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where E1(v) is the set of edges with tail v and E~ (v) is the set of edges with head v. A
graph G is A-connected if for every b : V(G) — A with ZveV(G) b(v) = 0, there is a function
f 1 E(G) — A — {0} such that df = b. In this paper, we prove that if d(x) + d(y) > n
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Zs-connectivity for each xy € E(G), then G is not Z3-connected if and only if G is either one of 15 specific
Nowhere-zero 3-flow graphs or one of K3 n_2, K3 n—3, K;fnf2 or 1(3*_',173 forn > 6, where Kﬁfs denotes the graph
Degree sum obtained from K; s by adding an edge joining two vertices of maximum degree. This result

generalizes the result in [G. Fan, C. Zhou, Degree sum and Nowhere-zero 3-flows, Discrete
Math. 308 (2008) 6233-6240] by Fan and Zhou.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Graphs in this paper are finite, loopless, and may have multiple edges. Terminology and notations not defined here are
from [1]. Let G be a graph, H a subgraph of G, and v € V(G). Let dy (v) denote the number of edges joining v to vertices of
V(H) — v. In particular, when H = G, dg(v) is the degree of v and we simply write d(v) for it. For two subsets A, B C V(G),
ec(A, B) (or simply e(A, B)) denotes the number of edges with one endpoint in A and the other endpoint in B. For simplicity,
if Hy and H, are two subgraphs of G, we write e(Hq, Hy) to mean e(V (H;), V(H>)).

A cycle is a connected 2-regular graph. An n-cycle is a cycle on n vertices. For simplicity, a 3-cycle with vertex set {x, y, z}
is denoted by xyz. The complete graph on n vertices is denoted by K. Let K~ denote the graph obtained from K, by deleting
an edge, and let Krfs denote the simple graph obtained from the complete bipartite graph K; by adding an edge joining two
vertices of maximum degree. Throughout this paper, when K; ,_, and K; 1, are mentioned, we mean n > 4; when K3 ,_3
and K37, _5 are mentioned, n > 6.

Let G be a graph, and let D be an orientation of G. If an edge e € E(G) is directed from a vertex u to a vertex v, then let
tail (e) = u and head (e) = v. For avertex v € V(G), let ET(v) denote the set of edges with tail v and E~ (v) the set of edges
with head v. Let A denote an (additive) abelian group with the identity element 0. Let A* denote the set of nonzero elements
of A. We define F (G, A) to be the set of labelings of E(G) using elements of A and define F*(G, A) to be the set of labelings of
E(G) using nonzero elements of A.
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Fig. 1. Exceptional graphs for the main theorem.

Given a function f € F(G, A), define of : V(G) — Aby

o= Y f@Oo— Y fe@,

ecE} (v) eckp (v)

where “> " refers to the addition in A. The value df (v) is known as the net flow out of v under f.

For a graph G, a function b : V(G) — A is an A-valued zero-sum function on G if ZUE‘,@ b(v) = 0. The set of all A-valued
zero-sum functions on G is denoted by Z(G, A). Given b € Z(G, A), a function f € F*(G, A) is an (A, b)-nowhere-zero flow if
G has an orientation D such that df = b. A graph G is A-connected if for every b € Z(G, A), G admits an (A, b)-nowhere-zero
flow. A nowhere-zero A-flow is an (A, 0)-nowhere-zero flow, where here 0 denotes the function on V(G) that is identically
zero. More specifically, a nowhere-zero k-flow is a nowhere-zero Z,-flow, where Z; is the cyclic group of order k. Tutte [12]
proved that G admits a nowhere-zero A-flow with |A| = k if and only if G admits a nowhere-zero k-flow. We use group
connectivity to refer to the general properties of a graph being A-connected for some particular A. Let (A) denote the family
of graphs which are A-connected.

Integer flow problems were introduced by Tutte [11,13]. Group connectivity was introduced by Jaeger et al. [7] as a
generalization of nowhere-zero flows. This paper is mainly motivated by the following two conjectures.

Conjecture 1.1 ([11]). Every 4-edge-connected graph admits a nowhere-zero Z3-flow.

Conjecture 1.2 ([7]). Every 5-edge-connected graph is Zs-connected.

Conjecture 1.2 implies Conjecture 1.1 by a result of Kochol [8] that reduces Conjecture 1.1 to a consideration of
5-edge-connected graphs. So far, both conjectures are still open. Recently, degree conditions have been used to guarantee
the existence of nowhere-zero Z3;-flows and Z3-connectivity. Let G be a graph on n vertices. If d(u) 4+ d(v) > n for every pair
of nonadjacent vertices u and v, then G is said to satisfy Ore’s condition. Throughout this paper, we say G satisfies the given
degree-sum condition if d(u) 4+ d(v) > n for every edge uv € E(G). Fan and Zhou [5] investigated the relationship between
Ore’s condition and nowhere-zero Zs;-flows; Lou et al. [10] studied Zs-connectivity in graphs satisfying Ore’s condition.
Fan and Zhou [5] also studied the relationship between the given degree-sum condition and nowhere-zero Z;-flows. We
investigate Zs-connectivity in graphs satisfying the given degree-sum condition and prove the following theorem in this

paper.

Theorem 1.3. Let G be a 2-edge-connected simple graph on n vertices. If d(x) 4+ d(y) > n for each xy € E(G), then G & (Zs3) if
and only if Gisone of K3 n—2, K3.n—3, an—z’ I(;fn_g or one of the 15 exceptional graphs in Fig. 1.

2. Lemmas

For a subset X C E(G), the contraction G/X is the graph obtained from G by identifying the two ends of each edge in
X and then deleting all loops generated by this process. Note that even if G is simple, G/X may have multiple edges. For
convenience, we write G/e for G/{e}, where e € E(G). If H is a subgraph of G, then G/H denotes G/E(H).

