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MOD (2p + 1)-ORIENTATIONS AND K 2,4+1-DECOMPOSITIONS*

HONG-JIAN LAIf

Abstract. In this paper, we establish an equivalence between the contractible graphs with
respect to the mod (2p + 1)-orientability and the graphs with K7 2p41-decompositions. This is
applied to disprove a conjecture proposed by Barat and Thomassen that every 4-edge-connected
simple planar graph G with |E(G)| = 0 (mod 3) has a claw decomposition.
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1. Introduction. Graphs in this paper are finite and loopless and may have
multiple edges. See [2] for undefined notations and terminologies. In particular,
k'(G) denotes the edge connectivity of a graph G, and if X is an edge subset or a
vertex subset of a graph G, then G[X] denotes the subgraph of G induced by X. A
connected loopless graph with 3 edges and a vertex of degree 3 is called a generalized
claw. When restricted to simple graphs, a generalized claw must be isomorphic to a
Ky 3. A graph G with |E(G)| = 0 (mod 3) has a claw decomposition if E(G) can be
partitioned into disjoint unions E(G) = X7 U Xo U---U X}, such that, for each ¢ with
1 <i <k, G[X;] is a generalized claw. Barat and Thomassen [1] showed that the
claw-decomposition problem is closely related to the nowhere zero 3-flow problem. In
particular, the following conjecture is proposed.

CONJECTURE 1.1 (Barat and Thomassen [1]). Ewvery 4-edge-connected simple
planar graph G with |E(G)| =0 (mod 3) has a claw decomposition.

The purpose of this note is to disprove this conjecture. In section 2, we shall
introduce contractible graphs with respect to the mod (2p+1)-orientability and discuss
their properties and their relationship to the graphs with K; 2,4 1-decompositions. In
section 3, we disprove the conjecture above.

2. Mé’p_{_1 and K 3p11-decompositions. Throughout this section, p > 0 de-
notes an integer. We shall extend the definition of claw decomposition to K op1-
decomposition as follows. A connected loopless graph with 2p + 1 edges and a ver-
tex of degree 2p + 1 is called a generalized K1 9py1. A graph G with |E(G)| = 0
(mod 2p + 1) has a K opt1-decomposition if E(G) can be partitioned into disjoint
unions E(G) = X; U X3 U --- U X}, such that, for each ¢ with 1 < ¢ < k, G[X]]
is a generalized K 2p+1. In this case, we say that G has a K 2,11-decomposition
X ={X1,Xo,..., X1}

Let D = D(G) be an orientation of an undirected graph G. If an edge e € E(G)
is directed from a vertex u to a vertex v, then let tail(e) = v and head(e) = v. For a
vertex v € V(G), let

Ef(v)={e€ E(D) : v= tail(e)} and E;(v) = {e € E(D) : v= head(e)}.
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We shall denote df,(v) = |Ef(v)| (the out degree of v) and dp(v) = |Ep(v)| (the in
degree of v). The subscript D may be omitted when D(G) is understood from the
context. Let A be an (additive) Abelian group. If f : E(G) — A is a function, then
the boundary of f is a map df : V(G) — A such that

ofw)y= > fle)= D fle), VweV(Q).

ecEf (v) e€EL(v)

Let k£ > 0 be an integer, and assume that G has a fixed orientation D. A mod
k-orientation of G is a function f : E(G) — {1,—1} such that for all v € V(QG),
df(v) = 0 (mod k). The collection of all graphs admitting a mod k-orientation is
denoted by Mj,. Note that, by definition, K; € M. Jaeger has conjectured [7] that
every 4k-edge-connected graph is in Mag11. This conjecture is still open.

Throughout this note, Z denotes the set of all integers. For integers a1, as,...ax
such that not all of them are zero, let ged(aq, as, ..., ax) denote the greatest common
divisor of aq, as, . ..ag. Foranm € Z, Z,, denotes the set of integers modulo m, as well
as the additive cyclic group on m elements. For a graph G, a function b : V(G) — Z,,
is a zero sum function in Z,, if ZveV(G) b(v) = 0 (mod m). The set of all zero sum
functions in Z,, of G is denoted by Z(G, Z,,). When k = 2p+1 > 0 is an odd number,
we define M3, ., to be the collection of graphs such that G € Mg, |, if and only if for
all b € Z(G,Zop+1), 3f : E(G) — {1,—1} such that for all v € V(G), 0f(v) = b(v)
(mod 2p + 1).

