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Similarly, a sequence d is r-uniform multi-hypergraphic if there is an r-uniform hypergraph
(possibly with multiple edges) with degree sequence d. In this paper, it is proved that an
r-uniform hypergraphic sequence d = (dq, do, . . ., d,) has a k-edge-connected realization
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Dejéree sequences if and only if both d; > kfori = 1,2,...,nand Z?:] d; > % which generallzgs the
Uniform hypergraphs formal result of Edmonds for graphs and that of Boonyasombat for hypergraphs. It is also
Hypergraphic sequences proved that a nonincreasing integral sequence d = (dq, d3, . .., d,) is the degree sequence
k-edge-connected of a k-edge-connected r-uniform hypergraph (possibly with multiple edges) if and only if

>1 ., diisamultiple of r,d, > kand Y1, d; > max{""=", rd,}.
© 2013 Elsevier B.V. All rights reserved.

1. Introduction

This paper focuses on the study of degree sequences in hypergraphs. Undefined terms can be found in [1] for hypergraphs
and [3] for graphs. A hypergraph H is a pair (V, &) where V is the vertex set of H and & is a collection of not necessarily distinct
nonempty subsets of V. Note that we allow a hypergraph to have isolated vertices, which differs slightly from [1]. An element
in V is a vertex of H, and an element in & is a hyperedge or simply an edge of H. The degree of a vertex v in H, denoted by
du (v) or d(v), is the number of edges in H containing v. Let & = {Ey, E;, ..., E,}. Ahypergraph H is simple if E; C E; implies
thati = jforanyi,jwith 1 <i,j < m.Letr > 2 be an integer. A hypergraph H is an r-uniform hypergraph if |E;| = r for
eachiwith 1 < i < m. Thus a simple graph is a simple 2-uniform hypergraph, and vice versa. Let G and H be hypergraphs
with V(G) N V(H) = @. Then G U H is the hypergraph with vertex set V(G) U V(H) and edge set §(G) U §(H).If X is a
collection of nonempty subsets of V(H) and X N §(H) = @, then H + X is the hypergraph with vertex set V(H) and edge set
&(H) UX.

If a hypergraph H has vertices vy, v, ..., vy, then the sequence (d(vq), d(v,), ..., d(v,)) is a degree sequence of H. A se-
quenced = (dq, ds, ..., d,) is hypergraphic if there is a simple hypergraph H with degree sequence d, and such a hypergraph
H is a realization of d, or a d-realization. A sequence d is r-uniform hypergraphic if there is a simple r-uniform hypergraph
H with degree sequence d. Similarly, a sequence d is multi-hypergraphic if there is a hypergraph (possibly with multiple
edges) with degree sequence d. A sequence d is r-uniform multi-hypergraphic if there is a r-uniform hypergraph (possibly
with multiple edges) with degree sequence d. A 2-uniform hypergraphic sequence is also referred to as a graphic sequence.
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Let H be a hypergraph and V;, V5, ..., Vi be subsets of V(H). A hyperedge E € &(H) is (Vq, V>, ..., Vy)-crossing if E N
Vi # ¢ for1 < i < k. Ifin addition, E C Uﬁ‘zl Vi, then E is exact-(Vq, Vs, ..., Vi)-crossing. When k = 1, E is said to
be V;-crossing and exact-V;-crossing, respectively. The set of all exact-(Vy, V,, ..., Vi)-crossing edges of H is denoted by
85’1‘,2 Vi A walk in a hypergraph H is a finite alternating sequence W = (v, El, v1, Ea, ..., Ex, vr), where v; is a vertex
fori =0,1,...,kandE; is an edge such that v;_1,v; € E;forj = 1,2,..., k. Awalk W is a path if all the vertices v; for
i=0,1, k and all the edges in W are distinct. A hypergraph is connected 1f for each pair of distinct vertices there exists a
path from one to the other. Let X be a nonempty proper subset of V and X = V —X.The set of all (X, X)-crossing hyperedges
of a hypergraph H is an edge-cut of H between X and X, denoted by [X, X, or [X, X]. The number of hyperedges in [X, X |4
is denoted by |[X, X]u| or dy (X). For a positive integer k, a hypergraph H = (V, €) is k-edge-connected if dy; (X) > k holds
for every nonempty proper subset X C V. The edge connectivity of H is the maximum k such that H is k-edge-connected.

