Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

This article appeared in a journal published by Elsevier. The attached

copy is furnished to the author for internal non-commercial research

and education use, including for instruction at the authors institution
and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright


http://www.elsevier.com/copyright

Discrete Mathematics 310 (2010) 1050-1058

Contents lists available at ScienceDirect

Discrete Mathematics

journal homepage: www.elsevier.com/locate/disc

Degree conditions for group connectivity

Xiangjuan Yao®*, Xiangwen Li°, Hong-Jian Lai®

2 College of Science, China University of Mining and Technology, Xuzhou, Jiangsu, 221116, PR China
b Department of Mathematics, Huazhong Normal University, Wuhan, Hubei, 430079, PR China
¢ Department of Mathematics, West Virginia University, Morgantown, WV 26506, USA

ARTICLE INFO ABSTRACT

Article history: Let G be a 2-edge-connected simple graph on n > 13 vertices and A an (additive) abelian
Received 4 February 2009 group with |A| > 4. In this paper, we prove that if for every uv ¢ E(G), max{d(u), d(v)} >
Received in revised form 25 October 2009 n/4, then either G is A-connected or G can be reduced to one of K5 3, C4 and Cs by repeatedly

Accepted 27 October 2009

Available online 14 November 2009 contracting proper A-connected subgraphs, where C; is a cycle of length k. We also show

that the bound n > 13 is the best possible.

© 2009 Elsevier B.V. All rights reserved.
Keywords:

Abelian group
A-connected
Group connectivity

1. Introduction

The graphs in this paper are finite and may have multiple edges. The terms and notations not defined here are from [1]
and [17]. Let G be a graph and let V;, V, be two subsets of V(G) such that V; NV, = (. We define e(V1, V) as the number
of edges with one end vertex in V; and the other one in V5. In particular, when V; = X and V, = V(G) — X, we use 9(X)
instead of e(X, V(G) — X). An n-cycle is a cycle of length n.

Let D = D(G) be an orientation of a graph G. If an edge e € E(G) is directed from a vertex u to a vertex v, then let tail
(e) = uand head(e) = v. For a vertex v € V(G), let

Ey(v) ={ec€ED) : v= tail(e)}, and E;(v) ={e € E(D) : v= head(e)}.

We write D for D(G) when its meaning can be understood from the context.
Let A denote an (additive) abelian group where the identity of A is denoted by 0. Let A* denote the set of nonzero elements
of A. We define:

F(G,A) ={f : E(G)—~ A} and F*(G,A) = {f : E(G) — A"}
Given a function f € F(G, A), define df : V(G) — A by
ofwy= Y fler— )Y f@,
eeEBr(v) e€Ey (v)

where “) " refers to the addition in A.
Group connectivity was introduced by Jaeger et al. [6] as a generalization of nowhere-zero flows. For a graph G, a function
b : V(G) — Ais called an A-valued zero sum functionon G if ) " V(G b(v) = 0. The set of all A-valued zero sum functions
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on G is denoted by Z(G, A). Given b € Z(G, A), a function f € F*(G, A) is called an (A, b)-nowhere-zero flow if G has an
orientation D(G) such that df = b. A graph G is A-connected if for any b € Z(G, A), G has an (A, b)-nowhere-zero flow. In
particular, G admits a nowhere-zero A-flow if G has an (A, 0)-nowhere-zero flow. G admits a nowhere-zero k-flow if G
admits a nowhere-zero Z-flow, where Z; is a cyclic group of order k. Tutte [ 16] proved that G admits a nowhere-zero A-flow
with |A| = kif and only if G admits a nowhere-zero k-flow. One notes that if a graph G is A-connected and |A| > k, then G
admits a nowhere-zero k-flow. Generally speaking, when G admits a nowhere-zero k-flow, G may not be A-connected with
|A| > k. For example, a n-cycle is A-connected if and only if |A| > n 4 1 given in [6, Lemma 3.3] while for any n, a n-cycle
admits a nowhere-zero 2-flow. Thus, group connectivity generalizes nowhere-zero flows.

For an abelian group A, let (A) be the family of graphs that are A-connected. It is observed in [6] that the property G € (A)
is independent of the orientation of G, and that every graph in (A) is 2-edge-connected.

The nowhere-zero flow problems were introduced by Tutte in [14-16] and surveyed by Jaeger in [6] and Zhang in [18].
The following conjecture is due to Tutte. Partial results of this conjecture can be found in [6] and others. However, it is still
open.

Conjecture 1.1 (4-flow Conjecture, [15]). Every bridgeless graph containing no subdivision of the Petersen graph admits a
nowhere-zero 4-flow.

For a 2-edge-connected graph G, we define the group connectivity number of G as follows:
Ag(G) = min{k : if Ais an abelian group with |A| > k, then G € (A)}.

If G is 2-edge-connected, then A, (G) exists as a finite number. Recently, there have been some degree conditions adapted
to assure the existence of nowhere-zero flows and group connectivity of graphs. Fan and Zhou [5] proved that if G is a simple
graph on n > 3 vertices satisfying for every pair of nonadjacent vertices u and v in G, if d(u) 4+ d(v) > n, then either G has
a nowhere-zero 3-flow or G is one of the six well-classified exceptional graphs. Fan and Zhou's result has been generalized
as follows.