The wheel Wy, (k > 2) is the graph obtained from a k-cycle by adding a new vertex, called the center of the wheel, which
is adjacent to every vertex of the k-cycle. We define W to be odd (even) if k is odd (or even, respectively). For technical
reasons, we define the wheel W; to be a 3-cycle.
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Fig. 2. Two Zs-connected graphs.
In this section, we establish several lemmas. Some results in [2-4,7,9] on group connectivity are summarized as follows.

Lemma 2.1. Let A be an abelian group with |A| > 3. The following results are known:

(1) K, and K are A-connected if n > 5.

(2) C,is A-connected if and only if |A| > n+ 1.

(3) Kin,n is A-connected if m > n > 4; neither K, ; (t > 2) nor K55 (s > 3) is Z3-connected.
(4) Wy € (Z3) and W1 €& (Z3), where k is a positive integer.

(5) If G & (A), then also H ¢ (A) when H is a spanning subgraph of G.

(6) If HC G, H € (A), and G/H € (A), then G € (A).

When H; and H, are two subgraphs of a graph G, we say that G is the 2-sum of H; and H,, denoted by H; & H,, if
E(H{)UE(H;) = E(G), |V(H;)NV(Hy)| = 2and |E(H;) NE(H3)| = 1. Note that the definition of 2-sum of two graphs here is
not that of 2-sum used in graph minor theory, which allows the edge joining the two common vertices to be dropped when
forming the 2-sum.

A graph G is triangularly connected if whenever ey, e; € E(G), there exists a list Cy, ..., C; of cycles such that e; € E(Cy),
e; € E(Go), |[E(G)| < 3for1 <i < k,and such that E(C;) NE(C41) # ¥ for 1 <j < k— 1.For triangularly connected graphs,
the following characterization of group connectivity is known.

Lemma 2.2 ([4]). If G is a triangularly connected graph on n > 3 vertices, then G is not Zz-connected if and only if there is an
odd wheel W and a subgraph G1 such that G = W & Gy, where G, is triangularly connected and not Z3-connected.

Lemma 2.3 ([3]). If G is a triangularly connected graph with 6(G) > 4, then G is Z3-connected.

For a graph Gwithu, v, w € V(G) such that v, w € N(u), let Gy, 4,y) be the graph obtained from G by deleting two edges
uv and uw and then adding edge vw, that is, Gy ) = G U {wv} — {uv, uw}.
Lemma 2.4 ([2]). Let A be an abelian group, let G be a graph, and let u, v, w be three vertices of G such that d(u) > 4 and

v, w € N(). If Gy, uw) i A-connected, then so is G.

The edge vqv; in Fig. 2(a) is called a distinguished edge. By the result in [10, Lemma 2.2], Fig. 2(a) is Z3-connected. The
same is true for Fig. 2(b).

Lemma 2.5. Both graphs in Fig. 2 are Z3-connected.

Proof. Let G be the graph (b) shown in Fig. 2. The graph Gy, , 4,1, has two copies of the edges v, v,. Iteratively contracting 2-
cycles leads eventually to Ky, which is Z3-connected. By Lemma 2.1(2) and (6), Gju; vy ,u;v,] € (Z3).ByLemma2.4,G € (Z3). O

By the results in [6, Proposition 1.3] and [5, Theorem 1.7], no graph in {Gy4, G11, G12, G13, G1s, I<;n73} admits a nowhere-
zero Z3-flow. By definition, every graph not admitting a nowhere-zero Z3-flow is not Z3-connected. We summarize this result
in the following lemma (also see [10, Theorem 1.7]).

Lemma 2.6. No graph in {G4, G11, G12, G13, G1s, I<3‘fn73} is Z3-connected.

Lemma 2.7. No graph in Fig. 1 or in {Ky,n—2, K3.n—3, K5, 5. K5, _3} is Z3-connected.

Proof. By Lemmas 2.1 and 2.6, we only need to check the graphs G, G, G3, Gg, G7, Gg, G1o, and I(Zn_z, since each of the
others (except {G4, G11, G12, G13, G15}) is a spanning subgraph of G35 or I(;n73. It follows from Lemma 2.2 that no graph in
{G1, G2, G3, Gg, G7, Go, Gro, K ,_,} is Z3-connected. O

Since an even wheel W, and the graph in Fig. 2(a) play an important role in the proof of our main theorem, we establish
the following two technical lemmas.
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Lemma 2.8. Suppose that G is a 2-edge-connected simple graph on n > 6 vertices such that d(x) +d(y) > nforeachxy € E(G).
If Gy is a Z3-connected subgraph of G, then

(1) if ne {6,7}and |V(Gy)| = 4, then G € (Z3).
(2) if n =8and |V(Gy)| = 5, then G € (Z3).
(3) if n>9and |V(Gy)| = n—4,thenG € (Z3).

Proof. Let G* be a maximum Z3-connected subgraph of G such that G* contains G;. Note that |V (G*)| > |V(Gy)|.If G* = G,
we are done. Thus, assume that G* # G. Let G; = G — V(G*). By Lemma 2.1(2) and (6), e(v, G*) < 1 for each vertex
v € V(Gy). Since G is 2-edge-connected, G, has no isolated vertex. Thus, G, has an edge v{v,. Whenn = 6 and |V (G;)| > 4,
|[V(G3)| < 2.Since G* # G, |V(G,)| = 2 and G, contains only one edge v,v-. Since for each vertex v € V(G,), e(v, G*) < 1.
Thus, d(v1) + d(v) = 4 < 6. Similarly, whenn = 7 and |V (Gy)| > 4, |V(G,)| < 3and d(vy) +d(v;) <6 < 7; whenn =8
and |V(Gy)| = 5, |[V(G2)| < 3 and thus d(vq) + d(v2) < 6 < 8; whenn > 9and |V(Gy)| > n — 4, |V(Gy)| < 4 and thus
d(v1) + d(vy) < 8 < n. This contradicts the given degree-sum condition. O

Corollary 2.9. Suppose that G is a 2-edge-connected simple graph on n > 6 vertices such that d(x) +d(y) > nforallxy € E(G).
If uis avertex of G such that d(u) = §(G) = 3 and N(u) = {uy, uy, us}, then the following hold:

(1) if G contains an even wheel W4 with {u, uq, uy, us} C V(Wy), then G € (Zs3).
(2) if G contains the subgraph H in Fig. 2(a) with {u, uy, u,, u3} € V(H), then G € (Z3).