Edmonds gave the following characterization for a graphic sequence to have a k-edge-connected realization.

Theorem 1.1 (Edmonds [8]). A graphic sequence d = (dq, da, . . ., d,) has a k-edge-connected realization if and only if

(i)di=kfori=1,2,...,n
(ii) ZL] d>2n—1Difk=1.

Characterizations of uniform hypergraphic sequences or uniform multi-hypergraphic sequences to have connected
realizations have been obtained by Boonyasombat [4] and Tusyadej, respectively.

Theorem 1.2 (Boonyasombat, Theorem 4.1 of [4]). An r-uniform hypergraphic sequence d = (dq, d>, ..., d,) has a connected
realization if and only if

i)di=1fori=1,2,...,n
(i) YL, di = "=,

Theorem 1.3 (Tusyadej, Page 4 of Berge [1]). A nonincreasing integer sequence d = (dq, da, . .., dy) is the degree sequence of a
connected r-uniform hypergraph (possibly with multiple edges) if and only if each of the following holds

(i) YL, di is a multiple of r;
(i) d, = 1; and
(ifii) Y, di > max{"®=1 rd).

Degree sequence problems of hypergraphs are much harder than those of graphs. Actually the characterizations of hy-
pergraphic sequences is still open for r > 3 (see [1,2,6,7,9]). The problem seems to be difficult even for r = 3. In [5], only
the necessary condition for a hypergraphic sequence was given for r = 3. In fact, in [6], the authors reported that they were
neither able to give a polynomial time algorithm nor able to prove that the problem is NP-complete even for r = 3.

In this paper, we investigate necessary and sufficient conditions for an r-uniform hypergraphic sequence to have a
k-edge-connected realization. Our main results, Theorems 1.4 and 1.5 below, generalize Theorems 1.1-1.3, respectively.

Theorem 1.4. An r-uniform hypergraphic sequence d = (dy, ds, . .., d,) has a k-edge-connected realization if and only if

(i)di=kfori=1,2,.
(i) YL, di > "=D ” if k = 1

Theorem 1.5. A nonincreasing integer sequence d = (dy, ds, ..., dy) is the degree sequence of a k-edge-connected r-uniform
hypergraph (possibly with multiple edges) if and only if each of the following holds

(i) Z?:] d; is a multiple of r;
(ii) dn > k; and
(iii) Y, di > max{"®=Y rdy).

In Sections 2 and 3, we will present the proofs of Theorems 1.4 and 1.5 respectively. A further conjecture will be proposed
in Section 4.

2. The proof of Theorem 1.4

The main effort will be the proof for the sufficiency. We will first show that d has an h-edge connected realization H for
some h > 1.If h < k, then we will show that it is possible to perform some edge switching to find a d-realization with
higher edge connectivity.
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The following lemmas hold for any possibly nonsimple hypergraph.
Lemma 2.1. Let H be an r-uniform hypergraph on n vertices. If H is connected, then |& (H)| > % Moreover, the equality holds
if and only if for any edge E € &(H), H — E has r components.

Proof. We establish the inequality by induction on n. If n = r, then it has an edge containing all vertices and so | (H)| > 1
(Jé(H)| = 1for simple hypergraphs). Assume thatn > r+ 1 and that the inequality holds for smaller values of n. We remove
edges from H one by one until there are at least 2 components. Let Hy, Hy, .. ., H; be these components. Removing a single
edge can only create at most r components, thus 2 < t < r. Suppose that the number of vertices in H; is n; for 1 < i < t
Then 3_;_, n; = n. By the inductive hypothesis, | (H;)| > ”r‘_]l Thus [§(H)| > Y i_, |EH)|+1 = > M=
Now suppose that the equality holds. If there exists an edge E; € &(H) such that H — Ej has less than r components,
denoted by Hy, H,, ..., H;, where 1 < t < r. Let n; be the number of vertices in H; for 1 < i < t. Then Zt 1 h; = n. Since

each H; isaconnectedr uniform hypergraph, |&(H;)| = "f_l .Then |E(H)| = Zf JEH)|+H1T=1=4+1> 141 =12 }
contrary to |&(H)| = "=1. Hence for any edge E € &(H), H E has r components.