Theorem 1.2 (Luo, Xu, Yin and Yu [11]). Let G be a simple graph on n > 3 vertices. If d(u) + d(v) > n for every pair of
nonadjacent vertices, then either Ag(G) < 3, or G is one of the 12 well-classified exceptional graphs.

Theorem 1.3 (Sun, Xu and Yin [13]). Let G be a simple graph on n > 3 vertices. If d(u) +d(v) > n for every pair of nonadjacent
vertices, then either Ag(G) < 4, or G* is a 4-cycle.

A contraction [3] of G is the graph G’ obtained from G by contracting a set (possibly empty) of edges and deleting any
loops generated in the process. If G’ is a contraction of G, then we say that G is contractible to G'. When H is a subgraph of G,
the contraction of G obtained from G by contracting each edge of E(H) and deleting resulting loops is denoted as G/H. Note
that each component of H is a vertex of G/H.

Fora graph G, define 7 to be a set of the subgraphs of G, which either has two edge-disjoint spanning trees or is isomorphic
to a cycle of length 3. Note that a 2-cycle has two edge-disjoint spanning trees. Let G* be the graph obtained from G by
repeatedly contracting non-trivial subgraphs in 7~ until no subgraph in 7 left. In this case, We say G* is the 7 -reduction of G.
If v € V(G*) is obtained by contracting a subgraph H € 7 of G, then H is called the preimage of v and v is called an image
of H. In the rest of this paper, we use G* to denote the 7 -reduction of a graph G. Motivated by the results mentioned above,
we present the following result in this paper.

Theorem 1.4. Let A be an abelian group with |A| > 4, and G a 2-edge-connected simple graph on n > 13 vertices. If for every
uv ¢ E(G), max{d(u), d(v)} > n/4, then either G is A-connected, or G* € {K3 3, C4, Cs}, where Cy is a k-cycle. Moreover, if
G* € {Ky.3, C4}, then Ag(G) = 5; and if G* = Cs, then A4(G) = 6.

Theorem 1.4 is sharp in the sense that the bound n > 13 cannot be relaxed. Let P;o denote the Petersen graph and let v
be a vertex of P1g and v4, v,, v3 the three neighbors of v. Let P;, denote the graph obtained from P;y — v by adding a 3-cycle
ujupusuq and then joining u; to v; by an edge u;v;, 1 < i < 3 (See Fig. 1). Then |V (P13)| = 12 and Py, is 3-regular. Thus
Py, both satisfies the degree condition of Theorem 1.4 and can be contracted to Pyo. By [10, Theorem 3.2], Ag(P19) = 5 and
Ag(Py2) > 5 given by [6, Proposition 3.2]. This shows that Theorem 1.4 does not hold when n = 12.

We organize this paper as follows. In Section 2, we present a reduction method that will be used in the proofs. We deal
with the small case when 13 < n < 16 in Section 3. We complete the proof of Theorem 1.4 in Section 4.

2. Reduction method

We first summarize some previous results in the following two lemmas which are used in the proof of Theorem 1.4. For
a graph G, let 7(G) be the maximum number of edge-disjoint spanning trees of G.

Lemma 2.1 ([6-8]). Let A be an abelian group and let H be a subgraph of a graph G. Then each of the following statements holds.
(1) Ky € (A)
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Fig. 1. Graph Pyo and Graph Py,.

(2) Suppose that H € (A). Then G/H € (A) ifand only if G € (A).
(3) If T(G) = 2,then G € (A) for any Awith |A| > 4.

(4) G, € (A)ifand only if |A] = n 4+ 1, where C, is a n-cycle.
Lemma 2.2 ([4]). Let n > 3 be an integer. Then

4 if3<n<a4,

Let m > n > 2 be integers. Then

5 ifn=2,
Ag(Kmp) =14 ifn=3,
3 ifn>4.

Let t be a positive integer and let M be a loopless matroid. Define a t-packing of M to be a family # of bases of M such that
each element of M is in at most t bases of F. M refers to the cycle matroid of a loopless graph G. Let 1, (G) be the cardinality
of the largest t-packing of M. In review of cycle matroid of a graph G, Nash-Williams [12] proved:

Theorem 2.3. If G is a connected loopless graph with at least two vertices, then

. IF|
G)= min | — |,
1(C) F§E<G>LU(G—F)—1

where w(G — F) denotes the number of components of the graph G — F, and the minimum is taken over all subsets F of E(G) for
which w(G — F) > 1.

Let M be a matroid on set S and r be a rank function of M. The notations of g(M), g(X), y (M) and n(M) was defined in [2]
as follows. If r(M) > 1, we define

S X
gM) = % and gX) = % forany X € S withr(X) > 0.
We define
y (M) = maxg(X), (1)
Xcs

where the maximum is taken over all subsets X C S for which r(X) > 0. Define

IS\ X]
n(M) = min ————,
xcs r(S) —r(X)
where the minimum is taken over all subsets X C S which r(X) < r(S). For simplicity, we use g(G), y (G), n(G) to denote
g(Mg), y (Mg), n(Mg), respectively. From Theorem 2.3, we obtain the following result.