Proof. (1) Let the vertex set of the non-central 4-cycle in the wheel be {vy, v;, v3, v4}, withu = vq, and let vs5 be the central
vertex. Let M = V(G) — V(W,). When n € {6, 7, 8}, the wheel is a Z3-connected subgraph of G with 5 vertices. By
Lemma 2.8, G is Z3-connected. Thus, let n > 9. Applying the given degree-sum condition to v;v, and vyvy, respectively,
e(vy, M) > n—6ande(vq, M) > n—7.0nthe other hand, |M| = n—5.Thus |N(v2) NN (v4)NM| > n—8.By Lemma 2.1(2)
and (6), G has a Z3-connected subgraph G; containing an even wheel W, and all the vertices of N(v;) N N(v4) N M. This
means |V(Gy)| >5+4+n—8 — 1 =n — 4. Lemma 2.8 shows that G is Z3-connected.

(2) The proof is similar. O

Lemma 2.10. Let G be a 2-edge-connected simple graph on n vertices with §(G) = 2. If d(x) + d(y) > n for each xy € E(G),
then G & (Z3) if and only if Gis Ky n—5 or K;n—Z or Gjin Fig. Twith1 <i < 10.

Proof. The sufficiency follows immediately from Lemma 2.7. Conversely, suppose that G ¢ (Z3). We shall prove that G
must be K, ,_, or an—z or G;, where 1 < i < 10 in Fig. 1. Since G is a 2-edge-connected simple graph, we have that

n > 3.1fn = 3,then G = G;.If n = 4, then G must be K; ; or Kzfz, since §(G) = 2. Suppose therefore that n > 5. Let
d(u) = 6(G) = 2,N(u) = {uq1,u},and N = N(uq) N N(uy). By applying the given degree-sum condition to uu; and uus,,
respectively, d(u;) > n — 2 and d(uy) > n — 2. It follows that n — 4 < |[N| < n — 2. In the remainder of the proof we shall
use two claims.

Claim 1. G[N] does not contain a pair of incident edges.

Proof of Claim 1. Suppose, to the contrary, that viv, € E(G) and v,v3 € E(G), where vy, vy, v3 € N. The subgraph induced
by u1, us, v1, v and vs contains an even wheel W, with the center at v,. Since |[N| > n—4, G has a Z3-connected subgraph G,
containing an even wheel W, and all the vertices in N. Obviously, |V (G;)| > n — 2. By Lemma 2.8, G € (Z3), a contradiction.

Claim 2. If vp € N(uy) — (N(up) U {uy}), thene(vg, N) < 1.

Proof of Claim 2. Suppose otherwise that vy has two neighbors v; and v, in N. In this case, applying the given degree sum
condition to uu,, we get u u, € E(G). It follows that G contains an even wheel W, induced by vg, vy, vy, uy, and u, with the
center at u;. As in Claim 1, G has a Z3-connected subgraph G; containing an even wheel W, and all the vertices in N, and
|[V(G1)| = n — 2. Lemma 2.8 proves that G € (Z3), a contradiction.

Now we are ready to complete the proof of our lemma. We assume first that [N| = n — 2. If there is no edge in G[N], then
Gis Ky p—p if ujuy ¢ E(G) and G is K;Aniz otherwise. Suppose now that vy and v, in N are adjacent. Whenn = 5,G = G4
if uju; € E(G) and G = G, otherwise. Let n = 6. When G[N] has only one edge, G = Gs if uju, ¢ E(G) and G = Gg if
uiuy € E(G); when G[N] has two edges, these two edges are incident, contrary to Claim 1. When n > 7, by applying the
given degree-sum condition to viv,, G[N] contains a pair of incident edges in G[N], contrary to Claim 1.

We next assume that |[N| = n — 3. Now there is a vertex vy & N(u1) NN (u;). We assume, without loss of generality, that
vo & N(uy). By applying the given degree-sum condition to uu,, we get uu; € E(G). Whenn = 5, G = Gs. Thus, letn > 6.

Suppose first that vy & N(u;) U N(up). Whenn = 6, G = Gg. Assumen = 7 orn > 9. Since §(G) = 2, let vy, ..., v,
be the neighbors of vy in N(u;) N N(uy) — {u}, where k = d(vg). For each 1 < j < k, by applying the given degree-sum
condition to vovj;, G[N] has a pair of incident edges, contrary to Claim 1. When n = 8, G[N] has a pair of incident edges or a
pair of independent edges. In the former case, it is contrary to Claim 1. In the latter case, G — u is a triangularly connected
graph with §(G) > 4. By Lemma 2.3, G — u € (Z3); also G € (Z3) since d(u) = 2, a contradiction.
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Next suppose that vo € N(u;) U N(u;). Without loss of generality, let vg € N(uq) — (N(uz) U {u3}). Since §(G) = 2, vy
has at least one neighbor in N. By Claim 2, vg has only one neighbor v, in N. It follows that vgv € E(G) forv € N — v;. When
n =6,G = G;. Whenn > 7, G[N] has a pair of incident edges by applying the given degree-sum condition to vyvy, contrary
to Claim 1.