Note that if a function f : E(G) ~— {1,—1} is given, then one can reverse the
orientation of e for each e € E(G) with f(e) = —1 to obtain an orientation D’ of G
such that for all v € V(G), df, (v) — dp,(v) = Of(v). Thus we have the following
proposition.

PROPOSITION 2.1. G € M3, if and only if for allb € Z(G, Zzp+1), G has an or-
ientation D with the property that for allv € V(G), d},(v)—dp(v) = b(v) (mod2p+1).

For a subgraph H of G, define the set of vertices of attachments of H in G to be
Ag(H) ={v e V(H) : v is adjacent to a vertex in G — V(H)}.

PROPOSITION 2.2. For any integer p > 1, M3, is a family of connected graphs
such that each of the following holds.

(Cl) Ky € Mg, ;.
(C2) Ife€ E(G) and if G —e € M3, , then G € Mg, .
(C3) If H is a subgraph of G, and if H,G/H € M3, ., then G € M3, ;.

Proof. (C1) and (C2) are straightforward, and so we verify only (C3).

Suppose that G has a fixed orientation, H is a subgraph of G, and both H € M3,
and G/H € Mg, . Thus the edges in both H and G/ H are oriented by the orientation
of G. By (C2), we may assume that H is an induced subgraph of G, and so E(G)
is the disjoint union of E(H) and E(G/H). Note that H is connected, and so H
will be contracted to a vertex vy (say) in G/H. Let b : V(G) — Zgp41 such that
> vev(c) b(v) =0 (mod 2p+1), and let ag = >,y () b(v). Define by : V(G/H) — A
by setting b1(z) = b(2) if z # vy, and bi(vmg) = ao. Then > v (g ) bi(2) =
> zev(e) 0(2) =0 (mod 2p +1). Since G/H € Mg, ,,, there exists f1 : E(G/H) —
{1, —1} such that 0f; = b;. For each z € V(H), define
bo(2) = {b(z) + ZeeE;/H(vH)nEg(z) file) — ZeeE:;/H(vH)ﬂEg(z) file) if z € Ag(H),

b(z) otherwise.

Then Y- ¢y (g b2(2) = 0 (mod 2p+1). Since H € M3, ,, there exists fo : E(G/H) —
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{1, —1} such that df, = by. Now for each e € E(G), define f(e) = fi(e) + fa(e). As
E(G) is a disjoint union of E(H) and E(G/H), it is routine to verify that 0f(z) = b(z)
(mod 2p + 1), and so G € Mg, ;. O

Catlin [3] (see also [4], [5]) called families of connected graphs satisfying (C1),
(C2), and (C3) complete families. Complete families seem to be useful in applying
certain reduction methods ([3], [4], [5]).

For a subgraph H of a graph G, define

OH)={w e E(G):ueV(H),veV(G)—-V(H)}.

Let D be an orientation of G. Let d},(H) denote the number of edges in 9(H) that
are oriented in D from H to G — V(H), and dp,(H) = |0(H)| — d},(H).

To demonstrate the relationship between Mg, , | and all of the graphs with K7 941~
decompositions, we make the following definitions.

(i) kc2p+1 denotes the smallest integer & > 0 such that every k-edge-connected
graph G is in Mg, ;.

(i) k2P*1 denotes the smallest integer & > 0 such that every k-edge-connected
graph G with |E(G)| =0 (mod 2p + 1) has a K 2p4+1-decomposition.

The main result of this section is the following relationship.

THEOREM 2.3. For any positive integer p > 0, if one of k¢ 2p+1 and ko2l epists
as a finite number, then ke opy1 = ke2ptl

To prove this theorem, we need to establish some lemmas. In each of the following
lemmas, G is a graph and H is a subgraph of G. Suppose that G has a Kj opy1-
decomposition X = {X1, X»,..., Xy}, where each G[X;] is a generalized K1 op41 for
all i. For each G[X;], we orient the edges from the vertex v; of degree 2p+ 1 in G[X;]
to all other vertices of G[X;]. This yields an orientation D = D(X) induced by the
decomposition X. For each i, the vertex v; is called the center of the oriented Xj.