Theorem 2.4. Let G be a non-trivial graph and let k be a positive integer. If |E(G)|/(|V(G)] — 1) > k, then G has a non-trivial
subgraph H with t(H) > k.

Proof. In terms of cycle matroid of a graph G it follows from (1) that y (G) > |E(G)|/(]V(G)| — 1).

By the definition of y (G), there is an edge subset X, such that g(X) = y(G). Let H = G[X]. Since y(G) = g(X) <
y(H) < y(G), we must have y(H) = g(X), and so by [2, Theorem 6], n(H) = g(X) = y(H) > |[E(H)|/(|[V(H)| — 1).If
[E(H)|/(JV(H)| — 1) > k, then n(H) > k. By [2, Corollary 5], n;(H) = |n(H)] > k. It follows by Theorem 2.3 that H must
have at least k edge-disjoint spanning trees. W

Lemma 2.5. If G* is non-trivial, then 2|V (G*)| — |E(G*)| > 3.
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Proof. Applying Theorem 2.4 to G*, |[E(G*)|/(|[V(G*)| — 1) < 2, which implies that 2|V (G*)| — |E(G*)| > 2. We conclude
that 2|V(G*)| — |E(G*)| = 3 since |V(G*)| and |E(G*)| are both integers. W

Define D;(G*) = {v € V(G*) : d¢«(v) = i}. Throughout this paper, we write D; for D;(G*). We use §(G), A(G) and «'(G)
to denote the minimum and the maximum degrees of the vertices of a graph G, and the edge connectivity of G, respectively.

Theorem 2.6. If G* is non-trivial, then each of the following holds.

(i) G* is simple and contains no 3-cycles and no non-trivial subgraphs H with t(H) > 2.
(ii) 6(G*) < 3and

3|Ds| 4+ 2|D| + D3| = 6 + ) (i — 4)|Dil.
i>5
Moreover, if k'(G*) > 2, then

2|Dy| + [Ds| = 6+ Y (i — 4)[Dyl. (2)

i>5

Proof. (i) It follows immediately from the definition of 7 -reduction.

(ii) Applying Theorem 2.4 to G*, |E(G*)|/(|]V(G*)| — 1) < 2. Thus,

JEHIVIGH < Y de=(v) = 2[EGY)] < 4]V(GH)| — 4,

VeV (G¥)

which implies that 6(G*) < 3.

Since G* is non-trivial, by Lemma 2.5,
4) Dl = Y ilDi| = 4IV(G")| — 2|E(G")| = 2(2|V(G")| — [E(GY)]) = 6.
i1 i1

It follows that
3|Dy| + 2ID2| + D3| = 6+ Y (i — 4)|Dil.

i>5
When «/(G*) > 2, |D;| = 0 and hence (2) follows. ®

Lemma 2.7. If G* is a Ky, then Ag(G) < 4.
Proof. It follows from Lemmas 2.1and2.2. ®

Lemma 2.8. Let G be a simple graph and let H be a subgraph of G. If dg(v) > q forevery v € V(H) and d(H) < q, then
V(H)| > q.

Proof. Suppose that |V(H)| = p. We claim that p > 1. Otherwise, let V(H) = {vy}, thenq < ds(vy) = d(H) < ¢q,a
contradiction. Since G is simple,
pp—1= Y dy(v)= Y dc(v) — d(H) = pqg—d(H) > pg—q=q(p — 1),
veV(H) veV(H)
which implies that p > g sincep > 1.Thus, |[V(H)| >q. ®

Lemma 2.9. Let k, c be positive integers. Suppose that G is a 2-edge-connected simple graph on n vertices such that for every
uv € E(G),

max{d(u), d(v)} > n/c. (3)
DefineY = {v € V(G*) : deg+(v) < k}.If n > kc, then |Y| <c+ 1.
Proof. LetY = {vy, vy, ..., v;} and let H{, H,, .. ., H, denote the preimages of vy, v, ..., v;, respectively. By the definition
of preimages, Hq, Ha, . . ., H; are vertex-disjoint.

LletX = {x € V(G) : ds(x) < %}. We claim that Y contains at most two vertices v;, v; such that V(H)) N X # 0
and V(H;) N X # @. Suppose otherwise that G* contains vj1, Vi, ..., Vip, p = 3,suchthat V(Hy) N X # #,1 < k < p.
Take uy € V(Hi) N X. By (3), G[{ui1, uiz, ..., ujp}] = Kp. By Lemma 2.2, G[{u;1, uip, . .., ujp}] is a subgraph of some H; for

t € {1,2,...,1}, contrary to that Hy, H,, . .., H, are vertex-disjoint.
Thus, we assume, without losing of generality, that each of the preimages of vy, .. ., vy hasavertexinX, where0 < q < 2
and none of the preimages of v441, ..., v; has a vertex in X. It follows that for each vertex v € V(H;), dg(v) > n/c, where

g+ 1 <i <. On the other hand, dg= (v;) < k, which is equivalent to d(H;) < kforq+ 1 <i < L Since k < n/c, Lemma 2.8
shows that |V (H;)| > n/c forq+ 1 <i < L. Since Hq, Hy, . .., H; are vertex-disjoint, n > 2521 [VH)| > 2+ 1A—-2)n/c. 1t
follows that | < ¢ + 2 — 2c/n. Since l and c are both integers,[ <c+ 1. ®
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Fig. 2. The graphL