To prove the sufﬁcrency of the second part, we argue by induction on n. If n = r, then [E(H)| = 1 = 7= 1, and so we
assume that n > r and it holds for smaller values of n. Pick E € &(H). Let Hy, H,, ..., H, be the components of H — E
and n; = |V(H)| fori = 1,2,...,r. We claim that for each i and any edge E' € &(H;), H; — E’ has r components. If
not, then there exist j with 1 < j < r and an edge E” € &(H;) such that H; — E” has less than r components. Then
H —E" = (H;j — E") U (Uiy H;) + {E} has less than r components contrary to the assumption. Hence the claim holds and

by induction, |& (H;)| = "l 1 .Thus |E(H)| = Z, 1EHD|+1 = ﬁ +1=1= 1,completmgthe proof. O

Lemma 2.2. Let H be an r-uniform h-edge-connected hypergraph and [X, X1 be an edge-cut of size h. Then for any vertex u € X
with dy(u) > h and for any vertex v € X, there exist vertices u,, us, ..., u, € X such that {u,u,,...,u;} € &(H) and

{v,uy,...,u} € &(H).

Proof. Let dy(u) = k and k' be the number of (X, X)-crossing edges containing u. Then k' < h < k, and there are k — k'
exact-X-crossing edges containing u. That is, there exist distinct (r — 1)-subsets Uy, Us, . .., Uyg—k, of X such that for each
i=1,2,...,k—K,U;U{u} € E(H). Let v be any vertex in X.Ifforeachi = 1,2,...,k — Kk, U; U {v} € &(H), then
I[X,X]| = k'+(k—Kk") > h, contrary to |[X, X]| = h. Thus there exists a set U; where 1 < j < k—k’ such that UjU{v} & &€ (H).
LetUj = {uy, u3, ..., u ). Then {u, uy, ..., u;} € EH) but{v, up, ..., u,} € EH). O

Lemma 2.3. Let d be a sequence satisfying Theorem 1.4(i) and (ii). Then for any disconnected d-realization H with components
Hi, H,, ..., H, there exists an edge E € &(H;) such that the number of components of H; — E is at most r — 1, for some j with

1<j=lL
Proof. Suppose that there is no such edge E € &(H;) fori = 1,2,...,L Let |[V(H)| = nand |V(H)| = n; foreachi = 1,
.,L By Lemma 2.1, [§(Hy)] = "= Thus [6(H)| = YL, [6(Hy)| = Mtfadtedml _ nl andso 3L, d; =

r—1 r—1 r— 1'
rleH)| < r(r";”,contrary to Theorem 1.4(ii). O

Lemma 2.4. Suppose that H is an r-uniform hypergraph with edges Eg = {u, Xp, X3, ..., X} and Fy = {v,¥2,y3, ..., y:}. Let
H’ be a hypergraph obtained from H by deleting edges Eq and Fy, and adding edges {v, X3, X3, ..., x,} and {u, y, ¥3, ..., y:}. Let
Z be a nonempty proper subset of V(H). If dy/(Z) < dy(Z), then one of the following must hold.

