Discrete Mathematics 315-316 (2014) 47-52

Contents lists available at ScienceDirect

Discrete Mathematics

journal homepage: www.elsevier.com/locate/disc

CrossMark

On r-hued coloring of K4-minor free graphs @

Huimin Song?, Suohai Fan®, Ye Chen“*, Lei Sun9, Hong-Jian Laj®

2 School of Mathematics and Statistics, Shandong University, Weihai 264209, PR China

b Department of Mathematics, Jinan University, Guang Zhou, 510632, PR China

¢ Department of Mathematics, West Virginia University, Morgantown, WV 26506-6310, USA

d Department of Mathematics, Shandong Normal University, Jinan 250014, PR China

€ College of Mathematics and System Sciences, Xinjiang University, Urumgqi, Xinjiang 830046, PR China

ARTICLE INFO ABSTRACT

ATfiCl_e history: A list assignment L of G is a mapping that assigns every vertex v € V(G) a set L(v) of pos-
Received 10 December 2012 itive integers. For a given list assignment L of G, an (L, r)-coloring of G is a proper coloring
ggg’;“’e‘j in revised form 29 September ¢ such that for any vertex v with degree d(v), c(v) € L(v) and v is adjacent to at least min

{d(v), r} different colors. The r-hued chromatic number of G, x,(G), is the least integer k
such that for any v € V(G) with L(v) = {1, 2, ..., k}, G has an (L, r)-coloring. The r-hued
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r-hued coloring (i) x+(G) < K(r), and the bound can be attained;

r-hued list coloring s
Planar graph (11) XL,r(G) < K(T) + 1.
This extends a former result in Lih et al. (2003).
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1. Introduction

Graphs in this paper are simple and finite. Undefined terminologies and notations are referred to [4]. Thus for a graph
G, A(G), 6(G), x(G) and x;(G) denote the maximum degree, the minimum degree, the chromatic number and the list chro-
matic number of G, respectively. For v € V(G), let Ng(v) denote the set of vertices adjacent to v in G, and dg(v) = |Ng(v)|.
When G is understood from the context, we often use N (v) and d(v) for Ng(v) and dg(v), respectively.

Letk, r beintegers withk > Oandr > 0,andletk = {1,2, ..., k}.Ifc : V(G) — k,andif V' C V(G), thendefinec(V’) =
{c(v)|v € V'}. A (k, r)-coloring of a graph G is a mapping c : V(G) > k satisfying both the following.

(C1) c(u) # c(v) for every edge uv € E(G);
(C2) |c(Ng(v))| = min{d;(v), r} forany v € V(G).

For a fixed integer r > 0, the r-hued chromatic number of G, denoted by . (G), is the smallest k such that G has a (k, r)-
coloring. The concept was first introduced in [14,10], where x,(G) was called the dynamic chromatic number of G. Later in
[9], a referee suggested the name of conditional chromatic number of G. Recently, we received several comments on the
name of conditional coloring, suggesting that it does not reveal the nature of the coloring. Therefore, we decided to use the
name hued coloring to reflect the use of many colors near a vertex.

By the definition of x,(G), it follows immediately that x (G) = x1(G), and x4(G) = x(G?), where G? is the square graph
of G. Thus r-hued colorings are a generalization of the classical vertex coloring. For any integeri > j > 0, any (k, i)-coloring
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of G is also a (k, j)-coloring of G, so
X6 < x26) <+ < 4 (G) < -+ < xa(G) = xa4+1(G) = -+ = x(G).

In [11], it is shown that (3, 2)-colorability remains NP-complete when restricted to planar bipartite graphs with maxi-
mum degree at most 3 and with arbitrarily high girth. This differs considerably from the well-known result that the classical
3-colorability is polynomially solvable for graphs with maximum degree at most 3.

