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Abstract

In this paper, we study the global stability of the difference equation
qTh
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xn ¼
aþ bxn�1 þ cx2n�1

d � xn�2

; n ¼ 1; 2; . . . ;
where a, bP 0 and c, d > 0. We show that one nonnegative equilibrium point of the

equation is a global attractor with a basin that is determined by the parameters, and

every positive solution of the equation in the basin exponentially converges to the

attractor.
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1. Introduction

Kocic et al. [1] examined the periodicity and oscillating properties of the

positive solutions as well as the global attractivity of the nonnegative equi-

librium of the difference equation
xn ¼
aþ bxn�1

d þ xn�k
; n ¼ 1; 2; . . . ; ð1:1Þ
where a, b, dP 0, aþ b > 0, and k 2 f2; 3; . . .g. There are yet three other types
of recursive sequences that are formally similar to sequence (1.1), which are

listed below:
xn ¼
a� bxn�1

d þ xn�k
; n ¼ 1; 2; . . . ; ð1:2Þ

xn ¼
a� bxn�1

d � xn�k
; n ¼ 1; 2; . . . ; ð1:3Þ

xn ¼
aþ bxn�1

d � xn�k
; n ¼ 1; 2; . . . ; ð1:4Þ
where a; b; dP 0, aþ b > 0, and k 2 f2; 3; . . .g. Aboutaleb et al. [2] studied the

global asymptotic stability of Eq. (1.2) with k ¼ 2, and Li and Sun [3] extended

the results to Eq. (1.2) with kP 2. Yan and Li [4] investigated the global

attractivity of Eq. (1.3) with k ¼ 2, and Yan et al. [5] extended the results to Eq.

(1.3) with kP 2. Yan and Li [6] examined the global asymptotic behavior of
Eq. (1.4) with k ¼ 2. Sequences (1.1)–(1.4) have the common feature that the

numerator and the denominator in the fraction are both linear in xn. For more

recursive sequences with this feature, the reader is referred to [7–16].

Some rational recursive sequences were also investigated in which the

numerator or/and the denominator is quadratic in xn. For instances, Li [17]

found some sufficient conditions for the global attractivity of the positive

equilibrium point of the difference equation
xn ¼
aþ cx2n�1

d þ x2n�k

; n ¼ 1; 2; . . . : ð1:5Þ
Zhang et al. [18] investigated the global stability of the sequence (1.5) with

k ¼ 2 and d ¼ 1.
In this paper, we study the global asymptotic behavior of the following

recursive sequence:
xn ¼
aþ bxn�1 þ cx2n�1

d � xn�2

; n ¼ 1; 2; . . . ; ð1:6Þ
where a; bP 0 and c; d > 0. Eq. (1.6) is similar to Eq. (1.4) with k ¼ 2, with the

only difference that the former contains a quadratic term in the numerator of
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the fraction while the numerator of the latter is linear. Also Eq. (1.6) is similar

to (1.5) in that they both contain x2n term in the numerator.
2. Preliminaries

Let I be a real interval and let f : I � I ! I be a continuous function. For

every initial condition hx�1; x0i 2 I � I , the difference equation
xn ¼ f ðxn�1; xn�2Þ; n ¼ 1; 2; . . . ; ð2:1Þ
has a unique solution fxng1n¼�1, which is called a recursive sequence. An equi-

librium point of Eq. (2.1) is a point a 2 I with f ða; aÞ ¼ a.

Definition 2.1. Let a be an equilibrium point of Eq. (2.1).

iii(i) a is locally stable if for every e > 0, there exists d > 0 such that for each

hx�1; x0i 2 I � I with jx�1 � aj þ jx0 � aj < d, jxn � aj < e holds for

n ¼ 1; 2; . . ..
ii(ii) a is a local attractor if there exists c > 0 such that for each hx�1; x0i 2 I � I

with jx�1 � aj þ jx0 � aj < c, xn ! a holds.

i(iii) a is locally asymptotically stable if it is locally stable and is a local attrac-

tor.
i(iv) a is a global attractor if for each hx�1; x0i 2 I � I , xn ! a holds.

ii(v) a is globally asymptotically stable if it is locally stable and is a global

attractor.

i(vi) a is a repeller if there exists c > 0 such that for each hx�1; x0i 2 I � I with
jx�1 � aj þ jx0 � aj < c, there exists N such that jxN � ajP c.

(vii) a is a saddle point if it is neither a local attractor nor a repeller.

Assume a is an equilibrium point of Eq. (2.1). Let p ¼ � of ða;aÞ
oxn�1

and

q ¼ � of ða;aÞ
oxn�2

. Then the linearized equation associated with Eq. (2.1) about the

equilibrium a is
yn þ pyn�1 þ qyn�2 ¼ 0: ð2:2Þ
The characteristic equation is
k2 þ pkþ q ¼ 0: ð2:3Þ
Theorem 2.1 (Linearized stability theorem [19])

ii(i) If jpj < 1þ q and q < 1, and, then a is locally asymptotically stable.
i(ii) If jqj > 1 and jpj < j1þ qj, then a is a repeller.
(iii) If p2 > 4q and jpj > j1þ qj, then a is a saddle point.
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Definition 2.2. Let fxng be a sequence of real numbers, and a be a real number.

ii(i) fxng oscillates about a if for every positive integer N , there exist n;m > N
such that xn P a and xm 6 a.

i(ii) fxng strictly oscillates about a if for every positive integer N , there exist

n;m > N such that xn > a and xm < a.
(iii) A negative semicycle of fxng about a is a string of consecutively negative

terms of the sequence fxn � ag preceded by a nonnegative term and fol-

lowed by a nonnegative term. A positive semicycle is a string of consecu-

tively nonnegative terms of the sequence fxn � ag preceded by a
negative term and followed by a negative term.