() u,¥2,¥3,...,¥yr €Z,v € Z and at least one of X2, X3, ..., X, 1S inZ;

(i) u, ¥2,¥3, ..., Yy € Z, v € Z and at least one of X3, X3, . .., X, is in Z;
(iii) v, X2, X3, ..., X € Z, u € Z and at least one of y5, V3, ..., yr iSinZ;
(iv) v,Xx2,X3,...,X € Z,ue Z and at least one of y,, y3, ..., Yy, isinZ.
Proof. By symmetry, it suffices to show one of the cases. Since dy/ (Z) < dy(Z), at least one of the two new edges of H' is not
(Z, Z)-crossing. Without loss of generality, we may assume thatu, y,, ys, ..., ¥, € Z.Thenv € Z, otherwise, Fy is not (Z, Z)-
crossing in H, and thus removing F, will not decrease the number of (Z, Z)-crossing edges, contrary to dy (Z) < dy(Z).
Similarly, if X, X3, ..., X, € Z, then Ey is not (Z, Z)- -crossing in H and thus removing Ey will not decrease the number of
(Z, Z)-crossing edges contrary to dy (Z) < dy(Z). Thus at least one of x,, X3, . . ., X, is in Z, completing the proof of (i). O

Let h be a positive integer, an h-minimal set of a hypergraph H is a nonempty proper subset X of V(H) withdy(X) = h
such that for any nonempty proper subset X’ of X, dy(X’) > h. By definition, if H is h-edge-connected, then any subset
S C V(H) with dy(S) = h contains an h-minimal set of H.

Lemma 2.5. Suppose that X is an h-minimal set of an r-uniform hypergraph H. Let X; and X, be nonempty proper subsets of X
with X1 U Xy = X. Then each of the following statements holds.
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Fig. 1. The construction of G from H.

(i) 160, | = |6] o] + Tand |6, | = 1€ | + 1.

.. H h ‘S)ZXZX‘
(11) |8x1x2| Z 27 T 2 + 1.
Proof. (i) Since X is an h-minimal set of H, dy(X) = |8)ZY|+|8>ZY|+|8>ZXZT<| = handdy(X;) = |8}’;Y|+|8§’]X2|+|8;X2¥| >
h+ 1. Thus |&f | > |8;[2Y| + 1. By symmetry, |&f , | > |8)§11Y| + 1.
lef | ol
.. . h X1 XX
(ii) By (i), 2|64, | + |8§’1X2Y| > |8)’j]¥| +1+ |8)’(427(| +14+ |8>’:]X27<| =h+2Thus|& | > 5 — =5 +1. O

Suppose that [Z, Z] is an edge-cut of a hypergraph H. Let X;, Y; € ZwithX; NY; =@ and X5, Y, € Z withX, NY, = ¢.
Let €} be the set of all other edges of [Z, Z] which are not in €]/, and &}/, . Then

dy(Z) = 65, | + 161y, | + 165 (1)

Now we are ready to prove Theorem 1.4.
Proof of Theorem 1.4. Suppose that d has a k-edge-connected r-uniform realization H. For any vertex v € V(H) whose
degree is d;, d; = |[{v},V — {v}]| = k,fori = 1,2,...,n.When k = 1, by Lemma 2.1, |§(H)| > f%}, andso >, d;

r(n—1)
> 7
- r—=1 "

To prove the sufficiency, let h be the maximum edge connectivity among all d-realizations. By contradiction, we assume
that

h < k. (2)

First we prove that h > 1 by showing that d has a simple connected r-uniform realization. Let H be a simple r-uniform
d-realization with [ components such that

lis minimized. 3)
Ifl = 1,then H is connected, and we are done. Hence we may assume that! > 2 and let Hy, H», . .., H; be the components

of H.
By Lemma 2.3, we may assume that H; has an edge E = {uy, uy, ..., u;} such that H; — E has a component U with

Uy, uy; € V(U).LetE' = {vq, vy, ..., v} € EH;) for some i withi > 1. Let G be a hypergraph obtained from H by deleting

edges E and E’, and adding edges {v1, Uy, us, ..., u.} and {uy, v, vs, ..., v;},as shown in Fig. 1. Then V (H;) and V (H,) are in

the same component of G, and for each j with 1 < j < [, vertices in V (H;) are in the same component of G. Thus the number

of components of G is at most [ — 1, contrary to (3). Therefore there exists a connected r-uniform d-realization, and soh > 1.
Let H be an r-uniform d-realization with edge connectivity h and

with fewest number of edge-cuts of size h. (4)