3. Graphs with small orders

In this section, we pay our attention to the case when G is a 2-edge-connected simple graph on 13 < n < 16 vertices.
Recall that G* is the 7 -reduction of G. For this purpose, we define W = {u € V(G) : dg(u) < 4}.Foravertex v € V(G*) with
dg+(v) < 4, vis defined to be a vertex of type 1 if the preimage of v has a vertex in W and a vertex of type 2 otherwise.

Lemma 3.1. Let G be a 2-edge-connected simple graph on 13 < n < 16 vertices. If for every uv ¢ E(G),

max{d(u), d(v)} > n/4, (4)
thenn > ., IDi|4-2+45(|D2|+|D3|—2). Moreover, if D,UDj is an independent set, thenn > 3 _,_, |Di|+1+5(|D2|+|Ds3|—1).
Proof. Since G is 2-edge-connected, |D;|] = 0. We first claim that G* contains at most two vertices of type 1. Suppose

otherwise that vq, v,, v; are three vertices of type 1in G*. Let H; be the preimages of v; where j = 1, 2, 3. By the definition,
V(H)) "W # @ and pickx; € V(H;)) "W forj = 1, 2, 3. Then dg(x;) < 4. By (4), X1X2, XoX3, X3X1 € E(G). This means that G*
has a 3-cycle, contrary to Theorem 2.6(i).

Let v € V(G*) be a vertex of type 2 and let H be the preimage of v. By the definition, V(H) "W = ¢ and dg+(v) < 4.1t
follows that d(H) < 4 and d(u) > 4 for eachu € V(H). Applying Lemma 2.8 to H, |V(H)| > 5.

Thus, by the argument above, G* contains at least |D,| + |Ds| — 2 vertices of type 2. It follows thatn > » ., [Di| + 2 +
5(|D2|+ |D3| —2).1f D, UD5 is an independent set, then G* contains at most one vertex of type 1. Thus, we similarly conclude
thatn > > ., IDij| +1+5(D2| + D3| —1). =

Lemma 3.2. Let G be a 2-edge-connected simple graph on 13 < n < 16 vertices. If for every uv ¢ E(G), max{d(u), d(v)} > n/4,
then either G* = K, or

3 < |Dy| + |D5| < 4. (5)

Proof. If G* = K;, we are done. Thus, we assume that G* 2 K;. By Theorem 2.6(i), G* is simple and hence |V (G*)| > 3. Since
n/4 > 3, by Lemma 2.9, G* has at most 5 vertices of degree at most 3, that is, |D,| 4 |D3| < 5.

If ID;| + |D3| < 2,let D] + D3| = tand ), , IDi| = ny. Then 2|E(G*)| > 4n; + 2t and |V (G*)| = ny + t.Since t < 2,
we have 2|V (G*)| — |[E(G*)| < 2n; 4+ 2t — (2ny +t) =t < 2, which is contrary to Lemma 2.5. So far, we have proved that
ID2| + |Ds| > 3.

Suppose that |D, |+ |D3| > 5. Applying Lemma 3.1to [D,|+|Ds|,n > Y ., IDi| +2+5(|D2|+|D3| —2) > 3x5+2 = 17,
contrary to the condition13 <n <16. ®

Theorem 3.3. Let G be a 2-edge-connected simple graph on 13 < n < 16 vertices. If for every uv ¢ E(G), max{d(u), d(v)} >
n/4, then G* € {Ky, C4} or G* is isomorphic to the graph L, where Cy is a 4-cycle (see Fig. 2).

Proof. It sufficient to show our theorem for the case when G* # K;. By (2) and (5),
ID2| =24 (i —4)Dil. (6)
i>5
In order to complete our proof, we need to show the following claims.

Claim 1. A(G*) < 4.
If A(G*) > 7, then by (6), D] > 2 + (A(G*) —4) > 2 + 3 = 5, contrary to (5). If A(G*) = 6, then by (5) and (6),

4> |Dz| + D3| = |D2| = 2+ |Ds| 4 2|Dg| = 2+ [Ds| +2 = 4, (7)

which implies that [Dg| = 1, |Ds| = 0, |D3] = 0 and |D,| = 4. It follows that |V (G*)| = 5 and A(G*) = 6, which ensure
that G* cannot be simple, contrary to Theorem 2.6(i).
If A(G*) = 5, then by (5) and (6),