The r-hued chromatic numbers of some classes of graphs are known. For example, the result on complete graphs, cycles,
trees and complete bipartite graphs can be found in [9]. In [10], an analogue of Brooks Theorem for ¥, is proved. It is shown
in [5] that x,(G) < 5 holds for any planar graph G. In [9], it is further showed that forr > 2, x,(G) < A +1? —r 4+ 1if
A < r.A Moore graph is a regular graph with diameter d and girth 2d + 1. Ding et al. [6] proved that x,(G) < A% + 1, where
the equality holds if and only if G is a Moore graph. This is also improved in [13] where it is shown that x,(G) <rA + 1.

A list assignment L of G is a mapping that assigns to every vertex v of G a set L(v) of positive integers. For a given list
assignment L of G, an (L, r)-coloring of G is a proper coloring ¢ such that for any vertex v with degree d(v), c(v) € L(v) and
v is adjacent to at least min{d(v), r} different colors. The r-hued list chromatic number of G, denoted as x; . (G), is the least
integer k such that for any v € V(G) and every list assignment L with |L(v)| = k, G has an (L, r)-coloring.

Similarly, x;(G) = x1.1(G) and x;. 4(G) = x;(G?). As for any integer i > j > 0, any (L, i)-coloring of G is also an (L, j)-
coloring of G, it follows

X(G) < x12(6) < -+ < %10 (G) < -+ < x1.a(6) = x1.a41(C) = - -+ = x1.(GP).

For positive integers k and r, let L(v) = k, for any v € V(G). Then every (k, r)-coloring of G is also an (L, r)-coloring of G,
and so

Xr(G) = X1 (G).

Some recent results are published for the case r = 2. Akbari et al. [1] proved that x; ,(G) < A(G) + 1if G has no com-
ponent isomorphic to Cs and if A(G) > 3. Later in [8], Esperet disproved a conjecture x; »(G) = max{x.(G), x2(G)} made
in [1]. Chen et al. [5] showed that x; »(G) < 6if G is a planar graph.

A graph G has a graph H as minor if H can be obtained from a subgraph of G by contracting edges, and G is called H-minor
free if G does not have H as a minor. A graph G is called a series—parallel graph if each component can be obtained from K, by
iteratively using the following two operations: replace an edge with a path of length 2 and duplicate an edge. A graph G is
K4-minor free if and only if each block of G is a series—parallel graph. Wegner [ 16] conjectured that if G is a planar graph, then

A(G) + 5, if4 < AG) <7,
xa(6) = {LBA(G)/ZJ +1, ifA@G) > 8.

Define

_Jr+3, if2<r<3;
K@) = {L3r/2J +1, ifr =4

Lih et al. proved the following towards Wegner’s conjecture.

Theorem 1.1 (K.-W. Lih, W.-F. Wang and X. Zhu [12]). Let G be a K4-minor free graph. Then
Xx4(G) < K(A(G)).

In this paper, we will extend Theorem 1.1 as the following.

Theorem 1.2. Let G be a K4-minor free graph with A = A(G), and r > 2 be an integer. Then

(i) %(G) <K().
(if) xur(G) < K(r) + 1.

Examples given in [12] show that Theorem 1.2(i) is best possible whenr = A.
2. Proof of Theorem 1.2

Define Sg(u) = {x : dg(x) > 3 with ux € E(G) or there exists a 2-vertex w with uw, wx € E(G)}. Let Dg(u) = |Sc(u)|.
See Fig. 1 for the case of Dg(u) = 2. It is well known [7] that every K4-minor free graph contains a vertex of degree at most
two. Lih et al. [12] proved the following lemma.

Lemma 2.1 (K.-W. Lih, W.-F. Wang and X. Zhu [12]). Let G be a K4-minor free graph. Then one of the following conditions holds:

(i) 8(G) = 1;
(ii) There exists two adjacent 2-vertices;
(iii) There exists a vertex u with dg(u) > 3 such that Dg(u) < 2.
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Fig. 1. Sc(u) = {x, y}.