Let X be an h-minimal set of H. Since dy ()_() =h, X must contain an h-minimal set, denoted by Y. Since H is connected,
there existu € X, v € Y and apath P = (u, Fy, wq, F>, wo, ..., F¢, v) such that

Fy is (X, X)-crossing and F; is (Y, Y)-crossing. (5)

By Theorem 1.4(i), dy(u) > k > h = |[X, )_(]|. Then by Lemma 2.2, there exist vertices x,, X3, ..., X, € X such thatE; =
{u,x3,x3,...,%x} € &(H) but {v,x3,x3,...,%} & &(H). Similarly, there exist y,,ys3,...,yr € Y such that E;, =
{v,y2,¥3,...,¥) € &H) but {u,y,,ys3,...,¥} € &(H). Let H' be the hypergraph obtained from H by deleting edges E;
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Fig. 2. The construction of H' from H.

and E,, and by adding edges E] = {v, X2, X3, ..., X, }and Ej = {u, y>,ys, ..., yr},as showninFig. 2. Then dy'(X) = h+2 and
dy (Y) = h+ 2. By the definition of H', §(H') = (§ (H) — {E:1, E2}) U{E}, E;}. An edge-cut is new if it is not an edge-cut of H.
Claim 1. If H' has a new edge-cut [Z, Z] of size at most h, then each of the following holds.

(i) Hhasan (X NZ,XNZ,Y NZ,Y NZ)-crossing edge. 3
(ii) H has no edges crossing exactly threeof X NZ,XNZ,YNZandY NZ.

Proof of Claim 1. Suppose that H' introduces a new edge-cut [Z, Z] with size < h.Thendy (Z) < h < dy(Z). By Lemma 2.4
and by symmetry, we may assume that u, y, € Z and v, x, € Z, as shown in Fig. 3.

LetXNZ = X1, XNZ =X,,YNZ = Y;and YNZ = Y. By Lemma 2.5, |8x1x2 > g ‘8;11X2X +1and|8yly2| > g_l \ljleY +1.
By the construction of H' from H, we have |8§’1X2| = |&/ x| — 1and |&]! y2| 1671y, | — 1. By (1),
du (Z) = |65, | + 160y | + 16 |
= |6l |+ 180, 1+ 16 -2
> h+|8o/| _ )ZXJ(' _ | \ZYﬂ'
2 2
. [ N I U B [ 7l
2 2
By (5), there must be an edge in 8 " contained in the path P and so 8” =% (. Since & x XX and 8” v are subsets of 8”
if one of them is a proper subset of &7, then dy(Z) > h, contrary to dy (Z) < h. Thus S;IX 5= Sy BT = = gl + (. By the
definitions of 8” and Sfy 7 there existsan (X NZ,X NZ,Y NZ, Y NZ)-crossing edge, and there are no edges crossing

exactly three ofX ﬂ Z,XNZ,YNZ,YNZ.This completes the proof of Claim 1. O

Since [X, X]y is no longer an edge-cut of size h in H, if there is not a new edge-cut with size at most h in H’, then the
number of edge-cuts with size h of H' is less than that of H, contrary to (4). Thus, we may assume that H" has a new edge-cut
[Z, Z]y with size at most h. By Claim 1, there is an edge Ey = {ay, a3, ..., a;} € &(H) whichis X NZ,XNZ,YNZ,YNZ)-
crossing with minimized |Eq N X|. (Notice that if r = 3, then H can never have such an edge, contrary to Claim 1. Hence we
may assume that, in the rest of the proof, r > 4.)

Denote EoNX = {a;, ay, ..., as},where2 <s <r—2.AsY\Ey # @,letb; € Y\Ey.Sincedy(b;) > k > h,by Lemma 2.2,
there exist vertices by, bs, ..., b, € Y such that Fp = {by, by, ...,b;} € &(H) but Ej; = {ay, by, b3, ..., b} & E(H). See
Fig. 4(a).

IfF;, = {by,a,...,a;} € &(H), then Fj crosses at least three of X N Z,X N Z,Y NZ,Y N Z. By Claim 1(ii), Fy is
XNz,XnN Z YNZ, YN Z) -crossing, contrary to the minimality of |E0 N X|. Thus Fé = {b1,a2,...,a:} & E(H). Let
H" be the hypergraph obtained from H by replacing Eq and F, by E| and F;, as shown in Fig. 4(b).