4 > |Dy| + [D3| = |Da| = 2 + |Ds|, (8)
which forces that |Ds| < 2.
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Suppose first that |Ds| = 2.By(8),|D3| = 0and |D,| = 4. Applying Lemma 3.1to W = Dy,n > |D4|+|Ds5|4+2+5(|D3|—2),
which implies that [D4| < n— |Ds| —2 —5(|D3] —2) <16 —2 —2 — 10 = 2.1f [D4| = 0, let uq, u, € Ds. In this case,
|V(G*)| = 6. Thus, fori = 1, 2, u; is adjacent to all other vertices of G*. It follows that G* contains a 3-cycle, contrary to
Theorem 2.6(i). Thus, |D4| = 2 or 1. Let S = D4 U Ds. Note that G* has no cycle of length at most 3. If |D4| = 2, then |[S| = 4
and [E(G*[S])| < 4.Thus, 8 > 9(D,) = e(D,,5) = 3(S) = ), s de+(v) — 2|E(G*[S])| = 10 + 8 — 8 = 10, a contradiction.
If |D4] = 1, then |S| = 3 and |E(G*[S])| < 2.Thus, 8 > 3(D,) = e(D,,S) = 3(S) > 10 + 4 — 4 = 10, a contradiction.

Then suppose that |D;s| = 1. Since the number of the vertices of odd degree is even, by (8), [D3|] = 1 and |D,| = 3.
Since A(G*) = 5, |V(G*)| > 6, which implies that |D4] > 1. Applying Lemma 3.1 to |D,| + |[D3|] = 4,n > |Ds| +
D4 + 2 4+ 5(|D,| + |D3| — 2), which implies |D4] < n — |Ds| —2 —5(|Da] + D3] —2) <16 =1 -2 —10 = 3.1If
ID4] = 1, then |V(G*)| = 6. It follows that the vertex in D5 must be adjacent to every other vertex. Since §(G*) > 2,
|E(G*[D, U D3 U D4])| > 1and G* contains a 3-cycle, contrary to Theorem 2.6(i). Thus, |D4| = 2 or 3. Recall that G* has no
cycle of length at most 3. Let S = D3 U D4 U Ds. If |D4| = 2, then |S| = 4 and |E(G*[S])| < 4, thus, 6 > 9(D,) = e(D,, S) =
0(S) > 5|Ds|+4|D4| + 3|D3| — 2|E(G*[S])| > 5+ 348 —8 = 8, acontradiction; if |[D4| = 3, then |S| = 5 and E(G*[S])| < 6
given by Turan Theorem, thus, 6 > 0(D;) = e(D,, S) = 9(S) > 5|Ds| + 4|D4| + 3|D3| — 2|E(G*[S])| > 5+3+12—12 =8,
a contradiction.

Claim 2. A(G*) # 4.
Suppose otherwise that A(G*) = 4. By (5) and (6),

4 = |Dy| + |D3| = |Dy| = 2. (9)

On the other hand, |D3| is even and hence |D3| = 2 or 0.

Case 1. |D3| = 2.

By (9), ID,| = 2. Applying Lemma 3.1 to |D,| + |D3| = 4,n > |D4| + |Ds| + 2 + 5(|D2| + |D3| — 2), which implies that
[D4] < 16 — 2 — 10 = 4.1f [D4| = 1, then |V (G*)| = 5. Then the vertex in D, is adjacent to every other vertex of G*. Since
8(G*) > 2, |E(G*[D, U D3])| > 1 and then G* contains a 3-cycle, contrary to Theorem 2.6(i).

Suppose that |D4| = 2 or 3.Let S = D3 U D4. If D4 = 2, then |S| = 4 and |E(G*[S])| < 4.Thus, 4 > 9(D;) = e(D,,S) =
0(S) > 8 + 6 — 8 = 6, a contradiction. If |D4| = 3, then |S| = 5 and |E(G*[S])| < 6.Thus, 4 > 3(D,) = e(D,,S) = 9(S) >
12 + 6 — 12 = 6, a contradiction.

Finally, we assume |D4| = 4.1f |[E(G*[D4])| < 3,then 10 > d(D,UD3) = e(D,UDs3, D4) = 0(D4) > 4|D4|—2|E(G*[D4])| >
16 — 6 = 10, which implies that D, U D3 is an independent set of G*. Applying Lemma 3.1 to |D,| + |[D3| = 4,
n > |D4| + |Ds| + 14 5(|D3] + |D3] — 1) > 14+ 4 4 15 = 20, contrary to n < 16. Thus, |E(G*[D4])| = 4 and hence
G*[D4] is a 4-cycle. It follows that d(D, U D3) = e(D, U D3, D4) = 0(Dy) = 16 — 8 = 8. Thus, 2|E(G*[D, U D3])| =
Zueozun3 d(v) — 9(D, UD3) = 4+ 6 — 8 = 2. This implies that E(G*[D, U Ds]) contains exactly one edge e. If e has one
end in D5, then there exists a vertex v in D3 with N(v) € D, since |D3| = 2. Thus, G* contains a 3-cycle, which is contrary to
Theorem 2.6(i). Therefore, {e} = E(G*[Ds]). Since G* has no 3-cycle, G* is the graph L in Fig. 2.

Case 2. |D3| = 0.