Finally, we assume that [N|] = n — 4. By applying the given degree-sum condition to uu; and uu,, respectively,
N(ui) — (N(uz) U {uz}) # @, N(uy) — (N(up) U {ur}) # ¥ and uwqu; € E(G). Let vy € N(uy) — (N(uz) U {ua}),
vy € N(uz) — (N(uq) U {uq}). If viv, & E(G), by §(G) = 2 and by Claim 2, v; (v;) has only one neighbor v] (v5) in N. By
symmetry, whenn = 6, G = Gg; whenn = 7, G = G1o. When n > 8, G[N] has a pair of incident edges in G[N] by applying
the given degree-sum condition to v;v] and v, v}, respectively, contrary to Claim 1. Thus, we assume that v;v, € E(G).
Whenn = 6, let v3 € N — {u}. Now vyvs3, v,v3 € E(G). G contains an even wheel W, induced by uq, u,, vy, v, and v with
the center at v;. We contract this W, and get a 2-cycle. We contract this 2-cycle and get a K; which is Z3-connected. By
Lemma 2.1, G € (Z3), a contradiction. When n > 7, applying the given degree-sum condition to vv;, one of v; and v, has
at least two neighbors in N, contrary to Claim 2. O

In order to prove Lemma 2.13, we establish the following two lemmas.

Lemma 2.11. Suppose that G is a 2-edge-connected simple graph on n vertices and that d(x) + d(y) > n for eachxy € E(G) and
that §(G) = 3 and N(u) = {uy, uy, us}. Let M = V(G) — {u, uy, uy, us}. Assume that G & (Z3).

(1) If ujuy, upus € E(G), then there is no vertex v € N(uy) N N(uz) N N(us) — {u}.
(2) If ujuj, ujug € E(G) and if vy € N(u;) "N (u;) "M and v, € N(u;)) "N (up) "M, thenviv, & E(G), where {i, j, k} = {1, 2, 3}.
(3) If ujuy, upus, usuy € E(G), then [IN(u;) N N(uj) — {u}] <2, where1 <i<j<3.

Proof. (1) Suppose otherwise that uq, u; and u; have a common vertex v except for u. It follows that G contains an even
wheel W, induced by u, uq, us, u3 and v, contrary to Corollary 2.9.

(2) Suppose otherwise that viv, € E(G[M]). This means that G contains the graph in Fig. 2(a) induced by u;, u;, ug, u, v1 and
v, with the distinguished edge u;v1, contrary to Corollary 2.9.

(3) Suppose, to the contrary, that there are ip, jo € {1,2, 3} such that [N(u;;) N N(uj,) — {u}| > 3. Let vy, v, v3 €
N(u;,) N N(u;)) — {u}. Let k € {1,2, 3} — {ig, jo}. On the other hand, by applying the given degree-sum condition to
uuy, e(ug, M) > n— 6. It follows that there are at most two vertices in M which are not adjacent to u;, since [M| = n—4.
Thus, there is v € {vq, vy, v3} such that vu, € E(G). This means that e(v, {uy, u, u3}) = 3, contrary to (1). O

Lemma 2.12. Suppose that G is a 2-edge-connected simple graph on 6 < n < 10 vertices such that d(x) + d(y) > n for each
Xy € E(G). Assume further that d(u) = 3, N(u) = {uy, uy, uz} and uqupus is a 3-cycle. Let M = V(G) — {u, uy, uy, us},
N ={v e M:e(v, {uy, us,us}) <1} If G & (Z3), then each of the following holds.

(1) IN| =2

(2) If N # @, then7 <n <09.

(3) If there are two vertices vy, v, € M such that e(v;, {uy, u,us}) = 1 or there is one vertex v € M such that
e(v, {uy, uz, u3}) =0, thenn = 8.

Proof. By Lemma 2.11, for each vertex v € M, e(v, {uy,uz,u3}) < 2. Let N = {xq1,...,%s,¥1,...,Y¢} such that
e(x;, {uq, up, u3}) = 1for 1 <i < sande(y, {us, up, uz}) =0for 1 <j < t.If N has no vertex x with e(x, {uy, up, us}) =1,
s is defined to be O; if N has no vertex y with e(y, {u, uy, u3}) = 0, t is defined to be 0. On the other hand, by applying the
given degree-sum condition to each edge uu; fori = 1, 2, 3,e(u;, M) > n—6. It follows that 3(n —6) < e({uy, uy, us}, M) <
2(n—4—s—t)+s,whichimplies thatn < 10 —s — 2t. When n = 6, e(M, {uy, uy, us}) > 4since §(G) = 3. It follows that
4 < e({uy, uy, us}, M) < 4 — s — 2t, which implies thats = t = 0and N = (J. Thus, if N # @, then7 < n < 10 — s — 2t.

Suppose that [N| > 3.Since7 < n < 10 — s — 2t, we have that t = 0,s = 3 and n = 7. In this case, G[M] is a 3-cycle,
say X1X2X3. d(x1) + d(x) = 6 < 7. This contradiction proves (1).

IfN # @, thens > 1ort > 1.It follows immediately from7 < n < 10 —s — 2t that 7 < n < 9 and (2) holds.

If there are two vertices vy, v, € M such that e(v;, {uq, up, u3}) = 1,thens > 2andt > 0.Thus,7 <n < 8.1fn = 7,
then |M| = 3. Since §(G) = 3, viv, € E(G). In this case, d(v{) +d(v;) = 6 < 7, contrary to the given degree-sum condition.
Thus, n = 8. Suppose that there is a vertex v € M such that e(v, {u, uy, u3}) = 0. By §(G) = 3, v is adjacent to three
vertices in M. Thus, n > 8. In this case,t > 1andn < 8 and (3) holds. O

Lemma 2.13. Let G be a 2-edge-connected simple graph on n vertices with §(G) = 3. If d(x) + d(y) > n for each xy € E(G),
then G & (Zs) if and only if Gis K3 ,—3 or K;fn_3 or G;, where 11 <i < 15inFig. 1.

