) and Theorem 1.3 in this paper raise

the following a question: if G is a 3-edge-connected graph and if the number of 3-edge-cuts of
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G is k, what is the largest value of k such that every 3-edge-connected graph G with at most k
edge-cuts of size 3 is supereulerian if and only if G cannot be contracted to the Petersen graph?
Theorem 1.1 says that £ > 10 and in this paper we prove k& > 11. However, since either of
the two Blanusa snarks (see [2] or [14]) is 3-edge-connected and nonsupereulerian, has exactly

18 edge-cuts of size 3, and cannot be contracted to the Petersen graph, we have k < 17. We
conclude this section by conjecturing that k = 17.

W,
woWa s Wi w7 Wy W Wy Wi Wy

[ ]
X

2 Gs
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Figure 1 G%,G5,..., G, GY
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