It follows from (5) that 3 < |D,| < 4. Assume first that |[D,| = 3. Since A(G*) = 4, |V(G*)| > 5and |D4| > 2.1f |D4| = 2,
let v1, vy € Dg4. In this case, [V(G*)| = 5 and for each i = 1, 2, v; is adjacent to all other vertices of G*. It follows that G*
contains a 3-cycle, contrary to Theorem 2.6(i). Thus, we may assume that |D4| > 3.If |[E(G*[D, U D3])| = 0, then D, U D3
is an independent set. Applying Lemma 3.1 to D, U D3, n > |D4| + 14 5(|D2| — 1) and hence |[D4| < 16 — 10 — 1 = 5. If
|D4| = 3, then |[E(G*[D4])| < 2.Thus, 6 > 9(D, UD3) = e(D, UD3, Dg) = 9(D4) > 12 — 4 = 8, a contradiction. If |D4| = 4,
then |D4| = 4 and |E(G*[D4])| < 4.Thus, 6 > 9(D, U D3) = e(D, UD3,D4) = 9(D4) > 16 — 8 = 8, a contradiction. If
|D4| = 5, then |[E(G*[D4])| < 5.Thus, 6 > 9(D, U D3) = e(D, U D3, Dg) = 9(D4) > 20 — 12 = 8, a contradiction.

Thus, |E(G*[D, | JDs])| > 1.1t follows that 3(D4) = 9(D, U D3) = 9(D,) < 4 since |D,| = 3, which implies that
2|E(G*[D4])| = 4|D4| — 4. Since |V (G*[D4])| = [Dal, [E(G*[Da])|/(IV(G*[Ds])| — 1) = 2. Applying Theorem 2.3 to G*[Da],
G*[D4] contains a subgraph H with t(H) > 2, contrary to that G* is the reduction of G.

Now, we assume that |D,| = 4.1f |D4| = 1, then |V (G*)| = 5. Thus, the vertex in D, is adjacent to all other vertices of G*.
It follows from §(G*) > 2 that G*[D,] contains edges and thus G* contains a 3-cycle, contrary to Theorem 2.6(i). Thus, we
have |D4| > 2.If |[E(G*[D;,])| = 0, then D, is an independent set. Applying Lemma 3.1to Dy, n > |D4| + 1+ 5(|D| — 1) and
hence |D4| < 16 — 15 — 1 = 0, contrary to the hypothesis that A(G*) = 4. Thus, |[E(G*[D,])| > 1. Applying Lemma 3.1 to
D;, |Dg4| < 16 — 10 — 2 = 4.1If |D4| = 4, then |E(G*[D4])| < 4. In this case,6 > 9(D,) = e(D,, D4) = 9(Dg) > 16 — 8 = 8,
a contradiction. If |D4| = 3, then |[E(G*[D4])] < 1and 6 > 9(D, UD3) = e(D, UDs,D4) = 0(Dy) > 12 —2 = 10,a
contradiction. Thus. |D4| = 2.Recall that |[E(G*[D,])| > 1.If two vertices in D4 are not adjacent, then each vertex is adjacent
to both end vertices of an edge in E(G*[D,]). Then G* has a 3-cycle, contrary to Theorem 2.6(i). Thus, two vertices in D4 are
adjacent. In this case, G*[D,] has only one edge. Thus, D, has a vertex adjacent to both vertices in D4, which implies that G*
also has a 3-cycle, contrary to Theorem 2.6(i).

We are ready to complete the proof of our theorem. By Claims 1 and 2, A(G*) < 3.If A(G*) = 3, then by (5) and (6)
D3| = 2 and |D,| = 2 since |Ds| is even. Then |V(G*)| = 4 and G* has a 3-cycle, which is contrary to Theorem 2.6(i). If
A(G*) = 2,then |[E(G*)| = |Dy| = |V(G*)|.Then G* is a cycle. By (5), |D»| < 4.Since G* contains neither 2-cycle nor 3-cycles,
itisad-cycle. =
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4. Proof of Theorem 1.4

This section is devoted to the proof of Theorem 1.4. Theorem 3.3 tells us that Theorem 1.4 holds or G is isomorphic to the
graph L in Fig. 2 for the case when n < 16. Thus, we present here the complete proof of Theorem 1.4.

Lemma4.1. Ag(L) < 4, where Lis the graph in Fig. 2.

Proof. Let L, be the subgraph of L induced by {v1, vy, v3, va, Vs, vg}. Then Ly is isomorphic to a K3 5. By Lemma 2.2 or by [9,
Theorem 1.5], Ag(K33) < 4.L/Ly contains 2-cycles. We repeatedly contract these 2-cycles until no 2-cycle left and the
resulting graph is K;. It follows that Ag(L/Ly) < 4 from Lemma 2.1 and thus Ag(L) < 4. W

Theorem 4.2. Let G be a 2-edge-connected simple graph on n > 17 vertices. If for every uv ¢ E(G), max{d(u), d(v)} > n/4,
then G* € {K1, K33, C4, Cs}, where Cy is a k-cycle.