Proof. If G is K3 ,_3 or K;n_3 or G;, where 11 < i < 15 in Fig. 1, then by Lemma 2.7, G ¢ (Z3). Conversely, suppose that
G ¢ (Z3). We shall prove that it must be K3 ,_3 or K;n{,; or G;, where 11 < i < 15 in Fig. 1. Since §(G) = 3, forn = 4,
G = Gq1.Forn = 5, since n is odd, there must be a vertex v such that d(v) = 4.Foranyw € V(G) —v,d¢_,(w) > 2,50G—v
contains a 4-cycle. This means that G contains an even wheel W, with the center at v as a spanning subgraph. By Lemma 2.1,
G € (Z3), a contradiction. Therefore we assume thatn > 6. Letd(u) = 3,N(u) = {uy, up, us}and M = V(G) — {u, uy, uy, us}.
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Case 1. There is no edge in G[N (u)].

If there is no edge in G[M], then G is K3 3. Thus, assume that G[M] contains an edge xy. Forn = 6, G is K3+3. Whenn > 7,
applying the given degree-sum condition to uu; fori = 1, 2, 3, d(y;) > n — 4. This means that each vertex in M is adjacent
to each vertex in {uy, uy, us}. G must contain K, , the union of u;xy and u,xy, and d(u,) > 4. The graph Gy, x,u,,) contains a
2-cycle; by iterative contracting 2-cycles, we obtain the graph K; which is Zs-connected. By Lemma 2.1, Gpy,x,u;y1 € (Z3), SO
by Lemma 2.4, G € (Z3), a contradiction.

Case 2. There is exactly one edge in G[N (u)].

We assume, without loss of generality, that u;u, € E(G). Applying the given degree-sum condition to uu; fori = 1, 2, 3,
us is adjacent to each vertex of M and u; is adjacent to at least n— 5 vertices of M fori = 1, 2. Thus,n—5 < |[N(u;) NN (uz)| <
n—3sinceu € N(uy) NN(up) andu € M.

Assume first that |N(uq) N N(uz)| = n — 3. In this case, N(u1) = N(uz) = N(u3) = M. If there is no edge in G[M], then
G= K3+n_3. Thus, we assume that there is an edge v;v, in G[M]. It follows that G contains the subgraph H in Fig. 2(a) induced
by u, Uy, Uy, us, vy and v, with the distinguished edge uv4. This contradicts Corollary 2.9.

We next assume that [N (u;) N N(uy)| = n — 4. In this case, there is only one vertex in M which is not in N(u;) N N(uy).
Letvg € M — N(uq) N N(up). If vg € N(uq) U N(uy), without loss of generality, let vg € N(u;) — N(uy). Since §(G) > 3 and
vol, voUy & E(G), there is a vertex v3 € N(u;) N N(uy) such that vov; € E(G). Applying the given degree-sum condition
to uus, us is adjacent to all the vertices in M. Thus, vgus, vsus € E(G). Then G contains the subgraph H in Fig. 2(a) induced
by u, uq, us, us, vg and vs with distinguished edge u; v, contrary to Corollary 2.9. Next, suppose that vy & N(u;) U N(uy).
Since §(G) = 3, vg has three neighbors in V(G) — {u, uy, u} and hence n > 7. If there is an edge v v, in the subgraph
induced by N (uq) N N(u3), then G contains the subgraph H in Fig. 2(a) induced by u, u4, u,, us, vy and v, with distinguished
edge uqv1, contrary to Corollary 2.9. Assume that there is no edge in the subgraph induced by N(u;) N N(u3). In this case,
applying the given degree-sum condition to usvy and n > 6, there are vy, v, € N(u;) N N(uy) such that vovy, vov, € E(G).
Note that d(v,) > 4, uzvq, uzvy € E(G). Let G’ = Giy,u,,v,us- This implies that G’ contains an even wheel W, induced by
u, Uy, Uy, uz and vy with the center at u,. We contract this W, and contract every 2-cycle obtained in the process. Since
IN(u1) NN(up)| > n—4,«'(G) > 2 and vyus, vgv; € E(G'), the resulting graph is K; which is Z3-connected. By Lemma 2.1,
G € (Z3),and so by Lemma 2.4, G € (Z3), a contradiction.

Next, assume that [N(u;) N N(uy)| = n — 5. Recall thatn > 6. Whenn = 6, G = Gq,. Thus, n > 7. Recall that u; is
adjacent to at least n — 5 vertices of M fori = 1, 2. Let v; € N(uy) — (N(uz) U{u,}) and v, € N(uz) — (N(uq) U{uq}). If there
is a vertex v3 in N(uy) N N(uy) such that v;v; € E(G) or vav3 € E(G), by symmetry, let v;v; € E(G). In this case, G contains
the subgraph H induced by u, uq, u,, us, v; and vs with distinguished edge u;vq, contrary to Corollary 2.9. Thus, neither
v1 nor v, is adjacent to any vertex in N(u;) N N(uy). By applying the given degree-sum condition to ujvq, viv; € E(G),
d(v1) + d(vy) = 6 < n, a contradiction.

Case 3. There are exactly two edges in G[N (u)].

In this case, we assume, without loss of generality, that uju,, uyus € E(G).