We will use Lemma 2.1 to prove our result. Before that, we introduce some notations. Let G be a graph with the vertex
set V, V' C V be a vertex subset and G[V’] be the induced subgraph of G on V’. A mapping ¢ : V' — U,y L(v) is a partial
coloring if ¢ is a proper (L, r)-coloring of G[V']. Let ¢ be a partial coloring of G on V’. For the uncolored vertexv € V — V/,
let {c(v)} = @. For every vertex v € V', define c[v] as follows.

_ e}, if [c(Nc(v))| > r;
vl = {{C(”)} U ¢(Ng(v)), othervgise. (1)

Thus, when a partial coloring c is given, c[v] consists of the set of colors that cannot be used for uncolored neighbors of
v.By (1), [c[v]| <.

Proof of Theorem 1.2. As it is shown in [5] that x»(G) < 5 and x;2(G) < 6 if G is a planar graph, Theorem 1.2 holds for
r = 2. In the following, we assume that r > 3.
We argue by contradiction to prove Theorem 1.2. Assume that

G is a counterexample to Theorem 1.2 with |V (G)| minimized. (2)

Then for some list assignment {L(v) : v € V(G)}, Ghasno (L, r)-coloring. We may assume that forevery v € V(G), L(v) =
{1,2,...,K(r)}if G is a counterexample of Theorem 1.2(i), and that |L(v)| = K(r) + 1if G is a counterexample of Theo-
rem 1.2(ii). Asr > 3 implies K(r) > 6, we may assume |V (G)| > 7. By (2), G must be connected.

In the following proof, we will obtain a K4-minor free graph H by making local modifications of G such that |V(H)| <
|[V(G)]. By (2), H has an (L, r)-coloring c. To obtain a contradiction, we shall extend and modify c to an (L, r)-coloring of G.

Claim 2.2. §(G) = 2.

If G has a vertex x of degree 1, then let H = G — x. As H is a K4-minor free graph with |V (H)| < |[V(G)]|, it follows by (2)
that H has an (L, r)-coloring c. Let N¢(x) = {u}. By (1) and the definition of K(r), |c[u]| < r < K(r), and so the number of
colors that cannot be used for the uncolored neighbor x of the vertex u in G is less than K (r). Therefore, we can extend c to
an (L, r)-coloring of G by defining c(x) € L(x) — c[u], contrary to (2). O

Claim 2.3. Any two 2-vertices of G are not adjacent.

If G has two adjacent 2-vertices x and y, then denote Ng(x) = {u,y} and Ng(y) = {v,x}.LetH = G — x + uy. AsH is
K4-minor free with |V (H)| < |[V(G)|,by(2),H hasan (L, r)-coloring c. For such a coloring c, it follows that c[y] = {c(y), c(v)}.
Therefore, |c[u] U c[y]] < |c[u]]l + |cly]l] < r + 2 < K(r), and so the number of colors that cannot be used for the un-
colored neighbor x of the vertices u, y in G is less than K(r). Thus, we can extend c to an (L, r)-coloring of G by defining
c(x) € L(x) — (c[u] U cly]), contrary to (2). O

By Lemma 2.1, Claims 2.2 and 2.3, G has a vertex u with dg(u) > 3 such that Dg(u) < 2.In the rest of the proof, we always
assume that u is such a vertex. For x € S¢(u), define

Mc(u,x) = {w : w € Ng(u) N Ng(x), dg(w) =2} and mg(x) = |Ms(u, x)|. (3)

Without loss of generality, we may assume mg(x) > 1, and we have the following claim.

Claim 2.4. Dc(u) = 2.