LEMMA 2.4. Suppose that G has a Ki 2pt1-decomposition X = {X1, Xo, ..., Xk},
and let D = D(X). Then for any subgraph H of G,

|E(H)| +d},(H) =0 (mod 2p + 1).

Proof. Let [H,G — V(H)] denote the set of edges in O(H) that are oriented in
D(X) from H to G — V(H). Then |[H,G — V(H)|| = d},(H).

By the definition of D(X), the edge subset F(H)U [H,G — V (H)] is the disjoint
union of the oriented X;’s whose centers are in V (H). It follows that |E(H)|+d}(H) =
|[E(H)U[H,G -V (H)]|=0 (mod 2p + 1). O

LEMMA 2.5. Let b € Z be a number, and let d = |0(H)|. Suppose that G
has a K1 opy1-decomposition X and that H is a subgraph of G. If 2|E(H)| = —d —
b (mod 2p + 1), then, in the orientation D = D(X),

dj,(H) —d,(H) =b (mod 2p + 1).

Proof. Let d* = df(H) and d~ = d,(H). Then d = d* + d~. By Lemma 2.4,
|E(H)| = —d* (mod 2p+1), and so b = —d—2|E(H)| = —d+2d* = (—d+d*)+d" =
d™ —d~ (mod 2p + 1). a

The following below is well-known in number theory. For a reference, see Theorem
1.5 of [12].

LEMMA 2.6. Letay,as,...,a be integers, not all zero. Then ged(ay,as, ..., ax) =
1 if and only if there exist integers x1, o, ..., T such that ayxi+asxo+- - +arry = 1.

LEMMA 2.7. Let k,l,p € Z such that k > 0, p > 0, and 0 <1 < 2p. Each of the
following holds.
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Ly

Yi 25
Fi1G. 1. I12(4) (isomorphic to icosahedron) with specified x;,y;, z;.

(i) There exists a planar graph H with k'(H) > k and 2|E(H)| =1 (mod 2p+1).
(ii) There exists a simple graph H with «'(H) > k and 2|E(H)| =1 (mod 2p+1).
(i) If 2 < k < 5, then there exists a simple planar graph H with x'(H) > k and
2|E(H)| =1 (mod 2p +1).

Proof. (i) For any integer n > 0, let nK5 denote the connected loopless graph with
two vertices and n multiple edges. Let s > 0 be an integer such that s(2p + 1) > k.
Define the desired H as follows:

I (2ps + s+ t) K> if I = 2t is even,
ol (@p+D)(s+1)—(p—t) Ky ifl=2t+11is odd.

(ii) Take an integer m > 4p + 2 + k, and let H, = K,, — W for some edge set
W C E(K,,) such that [W| <4p+ 1 and 2(|E(K,,)| — |[W]) =1 (mod 2p + 1).

(iii) Since ged(10,18,2p + 1) = 1, by Lemma 2.6, there are integers ag, by, co
such that 10ag + 18by 4+ (2p + 1)co = 1. Choose g = lag + I(Jag| + 1)(2p + 1) and
yo = Ibg + 1(Jbo] + 1)(2p 4+ 1). Then xg,yo are positive integers such that

10zg + 18yo =1 mod (2p+ 1)

holds. Let t = (2p+ 1)(xo + yo + 1), and let I12(i), 1 <i <t —1, be a graph isomor-
phic to icosahedron defined below (see Figure 1). Define H to be the graph obtained
from I19(1), I12(2), ..., [12(t) by identifying z; and y;41, 1 <i <t¢—1, and by adding

xo + 2yo new vertices ui,Us,...,Ugy, U1, V2, ..., Uyy, W1, W2, ..., Wy, With N(ug) =
{@sk—a, T5k—3, Tsk—2, Tsk—1, Tsk }, N(Ukr) =  {T50048k'—7) T520+8k —6> Toao+8K —5>
Tszo+sk'—4, Wi §, and N(wir) = {5048k —35 Tozg+8k'—25 Tozo+8k'— 15 Tozg+8k’s Uk’ }»

where 1 < k < xgand 1 < k' < yo. So H is a simple planar graph with x(H) > k
and 2|E(H)| = 60t + 10z¢ + 18yg = 60(2p + 1)(zo + yo + 1) + 10zp + 18yy =
[ mod (2p+1). O

LEMMA 2.8. (i) Let k > 0 be an integer. If every k-edge-connected (simple)
graph G with |[E(G)| = 0 (mod 2p + 1) has a K 2p41-decomposition, then every k-
edge-connected (simple) graph L € M3, ;.