Claim 2. H” does not have any new edge-cut of size at most h.

Proof of Claim 2. Suppose that there is a new edge-cut [D, D] of H” with size at most h. Then dy»(D) < h < dy(D). By
Lemma 2.4 and by symmetry, we may assume that a; € D and by € D, as depicted in Fig. 5.
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a, e . | o) .
______ | D] ob| I
0o of Nen/ 11 @ e ey eh >

Y c Y

X X X X

(a)H (b)H"
Fig. 5. New edge-cut [D, D] in H".
13 H H
LetXND = X3, XND = X4, YND = Y;and YND = 3@Byknmm25|8gh|_g—-&MX+4andwhu|_§— @“Y+1
By the construction of H” from H, we have |} Lxs| = €5, 1 and |8y3y4| €Ly, | — 1.By (1),

dyr (D) = |Exy, | + 164y, | + 165 |

H H H”
= |8x3x4| + |8y3y4| + |8o | -1
A I FoS i
XsXaX' Y3V,
2 2

h+1+ 6| -

%
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H H
> h+ |8”” U {Eo}| — |8X3X“X| |8Y3Y4Y|
- 2 2
e U g sl 18 U B — 18
N 2 2 '

Since S;’X < and 8;' y,7 are subsets of 1" U{Eo), if one of them is a proper subset of 7" U {Eo}, then dy» (D) > h, contrary
to dy»(D) < h. Hence Sfx = 8\23{4\/ 8”/ U {Eo}. Then Eg € 8}’("){ <N é‘fy o Which means Ey = {a;, a, ..., a;} must
be (X3, X4, Y3, Y4)-crossing. Thus the new edge Fj = {bs, a,, ..., a;} must be in 8[} " But Fg is not an edge in H, whence it is

H H H __ pH _ pH” : :
not in 8X XX and Ey Y7 , contrary to 8X XX 8y3y4? = §; U {Eo}. This completes the proof of Claim 2. O

By Claim 2, the number of edge-cuts of size h of H” is less than that of H, contrary to (4). Thus a contradiction will always
occur if (2) holds, and so we must have h = k. O

3. The proof of Theorem 1.5

The necessity of Theorem 1.5 is straightforward. We only need to prove the sufficiency. The argument to prove the
sufficiency of Theorem 1.5 is similar to that in the proof of Theorem 1.4. Theorem 1.5 can now be established by combining
the two lemmas below.

Lemma 3.1 (Gale [10], Ryser [11], See also Page 5 of Berge [1]). A nonincreasing integer sequence d = (dq, d;, ..., d,) is the
degree sequence of an r-uniform hypergraph (possibly with multiple edges) if and only if

(i) YL, di is a multiple of r;
(i) Yo di = rd;.

Lemma 3.2. An r-uniform multi-hypergraphic sequence d = (dy, d3, . . ., d,) has a k-edge-connected realization if and only if
(i)di=kfori=1,2,.
(i) Y, di > “o=0 1fk_ 1

Proof. The proof is essentially identical to that of Theorem 1.4 (except that now we do not need to avoid multiple edges),
thus, it is omitted here. O

4. Concluding remark

A hypergraph H is linear if for any two distinct edges E and F in H, |[ENF| < 1. Asequence d is linear hypergraphic if there
is a linear hypergraph with degree sequence d. Usually problems of linear hypergraphic sequences are more difficult than
those of hypergraphic sequences. The proof of Theorem 1.4 cannot be applied to linear uniform hypergraphic sequences
since the graphs constructed in the proof may not be linear. However, we believe that the following analog of Theorem 1.4
for linear r-uniform hypergraphs holds.

Conjecture 4.1. A linear r-uniform hypergraphic sequence d = (dq, d>, . . ., d,) has a k-edge-connected realization if and only
if

i)di=kfori=1,2,...,n;

(i) Y0, d > =D if k=1,
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