By the definition of Dg(u), Claims 2.2 and 2.3, Dg(u) > 1. Assume that Dg(u) = 1and Sg(u) = {x}. Then all the neighbors
of u are either x or some neighbors of x. Since mg(x) > 1, pick w € Mg(u, x) and define H = G — w. As H is also a K4-minor
free graph with |V (H)| < |V(G)|, by (2), H has an (L, r)-coloring c. Since dg(u) > 3, we have mg(x) > 2, and so c(u) # c(x).
Note that Ng(u) C {x} U Ng(x).If dg(x) > r + 1, then |c[x]| = 1. It follows that |c(u) U c[x]| < 1+ r < K(r), and so the
number of colors that cannot be used for w € M(u, x) is less than K (r). Therefore, as c(u) # c(x), we can extend c to an
(L, r)-coloring of G by defining c(w) € L(w) — (c[u] U c[x]), contrary to (2). O

Claim 2.5. Let w € Mg(u, x) and c be an (L, r)-coloring of G — w with c(u) # c(x). Then max{ds(u), dg(x)} <.
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We argue by contradiction and assume that max{d;(u), dg(x)} = dg(u) > r.Since w € Mg(u, x), then dg_,,(u) > r.
Hence by (1), for any (L, r)-coloring ¢ of G — w, |c[u]] = 1. As |c[u] U c[x]| < |c[u]| + |c[x]| < r + 1 < K(r), the number
of colors that cannot be used for the uncolored w in G is less than K (r). Therefore, by c(u) # c(x), ¢ can be extended to an
(L, r)-coloring of G by choosing c(w) € L(w) — (c[u] U c[x]), contrary to (2). O

By Claim 2.4, Dg(u) = 2. Let Sg(u) = {x, y}. Then by the definition of S;(u), it follows that (see Fig. 1)

Ne(u) € Ne(x) UNg(y) U {x, y}.
Without loss of generality, we assume that mg(x) > mg(y). Since dg(u) > 3, we have mg(x) > 1. Pick w € Mg(u, x) and
define
H=GC—w.
Then H is also a K4-minor free graph with |V (H)| < |V(G)|. By (2), H has an (L, r)-coloring c.
Case 1.xu € E(G).

Asxu € E(H), c(u) # c(x).By Claim 2.5, we have max{d¢(u), dg(x)} < r.Since x is adjacent to u, we have |c[u] U c[x]| <
de(u)+dc(x) —mg(x)—1.By mg(x)+mg(y) > dg(u)—2 and by mg(x) > mg(y), we conclude that mg(x) > [(dg(u)—2)/2] =
[dc(u)/2] — 1. Hence

lc[ul Uc[x]] < de(u) + dg(x) — mg(x) — 1
< dg(u) + dg(x) — [dc(u)/2]
< lde(u)/2] + de(x)
[3r/2]
K@) —1.
It follows that the number of colors cannot be used for the uncolored neighbor w of the vertices u, xin G is less than K (r).

Therefore, as c(u) # c(x), c can be extended to an (L, r)-coloring of G by choosing c(w) € L(w) — (c[u] U c[x]), contrary to
(2). This proves Case 1.
Case 2.xu ¢ E(G), yu & E(G).

Since xu, yu ¢ E(G) and mg(x) > mg(y), we conclude that mg(x) > [dg(u)/2] > 2. Then there exists a 2-vertex w’ with
w'x, w'u € E(H), and so c(u) # c(x). By Claim 2.5, we have max{ds(u), ds(x)} < r. Since x is not adjacent to u, we have
lc[u] Uclx]| < dg(u) + dg(x) — mg(x) + 1. Hence

lc[ul Uclx]] < do(u) + de(x) — mg(x) + 1
de(u) +de(x) — [de(u) /2] + 1
lde(w)/2] +do(x) + 1
[3r/2] +1
- K@3)—1, ifr=23;
= |K(r), ifr > 4.

If |c[u] U c[x]| < K(r) (the case when r = 3 is included), or if |c[u] U c[x]| = K(r) and |L(w)| = K(r) + 1, then the
number of colors that cannot be used for the uncolored neighbor w of the vertices u, x in G is less than |L(w)|. Therefore, as
c(u) # c(x), we can extend c to an (L, r)-coloring of G by defining c(w) € L(w) — (c[u] U c[x]), contrary to (2).