Proof. Sincen > 17,n/4 > 4.1f G* = Kj, we are done. Thus, assume that G* # Kj. Since G* is 2-edge-connected, by
Lemma 2.9,

ID2| + D3| + |D4| < 5. (10)
Utilizing (2) and (10), we have

IDa| = 1+ D4l + Y (i — 4)IDyl. (11)
i>5
In order to complete our proof, we need to establish the following claims.
Claim 1. A(G*) < 6.
If A(G*) > 9,thenby (11), D] > 14 (A(G*) —4) > 145 = 6, contrary to (10). If A(G*) = 8, then |Dg| > 1. By (10)
and (11),

5> |Dy| + |D3| > |D3| = 14 |D4| + |Ds| 4 2|Dg| + 3|D;| 4 4|Dg| > 5,

which implies that [D,| = 5 and |D;| = 0 for 3 < i < 7.In this case, |Dg| = 1. It follows that |V (G*)| = |D,| + |Dg| = 6. As
A(G*) = 8, G* cannot be simple, contrary to Theorem 2.6(i).
Suppose that A(G*) = 7.By (10) and (11),

5= |Da| + |D3| = |Dz| = 1+ |D4l| + |Ds| + 2|Dg| + 3|D7| = 4, (12)

which shows that |D;| = 1, [Dg| = 0 and |D4| + |Ds| < 1.

If IDs| = 1, then by (12) |D3s| = |D4] = 0 and |D,| = 5. Thus |V(G*)| = |D;| + |Ds| + |D;] = 7. On the other
hand, A(G*) = 7. It follows that G* is not a simple, which is contrary to Theorem 2.6(i). Thus, |Ds| = 0. Since the number
of all vertices of odd degree in G* is even, it follows from (10) and (12) that |D3| = 1, |D4] = 0 and |D,| = 4. Thus,
|V(G*)| = |D7| + |D3| 4+ |D2| = 6. On the other hand, A(G*) = 7, which also implies that G* cannot be simple, contrary to
Theorem 2.6(i).

Claim 2. A(G*) < 5.
By Claim 1, A(G*) < 6. Suppose otherwise that A(G*) = 6.By (10) and (11),

5 = |Da2] + D3| = |D2| = 1+ |D4| + [Ds| + 2|Ds], (13)

which implies that 1 < |Dg| < 2.

If [IDg| = 2, then by (13),5 > D3| + |D2| = |D2| = 14 |D4| 4 |Ds| +4 > 5, and thus |D3| = |[D4| = |Ds| = 0, |D2| = 5.
Therefore |V (G*)| = |Dg| + |D2| = 7. Let Dg = {v1, v,}. Then v; is adjacent to all other vertices of G*, for i = 1, 2. It follows
that G* contains a 3-cycle, contrary to Theorem 2.6(i).

Thus we may assume that |Dg| = 1. By (10) and (11),

5> |Da| + D3| = |D2| = 1+ |D4| + |Ds| + 2|Dg| > 1+ |D4| + |Ds| + 2. (14)

Then |D4| + |Ds| < 2.Since |Dy| > |D4| + |Ds| 4+ 3, by (10),5 > |D,| 4 |D4| > 2|D4| + |Ds| + 3 and hence |D4| < 1.

Let S = D4 U Ds U Dg. Then |S| < 3. Assume that |S| = 3. By (14), |D,| = 5, |D3| = 0. Since G* contains neither 3-cycles
nor 2-cycles, |[E(G*[S])| < 2.In this case, (S) = Y, s dg+(v) — 2|[E(G*[S])| = 4+ 5+ 6 — 4 = 11. On the other hand, since
|Dy| < 5,0(D;) = ZUEDZ dg+(v) — 2|E(G*[D,])| < 10, which contradicts 3(S) = e(S, D,) = 9(D-).

Thus, |S| < 2. Since |D,| + |D3] < 5, |V(G*)| < 7. Then the vertex in Dg is adjacent to all other vertices in G*. Since
8(G*) = 2,G*[Ds U D4 U D3 U D,] contains an edge. Thus, G* contains a 3-cycle, which is contrary to Theorem 2.6(i).

Claim 3. A(G*) < 4.
By Claim 2, A(G*) < 5. Suppose, to the contrary, that A(G*) = 5. In this case, from (10) and (11), we have

5> |Daf + [D3| = |D2| = 1+ [D4| + |Ds|, (15)
which implies that |Ds| < 4.
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Assume first that |Ds| = 4. By (15), |[D4| = |D3] = 0 and |D,| = 5. Since G* contains neither 3-cycles nor 2-cycles,
|E(G*[Ds])| < 4 and 9(Ds) = ZUED5 dg+(v) — 2 % |[E(G*[Ds])] = 20 — 8 = 12. On the other hand, (D) < 10. This
contradicts 9(Ds) = e(Ds, D;) = 9(D>).

Assume then that |Ds| = 3. By (15),5 > |D3| + |D3| > |D3| = 1+ |D4| + 3 > 4. Since the number of the vertices of odd
degree in G* is even, |D4| = 0, |D3| = 1and |D,| = 4. Let S = D3 U Ds. Then |S| = 4. Since G* has no 3-cycles nor 2-cycles,
|E(G*[S])| < 4.Thus,

8> d(Dy) =e(D,S) = (S) = »_dg=(v) — 2% |[E(G*[S])| = 15+ 3 — 8 = 10,

vES

a contradiction.