Assume first that n > 9. In this case, we claim that u;, u, and u3 have a common neighbor v except for u. Suppose,
to the contrary, that for each vertex v € M, e(v, {u1, Uy, us}) < 2. By applying the given degree-sum condition to uu;,
d(u;) > n—3fori =1, 2, 3. On the other hand, each vertex in M is adjacent to at most two of uy, u, and us. It follows that
2(n — 4) > d(uy) + d(up) + d(us) — 7 > 3(n — 3) — 7, which implies that n < 8. Thus, whenn > 9, uy, u; and u3 have a
common neighbor v except for u, contrary to Lemma 2.11.

Assume then that n = 8. By applying the given degree-sum condition to uu; for i = 1, 2, 3, we have e(u;, M) > 3,
e(u, M) > 2 and e(us, M) > 3.Since [M| = 4, |[N(uy) N N(uy) N M| > 1, |N(uz) N N(u3) N M| > 1 and
|N(U1) N N(U3) N Ml > 2. Letv; € N(U]) N N(UZ) NM, vy, v3 € N(U]) N N(U3) N M and Vg4 € N(U2) N N(U3) N M. By
Lemma 2.11(1), v; &€ N(u3), vz, v3 &€ N(uy) and vq & N(uy). Thus, M = {v1, v,, v3, v4}. Since §(G) = 3, by Lemma 2.11(2),
v1v4 € E(G) and vqv,, V13, V4V, V403 & E(G). Thus, d(v1) + d(v4) = 6 < 8. This contradicts the given degree-sum
condition.

Next, let n = 7. By applying the given degree-sum condition to uu; fori = 1, 2, 3, we obtain e(uy, M) > 2,e(uy, M) > 1
and e(us, M) > 2. It follows that [N(u;) N N(uz) N M| > 1.Letv, € N(uy) N N(us) "M, v; € N(u;) N M — {v,}
and v3 € N(uz) N M — {v,}. Assume first that v; # v3. By Lemma 2.11(1), upv, ¢ E(G). Since e(uy, M) > 1, either
v1Uuy € E(G) or upv; € E(G). In the former case, by Lemma 2.11(2), viv, € E(G). Applying 6(G) = 3 and Lemma 2.11(1)
to v and vy, respectively, we have vsvq, v3v; € E(G), d(vs) = 3 and d(v;) = 3. By Lemma 2.11(2), vsuy, vsu; € E(G).
Thus, d(v;) 4+ d(v3) = 6 < 7, contrary to the given degree-sum condition. In the latter case, by applying §(G) = 3 and
Lemma 2.11(1) to v3 and v, we have v,vy, v3v1 € E(G), d(v3) = 3 and d(v;) = 3. By Lemma 2.11(2), vius, viu; € E(G).
Thus, d(v1) + d(v,) = 6 < 7, contrary to the given degree-sum condition.

Now we suppose that v; = vs. Let v € M — {vq, vy}. It follows that vu, € E(G). By Lemma 2.11(1), vauy, viuy & E(G).
Since 6(G) = 3, vvy, vvy € E(G). By applying the given degree-sum condition to vv; and vv,, respectively, viv; € E(G). In
this case, G is the graph in Fig. 2(b) which is Z3-connected by Lemma 2.5, a contradiction.

Finally, let n = 6. Let vy, v, € V(G) — {u, uy, uy, us}. By Lemma 2.11(1) and by §(G) = 3, e(v;, {uy, uz, us}) = 2 and
V1V € E(G). If viug, viuz € E(G), by Lemma 2.11(2), vouq, vous € E(G). In this case, G = Gyg. If viuq, v1uy € E(G), by
Lemma 2.11, vauy, vous € E(G). In this case, G is G1s.
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Case 4. There are three edges in G[N (u)].

When n > 11, as in the proof in Case 3, [N(u1) N N(uz) N N(us3)| > 2. By Lemma 2.11(1), G € (Z3), a contradiction. Thus,
we assume that 6 < n < 10.Let N = {v € M : e(v, {uq, up, us}) < 1}.

First, we assume that N = @. In this case, e(v, {u1, uy, us}) = 2 for each vertex v € M.Let v; € MNN(u;) NN (uy). Since
8(G) = 3, there must be a vertex v, € M such that vyv, € E(G[M]). By Lemma 2.11(2), v, € N(u;) N N(uy). Whenn = 6,
G is Gi3. When n > 7, by the given degree-sum condition to vqv,, there is a vertex v3 € M such that vjv3 € E(G[M]) or
vv3 € E(G[M]). By symmetry, let viv3 € E(G). By Lemma 2.11(3), v3 & N(uq) NN (uy) N M, thatis, v3 € N(u;) "N(us) "M
or vz € N(uy) N N(u3) N M. Both cases contradict Lemma 2.11(2). Thus, N £ @.

We next assume that there exists a vertex vg € N such that e(vg, {u;, U3, u3}) = 0. By Lemma 2.12, n = 8. As in
the proof of Lemma 2.12, for each vertex v in M — {vg}, e(v, {uq, up, us}) = 2. Let M = {vy, v1, v2, v3}. By d(vg) > 3,
UgU1, VgV, Vo¥3 € E(G). By applying the given degree-sum condition to each edge vov1, vov2, vgv3 and by Lemma 2.11, the
subgraph induced by M is a complete graph. By Lemma 2.11(3), (N(v1) U N(v2) UN(v3)) N{uy, uy, us} = {uq, uy, us}. Thus,
there are s, t € {1, 2, 3} such that vs € N(u;) " N(u;) "M and v € N(u;) N N(ux) N M, which contradicts Lemma 2.11(2).