Therefore, we assume that r > 4 and |c[u] U c[x]| = K(r). Since |c[u] U c[x]| = |c(Ny(u) U Ny(x) U {u, x})| = K(r) and
Ny (u) U Ny (x) U {u, x} has exactly K (r) vertices, each vertex in Ny (1) U Ny (x) U {u, x} is colored differently by c. Asr > 4,
dy(u)+2 < (r—1)+2 < K(r) — 2, and so there are at least two choices to color u properly in H (as an (L, r)-coloring). By
changing the color of u and preserving the colors of other vertices, we obtain a new coloring (also denoted by c) satisfying
|c[u] Uc[x]| < K(r). Therefore, as c(u) # c(x), we can extend c to an (L, r)-coloring of G by defining c(w) € L(w) — (c[u] U
c[x]), contrary to (2). This proves case 2.

Case 3. xu ¢ E(G), yu € E(G).

If m¢(x) = mg(y), we may interchange x and y, and it falls under Case 1. Hence we may assume that m¢(x) > mg(y).
Case 3.1. dg(u) is odd.

Since dg(u) is odd, mg(x) + mg(y) = dg(u) — 1is even, and so mg(x) > mg(y) +2 > 2.

Case 3.1.1. mg(x) > mg(y) + 4.
Since mg(x) > mg(y) +4 > 4, My (u, x) # ¢, and so c(u) # c(x). By Claim 2.5, we have max{d;(u), dg(x)} < r. Hence,
lc[ul Uclx]l < do(u) + de(x) — mg(x) + 1
< de(u) +de(x) — (de(u) +3)/2 + 1
= |dc(u)/2] + d(x)
[3r/2]

INIA

IN TN IA
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Fig.2. H=G—w—w' +xy.

It follows that the number of colors that cannot be used for the uncolored neighbor w of the vertices u, x in Gis less than K (r).
Therefore, as c(u) # c(x), we can extend c to an (L, r)-coloring of G by defining c(w) € L(w) — (c[u] U c[x]), contrary to (2).

Case 3.1.2. mg(x) = mg(y) + 2.
If mg(x) = mg(y) + 2 > 2, then My (u, x) # ¢, and so c(u) # c(x). By Claim 2.5, we have max{d¢(u), dc(x)} < r.If
dc(u) < r, then
lc[u]Uclx]] < de(u) + do(x) — mg(x) + 1
< de(u) + dg(x) — (de(w) + 1)/2 + 1
= (de(w) + 1)/2 + dc(x)
=< [r/2] +dc(x)
= |3r/2]
< K()-—1.
Thus the number of colors that cannot be used for the uncolored neighbor w of the vertices u, x in G is less than K(r).
Therefore, as c(u) # c(x), we can extend c to an (L, r)-coloring of G by defining c(w) € L(w) — (c[u] U c[x]), contrary to (2).
So we assume that dg(u) = r.If xy € E(G), then
lc[u] Uclx]| = de(u) +dg(x) — 1 — (mg(x) — 1)
< de(u) + de(x) — (d(uw) + 1)/2
= (de¢(u) — 1)/2 + dg(x)
< [r/2] +dc(x)
= |3r/2]
<K(@)-—1.
It follows that the number of colors that cannot be used for the uncolored neighbor w of the vertices u, x in Gis less than K (r).
Therefore, as c(u) # c(x), we can extend c to an (L, r)-coloring of G by defining c(w) € L(w) — (c[u] U c[x]), contrary to (2).
Thus we assume that d¢(u) = r and xy & E(G). In this case,
le[ul U clx]] < do(w) + dg(x) — (mg(x) — 1)
< de(u) + de(x) — (do(w) + 1)/2+ 1
= (de(u) — 1)/2 + de() + 1

< |r/2] +de(x) + 1

< [3r/2]+1

- K3) -1, ifr=3;
= |K(r), ifr > 4.