(ii) Let k > 0 be an integer. If every k-edge-connected planar graph G with
|E(G)] = 0 (mod 2p + 1) has a Ki 2pt1-decomposition, then every k-edge-connected
planar graph L € M3, .

(iii) Let 2 < k < 5. If every k-edge-connected simple planar graph G with
|E(G)] = 0 (mod 2p + 1) has a Kj 2pt+1-decomposition, then every k-edge-connected
simple planar graph L € M3, .

Proof. We shall prove (i) and assume first that every k-edge-connected (simple)
graph G with |E(G)| = 0 (mod 2p+1) has a K 3,41-decomposition. By contradiction,
we assume that there exists a k-edge-connected (simple) graph L such that L ¢ M3, 4.
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Therefore, 3b € Z(L,Zgp+1) such that L does not have an orientation D satisfying
d5(v) — dp(v) = b(v) (mod 2p + 1) for all v € V(L).

Let I, € Z, with 0 <, < 2p such that [, = —b(v) — dr(v) (mod 2p + 1) for all
v € V(L). By Lemma 2.7 (ii), there exists a simple graph H, with 2|E(H,)| =1, =
—b(v) —dr,(v) (mod 2p+1) such that H, is also k-edge-connected. For each v € V(L),
replace v by H, in such a way that the resulting graph G is also a k-edge-connected
(simple) graph.

Since b € Z(L, Zayi1), 21E(G)| = Xoeyz) 2EH) 421 E(L)] = = ey (1) bv)-
Yvevr) L) +2[E(L)| = =3, cv(r) b(v) = 0 (mod 2p + 1). By the fact that 2 and
2p+1 are relatively prime, |E(G)| = 0 (mod 2p+1). By the assumption of this lemma,
G has a K 9,+1-decomposition X. By the construction of G, |0(H,)| = dr(v). Since
2|E(H,)| =1, = —b(v) — dr(v) (mod 2p + 1), it follows by Lemma 2.5 that, in the
orientation D = D(X) for all v € V(L), d},(H,) — dp,(H,) = b(v) (mod 2p + 1),
contrary to the assumption that L is a counterexample.

The proofs for (ii) and (iii) are similar except that we shall use Lemma 2.7 (i)
and (iil) instead of Lemma 2.7 (ii). Thus we omit the detailed proofs. ad

LEMMA 2.9. If G has an orientation D such that for all v € V(G), df(v) =
0 (mod 2p + 1), then G is K1 2p41-decomposable.

Proof. Note that if D is an orientation of G, then E(G) = Uyev(a)Eh(v) is a
disjoint union. As for all v € V(G), d},(v) = 0 (mod 2p+ 1), each E}(v) is a disjoint
union of generalized K1 2,41’s, and so G is K 2,41-decomposable. 0

LEMMA 2.10. Suppose that G € M3, . If [E(G)| =0 (mod 2p + 1), then G has
a Ky opy1-decomposition.

Proof. For all v € V(Q), pick an z(v) € {0,1,...,2p} such that d(v) = z(v) (mod
2p+1). Define b(v) = d(v) — 2z(v). First, we shall show that b € Z(G, Z2p41). Since
z(v) = d(v) (mod 2p+ 1), we have d(v) — 2z(v) = —z(v) = —d(v) (mod 2p+1). Note
also that ZUGV(G d(v) =2|E(G)| =0 (mod 2p + 1). Thus

Z b(v Z (d(v) —2z(v) Z d(v) =0 (mod 2p + 1).

veV(G) veV(G) veV(G)

Hence b € Z(G, Zopt1).