So far we have proved that N # () and N does not have a vertex v such that e(v, {us, uz, us}) = 0. Thus, assume that
there is one vertex vy € M such that e(vg, {uq, tuy, u3}) = 1. We assume, without loss of generality, that vous € E(G). By
Lemma 2.12,7 < n < 9. Since d(vg) > 3, there exists a vertex v; € M such that vivg € E(G). By applying the given
degree-sum condition to vgvy, M — {vg, v1} contains at least one vertex, say v,, adjacent to both vy and vy, for otherwise,
e(vy, M — {vg, v1}) + e(vg, M — {vg, v1}) < M| — 2, which implies that d(vp) +d(v1) < |[M|—2+2+3=n—1<n,a
contradiction.

Suppose that e(v;, {u1, up, us}) = 2 foreachi = 1,2. If vy € N(u) N N(uj) N M, then by Lemma 2.11(2), v, €
N(uj)) N N(uj) "M fori # j. If {i,j} = {1, 3}, then G contains an even wheel W, induced by u, us, v, v; and v, with
the center at vq; if {i, j} = {2, 3}, then G contains an even wheel W, induced by u,, us, vy, v and v, with the center at
v1. We contract this W, and iteratively contracting 2-cycles leads eventually to a K; which is Z3-connected. By Lemma 2.1,
G € (Z3), a contradiction. Thus, N(u;) N N(uj) "M = {vq, v2} and {u;, u;} = {us, uy}. In this case, G contains the graph H
in Fig. 2(a) with a 4-cycle vivousu; and a distinguished edge u,v,. We contract this H and iteratively contracting 2-cycles
leads eventually to a K; which is Z3-connected. By Lemma 2.1, G € (Z3), a contradiction.

Thus, there is one of v; and v,, say vy, such that e(vq, {uy, Uy, u3}) = 1, by Lemma 2.12,n = 8.Pick v € M — {vg, v1, v2}.
This implies that e(vs, {uy, uz, us}) = 2. Since d(vg) + d(v{) > 8, vov3 € E(G) and vyv3 € E(G). Thus, d(vg) = 4.
Since e({u1, Uz}, vo) = 0 and e({uq, ux}, v1) < 1, e({uy, Uz}, {va, v3}) > 3. We assume, without loss of generality, that
vlq, VU € E(G). If viu; € E(G), by assumption that e(vq, {uq, up, us}) = 1, e(vq, {uz, us}) = 0. Applying the given
degree-sum condition to uu, and uus, respectively, then vsu,, vsus € E(G); if vius € E(G), then vsuq, vsuy € E(G). For both
cases, let G' = Gpy,u,,v,u,]- It follows that G’ contains a 2-cycle uju,u;. Iteratively contracting 2-cycles leads eventually to a
K1, which is Zs-connected. By Lemmas 2.1 and 2.5, G € (Z3), a contradiction. O

Lemma 2.14. Let G be a 2-edge-connected simple graph on n vertices with §(G) > 4, wheren > 7. If d(x) + d(y) > n for each
xy € E(G), then G € (Z3) or G contains K, .

Proof. Let v € V(G) be a vertex such that d(v) = §(G) > 4. Suppose that N(v) = {uq, ua, ..., ug}. It follows that k > 4. If
there is no edge in G[N (v)], then foreach 1 < i < k, u; is adjacent to all the vertices in V(G) — N¢(v) by the given degree-sum
condition. Therefore, G contains Ki ,_ as a subgraph. Since §(G) > 4,k > 4and n — k = dg(u;) > 4. By Lemma 2.1(3), G is
Z3-connected.

So we may assume that G[N(v)] contains some edge, say uju, € E(G). This implies that vuu, is a 3-cycle of G.
If there is no K, in G, then each vertex in V(G) — {v, uy, uy} is adjacent to at most one vertex in {v, uy, u}. Thus,
de(v) + dg(uq) + dg(u) < n— 3+ 6 = n+ 3. By the given degree-sum condition, dg(v) + dg(u1) + dg(uy) > 3n/2.
Thus, 3n/2 < n+ 3,and son < 6, a contradiction. Therefore, G containsaK, . O

3. Proof of Theorem 1.3

If G is one of K3 2, K3 -3, K2+,n72’ I<3+ _5 and the 15 exceptional graphs in Fig. 1, by Lemma 2.7, G & (Z3). Conversely,

,n
suppose that G & {Ks n—2, K3 n—3, K;fn_z, I<3an_3} and no graph in Fig. 1 is G. We shall prove that G € (Z3).1f2 < §(G) < 3,
then by Lemmas 2.10 and 2.13, G € (Z3). Suppose therefore that §(G) > 4.

We proceed by induction onn = |V(G)|. Whenn = 5,Gis Ks and G € (Z3) by Lemma 2.1(1). When n = 6, if G is K, then
by Lemma 2.1(1), G € (Z3). Thus, assume that G is not a K. In this case, §(G) = 4 and let d(u) = 4. Let G’ = G — u. Then
for each vertex v € V(G'), dg (v) > 3. Since |[V(G')| = 5, G’ has an even wheel W, as a spanning subgraph. By Lemma 2.1,
G € (Z3) and hence G € (Z3). Suppose thus that n > 7 and the theorem holds for every graph G with |[V(G)| < n. By
Lemma 2.14, we may assume that G contains a K, , the union of two triangles xyz and xyw with d(z) > 4. Let G’ be the graph
obtained from G by deleting zx, zy, and adding xy.