If |c[u] U c[x]| < K(r) (the case when r = 3 is included), or if |c[u] U c[x]| = K(r) and |L(w)| = K(r) + 1, then the
number of colors that cannot be used for the uncolored neighbor w of the vertices u, x in G is less than |[L(w)|. Therefore, as
c(u) # c(x), we can extend c to an (L, r)-coloring of G by defining c(w) € L(w) — (c[u] U c[x]), contrary to (2).

Therefore, we assume thatr > 4and |c[u]Uc[x]| = K(r).Since dg(u) = dg(x) = r > 4isodd, we haveds(u) =r > 5.As
mg(x) = mg(y)+2and dg(u) > 5, Mg(u, y) # @, and so we may choose some w’ € M¢(u, y). NowletH' = G—w —w' +xy
(see Fig. 2). Then H’ is also a K4-minor free graph with |[V(H")| < |V(G)|. By (2), H has an (L, r)-coloring ¢ in which c(u) #
c(x). So we can extend ¢ to V(G — w) by letting c(w’) = c(x). Then as c¢(x) € c[u] in H = G — w, the extended coloring c is
an (L, r)-coloring of G — w in which c(u) # c(x) and |c[u] U c[x]| < K(r), and so the number of colors that cannot be used
for the uncolored neighbor w of the vertices u, x in G is less than K (r). Therefore, as c(u) # c(x), ¢ can be further extended
to an (L, r)-coloring of G by defining c(w) € L(w) — (c[x] U c[u]), contrary to (2).
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Case 3.2.dg(u) is even.

If d¢(u) is even, then mg(x) + mg(y) = dg(u) — 1is odd and mg(x) > mg(y) + 1.

If mg(x) > mg(y) + 3 > 3, then my(x) > 2, and so c(u) # c(x). By Claim 2.5, we have max{d;(u), ds(x)} < r. Hence
[clu] Uclx]| < dg(u) + do(x) — mg(x) + 1 < dg(x) + dg(u)/2. Then

lc[u] U c[x]] < {;;;ZLT/ZJ’ EZEEZ; i :

Since dg(u) is even, when d¢(u) = r, 3r/2 = |3r/2], and so |c[u] U c[x]| < |3r/2] < K(r) — 1. Then the number of colors
that cannot be used for the uncolored neighbor w of the vertices u, x in G is less than K (r). Therefore, as c(u) # c(x), we can
extend c to an (L, r)-coloring of G by defining c(w) € L(w) — (c[u] U c[x]), contrary to (2).

Assume that mg(x) = mg(y) + 1. Since dg(u) > 4, mg(y) = dg(u)/2—1 > 1.Choose w’ € M¢(u,y) andletH” = G—w'.
Then H” is a K4-minor free graph with |V(H”)| < |V(G)|. As uy € E(G), c(u) # c(y). By Claim 2.5, we have max{d¢(u),
ds(y)} < r.Hence

lcu] Uclyll = dg(u) + de(y) —me(y) — 1
< dg(u) + dg(y) — dg(u)/2
= dg(u)/2 + dc(y)
= 13r/2]
< K(r)—-1.

Thus the number of colors that cannot be used for the uncolored neighbor w’ of the vertices u, y in G is less than K(r).
Therefore, as c(u) # c(y), we can extend c to an (L, r)-coloring of G by defining c(w’) € L(w") — (c[u]Uc[y]), contrary to (2).
Since in all cases, a contradiction is obtained, this establishes the theorem and completes the proof. O

3. Remark

Motivated by Wegner’ conjecture and the result in this paper, it is natural to seek, for each integer r > 1, the smallest in-
tegers f () and f, () such that for any planar graph G, x,(G) < f1(r) and x; ,(G) < f>(r). By the Four Color Theorem [2,3,15]
and by the results in [5], we believe that the following holds.

Conjecture 3.1. Let G be a planar graph. Then we have x.(G) < fi(r), where

r+3, f1<r<2;
fi(r)y =1 +5, f3<r=<v,
[3r/2]+1, ifr>8.
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