Next, assume that |Ds| = 2.By (15),5 > |Dy| + |D3| = |Dy| = 1+ |D4| + 2 > 3.Let S = D3 U D4 U Ds. Since the number
of the vertices of odd degree in G* is even, |D3| = 2 or 0. In the former case, by (15), |D4| = 0. Thus |[D,| = 3 and |S| = 4.
Since G* does not have any cycle of length at most 3, |[E(G*[S])| < 4.Thus,6 > 9(D;) = e(D,,S) = d(S) > 10+6—8 = 8,
a contradiction. In the latter case, |D3| = 0. By (10) and (15),5 > |D3| 4+ |[D4| = 1+ 2|D4| 4+ 2 and thus |D4| < 1.

If [ID4| = 1, then by (15) |D,| = 4 and |S| = |Ds| + |D4| + |Ds| = 3. Since G* does not have any cycles of length at
most 3, |[E(G*[S])| < 2.Thus, 8 > 0(D,) = e(D,,S) = 9(S) > 14 — 4 = 10, a contradiction. Thus, |D4| = 0. In this case,
V(G*) = D, UDs. Since A(G*) = 5 and G* is simple, |V (G*)| > 6 and hence |D;| > 6 —2 = 4.By (15), |D;| < 5.1f |D,| = 4,
then |V(G*)| = 6. Let Ds = {vq, vo}. For eachi = 1, 2, v; is adjacent to all other vertices in G*. Thus, G* contains a 3-cycle,

contrary to Theorem 2.6(i). Suppose that |D,| = 5. Since G* does not contain any cycle of length at most 3, G* = K 5.
Let V(G*) = {vy, vy, ..., v7}, where D, = {v3, v4,...,v7} and Ds = {vq, vo}, and let H; denote the preimage of v; for
i=1,2,...,7.

Define X = {x € V(G) : dg(x) < n/4}. By the given degree condition, if x{, X, € X, then x;x, € E(G). Note that D, is
an independent set of G*. Then there is at most one vertex, say vs in Dy, such that V(H3) N X # ¢, thatis, VH) NX =0
forj = 4,5, 6, 7. It follows that each vertex in H; has degree at least n/4 for j = 4,5, 6, 7. On the other hand, d¢-(v;) =
2 < n/4, which is equivalent to d(H;) < n/4 in G. Applying Lemma 2.8 to H; forj = 4,5,6,7, |V(H;)| > n/4. Then
n=|V(G)| = ZZ:] |V(H;)| > 4(n/4) + 3 = n + 3, a contradiction.

Finally, assume that |Ds| = 1. Let S = D, U D3 U Dg. It follows from (10) and A(G*) = 5 that |S| = 5. Thus, v € Ds is
adjacent to each vertex in S. On the other hand, since §(G*) > 2, G*[S] contains edges. It follows that G* contains a 3-cycle,
contrary to Theorem 2.6(i).

We are ready to complete the proof of Theorem 4.2. By Claim 3, A(G*) < 4. First, suppose that A(G*) = 4. By (10),
[V(G*)| < 5.1f [D4| > 2,let vy, v, € D4. Foreachi = 1, 2, v; is adjacent to all other vertices of G*. Thus, G* has a 3-cycle,
contrary to Theorem 2.6(i). If |D4] = 1, v € D4 is adjacent to all other vertices of G*. On the other hand, since §(G*) > 2,
G*[D, U D3] contains edges. It follows that G* contains a 3-cycle, contrary to Theorem 2.6(i).

Next, suppose that A(G*) = 3. It follows from (10) and (11) that:

5= |Da| + D3| = [D2f = 1 (16)

which implies that |[D;| < 4. Since the number of the vertices of odd degree is even, |D3|] = 4 or 2. In the former
case, by (16), |D;] = 1. Note that G* does not have any cycle of length at most 3. Then |[E(G*[D3])|] < 4 and hence
2 > 9(Dy) = e(Dy,S) = 9(D3) = ZUE% d(v) — 2|E(G*[D3])] = 12 — 8 = 4, which is a contradiction. In the latter
case, [D,| < 3.1f D] = 3, then G* = Ky 3. If |D2| < 2, then |[V(G*)| < 4. Since G* is 2-edge-connected and |D3| = 2, it is
easy to verify that G* contains a 3-cycle, contrary to Theorem 2.6(i).

Finally, assume that A(G*) = 2. Then |[E(G*)| = |D,| = |[V(G*)|. Since G* is 2-edge-connected, G* is a cycle. By (10),
|D,| < 5.1f |Dy| < 3, then G* is a cycle of length at most 3, which is contrary to Theorem 2.6(i). If |D,| = 4, G* is a 4-cycle. If
D] =5,G*isa5-cycle. W

The proof of Theorem 1.4. Let A be an abelian group with |A| > 4. By Theorems 3.3 and 4.2, G* € {K;, C4, G5, K33}, oris the
graph L in Fig. 2. In the latter case, G is A-connected by Lemma 4.1. If G* is K7, then Lemma 2.7 shows that G is A-connected.
IfG* € {Ky 3, C4}, then by Lemmas 2.1 and 2.2, Ag(G) = 5.If G* = G5, then by Lemma 2.1, A,(G) =6. W
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