Since G € Mg, ;, there exists an orientation D of G such that, under this ori-
entation, at each vertex v € V(G), d*(v) — d (v) = b(v) = d(v) — 2z(v). Since
d*(v) +d~(v) = d(v), we have 2d* (v) = 2d(v) — 2z(v) = 2(d(v) — x(v)). Since 2 and
2p + 1 are relatively prime, d*(v) = d(v) — z(v) = 0 (mod 2p + 1). Therefore, by
Lemma 2.9, G has a K 2,41-decomposition. 0

Now we can easily prove Theorem 2.3. By Lemma 2.8, k¢ op1 < k2t and by
Lemma 2.10, k¢ opy1 > kS2P+1 Thus Theorem 2.3 follows.

By (ii) and (iii) of Lemma 2.8 and by Lemma 2.10, and noting that the edge
connectivity of a simple planar graph cannot exceed 5 (Corollary 9.5.3 of [2]), we also
have the following corollary.

COROLLARY 2.11. (i) Let k' denote the smallest positive integer such that ev-
ery k'-edge-connected planar graph G with |E(G)| = 0 (mod 2p + 1) has a K1 2pt1-
decomposition, and let k" denote the smallest positive integer such that every k" -edge-
connected planar graph is in Mg, . Then k' = k".

(ii) Let ' denote the smallest positive integer such that every l'-edge-connected
simple planar graph G with |E(G)| = 0 (mod 2p + 1) has a K; 2pt+1-decomposition,
and let " denote the smallest positive integer such that every l” -edge-connected simple
planar graph is in Mg, ;. Thenl" =1".
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x; Yi

Fic. 2. The building block H;.

T2

1

L3k

F1G. 3. The graph G = G(k).

3. Planar graphs. When p = 1, graphs in MY are also called Zs-connected
graphs [8], [10], [11]. The following has been recently proved.

THEOREM 3.1 (Theorem 3 of [9]). There exists a family of 4-edge-connected
simple planar graphs that are not in M.

In fact, the dual version of Theorem 3.1 is proved in [9]. The equivalence between
Theorem 3 of [9] and Theorem 3.1 here was pointed out without a proof in [8], and a
formal proof of this equivalence can be found in [6].

COROLLARY 3.2. There exists a 4-edge-connected simple planar graph G with
|E(G)| =0 (mod 3) which does not have a claw decomposition.

Proof. Suppose, to the contrary, that Conjecture 1.1 holds. Then by (ii) of
Corollary 2.11, every 4-edge-connected simple planar graph must be in Mg, which
contradicts Theorem 3.1. O

Corollary 3.2 disproves Conjecture 1.1. In fact, we can also directly construct an
infinite family of 4-edge-connected simple planar graphs G with |E(G)| = 0 (mod 3)
which does not have a claw decomposition. We present the construction as follows.

Let £ > 0 be an integer. For each ¢ with 1 < ¢ < 3k, define H; to be the graph
depicted below. See Figure 2.

A graph G = G(k) can be constructed from the disjoint H;’s by identifying y;
and x;y1, where 3,41 = 1 and where ¢ = 1,2, ... 3k.

EXAMPLE 3.3. For each k > 0, G = G(k) defined in Figure 3 is a 4-regular and
4-edge-connected simple planar graph with |E(G)| = 0 (mod 3), and G has no claw
decomposition.

Proof. Suppose G has a claw decomposition X = {X1, Xo,...,X,,}, and let
D = D(X). Since G is 4-regular, for all v € V(G), |Ef;(v)| € {0,3}. Note that
|[V(G)| = 24k and |E(G)| = 48k. Thus G has m = 48k/3 = 16k edge-disjoint
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claws. Let W denote the set of vertices v with |Ef(v)| = 0. Then |W| = |V(G)| —
m = 24k — 16k = 8k. Note that no two vertices in W are adjacent in G, and so,
for each ¢ = 1,2,...,3k (mod 3k), |W NV(H; UH;y1 — {yi+1})| < 5. It follows
that 16k = 2|W| = S2°% |V(H; U Hiq — {yia}) N W] < 5 x 3k = 15k, a con-
tradiction. |

It is an open problem whether k. 2,11, or, equivalently, ke2PF1 exists as a finite
number. We conjecture that it does. In view of Corollary 3.2 and Example 3.3, we
further conjecture that k. 2,11 = 4p + 1.
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