We claim that G’ is 2-edge connected. Suppose otherwise that G’ is not connected or G’ has an cut edge e. Define G’ as
follows. G’ = G if G is not connected and G’ = G’ — e otherwise. It follows that x, y, w are in one component F; of G’ and
z is in other component F, of G”. We further assume e = z;z, such thatif G’ = G — e, thenz; € V(F;) and z, € V(F,).
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If G’ is not connected, w has a neighbor w’ € V(G) — {x,y, z} and define ey = ww'; if G’ has an cut edge e and w # z,
then zw ¢ E(G). Since §(G) > 4, w has a neighbor w’ € V(G) — {x,y, z;} and define e, = ww’; if G’ has an cut edge
eand w = zq, then we also have zw ¢ E(G). Since §(G) > 4, w have a neighbor w; € V(G) — {x,y,z1}. By §(G) > 4
again, wq has a neighbor w, € V(G) — {x,y, z;} and define ey = wjw,. Thus, F; contains an edge ey = a;a, such that
e(aiaz,z) = 0,27 ¢ {aj, ap}. Similarly, F, contains an edge bb, such that {b, by} N {z, z,} = 0. By the given degree sum
condition, n < d(a;) + d(ay) < 2|V(F1)| —2and n < d(by) + d(by) < 2|V(F,)| — 2.1t follows that |V(F;)| > (n + 2)/2 for
i=1,2.Thus,n > |V(F))| + |V(F;)| > n + 2, a contradiction.

Let H be the maximal Z3-connected subgraph containing 2-cycle xyx of G’ and G* = G'/H. Since G’ is 2-edge connected,
G* is 2-edge connected. Denote by u* the new vertex into which H is contracted. Note that G* is a simple graph, in which
all vertices except for u* and z, have the same degree as in G and e(t,H) < 1foranyt € V(G) — V(H).If G* € (Z3), by
Lemma 2.1 G € (Z3) and sois G. Let |V (G*)| = n*. Note that each vertex in G* other than u* and z has degree at least 4, then
it is a routine work to verify that if n* < 5, then G* € (Z3), which implies that G’ € (Z3) and so is G. Therefore, assume that
n* > 6, thatisn > 8.

Note that |V(G*)| = n* < n.To prove that G* € (Z3), we need to prove that d¢+ (v1) + dg=(v2) > n* for any two distinct
v1, v € V(G*) and viv, € E(G*). There are four cases to discuss, as follows.

If V1, Uy € V(G*) \ {Z, U*}, then dc* (U]) + dc* ('Uz) = dG(U]) + dc(vz) >n> n*.

If v1 # u* and v, = z, then using dg+ () = dg(z) — 2, dgx (V1) + dgx(v2) = dg(v1) +dg(v2) —2 >n—2 > n*.

If vy = u* and v, # z, then there is A € V(H) such that v,A € E(G). Since dg=(u*) > dg(A) — (JV(H)| — 1), we have that
de=(v1) + de+(v2) = dg(A) — (IV(H)| = 1) +dg(v2) = n— ([V(H)| — 1) = n".

It remains to us that vy = u* and v, = z.Let T = G—V (H). It follows that thereis u € V(H) —{x, y} such that uz € E(G).

If [V(H)| = 3,then V(H) = {x, y, w}. In this case, u € {x,y, w}. We have dgx(z) + dg+(u*) = d(z) — 2 +e(xy, T —z) +
e(w,T)=d(z) —2+d(x) +dy) —6+d(w) —2 > 2n — 10.Since n > 8, dg+(v1) + dg+(v2) > n — 2 = n*.

If V(H)| = 4, then V(H) = {x,y,w,s}. Because n* > 6, |V(H)| = 4 implies that n > 9. Since |V(H)| = 4,
e(xy,T —z) > dx) +d(y) —8,e(w,T) > d(w) — 3 and e(s,T) > d(s) — 3. Since §(G) > 4, dg+(z) + dg=(u*) =
dz) —2+dxy, T —z) +e(w,T)+e(s,T) >diz) —2+dx) +dy) —8+d(w) —3+d(s) —3 = (d(z) +d(x) —5) +
dy)+dw)—8)+(d(s)—3)>n—54+n—-8+1>n—3=n"

Therefore we suppose that |V(H)| > 5.Let Hp = H — {x,y, u}. If Hy contains an edge ss’ and e(ss’, T) > 2, then
de«(U*) +dg+(2) > d(z) —2+d(n) — ((VH)| — 1)+ 2 >n— ([V(H)| — 1) = n*. Thus, assume e(ss’, T) < 1. In this case,
n <d(s)+d() < 2|V(H)| — 1,thatis, |[V(H)| > "zi] so |[V(T)| < “%I.Foranyt € V(T — z), there exist t’ € V(T — z) such
that tt’ € E(G) since d(t) > 4and e(t, H) < 1foranyt € V(T — z). By the given degree sum condition, d(t) + d(t") > n.
Then |V(T)| > % a contradiction. So assume that there is no edge in Hy. It follows thate(H — u, T —z) > 2 since |[V(H)| > 5
and §(G) > 4.We obtain that dg+ (u*) +dg+(z) > d(z) —2+d(uw)— ((VH)|—1)4+e(H—u,T—2z) > n—(|V(H)|—1) = n*.

By the induction hypothesis, either G* € (Z3) or G* is one of K3 2, K3,n—3, K;fn_z, K;fn_3 and the 15 exceptional graphs
in Fig. 1. Note that there are (|V(G*)| — 2) vertices of degree at least 4, since each such vertex has the same degree in G* as
that in G. This shows that G* & {K3.n—2, K3.n—3, K;'n_z, K;'n_3} and no graph in Fig. 1 except Gg is G*. Suppose that G* = Gg.
Let vy, v, be two vertices of degree 2 in Gg and other vertices in Gg has degree 4 which implies that n = 8, n* = 6 and
|V(H)| = 3.Thus, {vq, v} = {u*, z}. Since §(G) > 4 and d(x) + d(y) > 8, dg+(u*) > 4, contrary to dg+(u*) = 2. Therefore
we complete our proof.

Corollary 3.1. Let G be a 2-edge-connected simple graph on n vertices. If d(x) +d(y) > n+ 1 foreachxy € E(G), thenG ¢ (Z3)
if and only if G is either K;fnfz or Gy or Gy or Gyqy.
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