For other basic terminologies and results of difference equations the reader is

referred to [19].
3. Equilibria and local asymptotic stability

Consider the difference equation
xn ¼ f ðxn�1; xn�2Þ ¼
aþ bxn�1 þ cx2n�1

d � xn�2

; n ¼ 1; 2; . . . ; ð3:1Þ
where
a; bP 0; c; d > 0: ð3:2Þ
The equilibrium points of this equation are the solutions of the quadratic

equation
ð1þ cÞx2 � ðd � bÞxþ a ¼ 0: ð3:3Þ
Suppose
d > b; ðd � bÞ2 > 4að1þ cÞ: ð3:4Þ
Then Eq. (3.1) has one nonnegative equilibrium a and one positive equilibrium

b > a, where
a ¼
ðd � bÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd � bÞ2 � 4að1þ cÞ

q
2ð1þ cÞ ; ð3:5Þ

b ¼
ðd � bÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd � bÞ2 � 4að1þ cÞ

q
2ð1þ cÞ : ð3:6Þ
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Since
d � a > d � b ¼
d þ bþ 2cd �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd � bÞ2 � 4að1þ cÞ

q
2ð1þ cÞ

P
d þ bþ 2cd � ðd � bÞ

2ð1þ cÞ ¼ bþ cd
1þ c

> 0;
we have
06 a < b < d: ð3:7Þ
Theorem 3.1. Assume (3.2) and (3.4) hold. Then

i(i) a is locally asymptotically stable; and
(ii) if cP 1 or if c > d�3b

3d�b, then b is a saddle point of Eq. (3.1).
Proof. The linearized equation associated with Eq. (3.1) about the equilibrium

a is
yn �
bþ 2ca
d � a

yn�1 �
a

d � a
yn�2 ¼ 0:
Let p ¼ � bþ2ca
d�a and q ¼ � a

d�a. Then
p þ qþ 1 ¼ � bþ 2ca
d � a

� a
d � a

þ 1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd � bÞ2 � 4að1þ cÞ

q
d � a

> 0;

� p þ qþ 1P p þ qþ 1 > 0; and q6 0 < 1:
It follows from Theorem 2.1(i) that a is locally asymptotically stable.

Similarly, the linearized equation associated with Eq. (3.1) about the equi-

librium b is
yn �
bþ 2cb
d � b

yn�1 �
b

d � b
yn�2 ¼ 0:
Let p ¼ � bþ2cb
d�b and q ¼ � b

d�b. Then
p2 � 4q ¼ bþ 2cb
d � b

� �2

þ b
d � b

> 0;

jpj � q� 1 ¼ bþ 2cb
d � b

þ b
d � b

� 1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd � bÞ2 � 4að1þ cÞ

q
d � b

> 0;
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jpj þ qþ 1 ¼ bþ 2cb
d � b

� b
d � b

þ 1

¼
2ðbþ cdÞ þ ðc� 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd � bÞ2 � 4að1þ cÞ

q
ðd � bÞð1þ cÞ :
If cP 1, then jpj þ qþ 1 > 0. If c < 1 and c > d�3b
3d�b, then
jpj þ qþ 1P
2ðbþ cdÞ þ ðc� 1Þðd � bÞ

ðd � bÞð1þ cÞ ¼ ð3d � bÞcþ ð3b� dÞ
ðd � bÞð1þ cÞ > 0:
It follows from Theorem 2.1(iii) that b is a saddle point. h
4. Global asymptotic stability

In this section, we deal with the global attractivity of a. To this end, we need

to make an estimation on the gap between xn and a.
xn � a ¼ f ðxn�1; xn�2Þ � f ða; aÞ
¼ ½f ðxn�1; xn�2Þ � f ða; xn�2Þ� þ ½f ða; xn�2Þ � f ða; aÞ�

¼ aþ bxn�1 þ cx2n�1

d � xn�2

�
� aþ baþ ca2

d � xn�2

�

þ aþ baþ ca2

d � xn�2

�
� aþ baþ ca2

d � a

�

¼ bþ cðxn�1 þ aÞ
d � xn�2

ðxn�1 � aÞ þ aþ baþ ca2

ðd � xn�2Þðd � aÞ ðxn�2 � aÞ:
In view of aþ baþ ca2 ¼ aðd � aÞ, we derive
xn � a ¼ bþ caþ cxn�1

d � xn�2

ðxn�1 � aÞ þ a
d � xn�2

ðxn�2 � aÞ: ð4:1Þ
The following lemma follows from Eq. (4.1).

Lemma 4.1. Assume (3.2) and (3.4) hold and hxn�2; xn�1i 2 ½0; bÞ � ½0; bÞ.

ii(i) If xn�1 P a and xn�2 P a, then
06 xn � a6
bþ ð1þ cÞaþ cxn�1

d � xn�2

�maxfxn�1 � a; xn�2 � ag: ð4:2Þ
i(ii) If xn�1 6 a and xn�2 6 a, then
06 a� xn 6
bþ ð1þ cÞaþ cxn�1

d � xn�2

�maxfa� xn�1; a� xn�2g: ð4:3Þ
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(iii) If ðxn�1 � aÞðxn�2 � aÞ < 0, then
jxn � aj6 max
bþ caþ cxn�1

d � xn�2

�
� jxn�1 � aj; a

d � xn�2

� jxn�2 � aj
�

ð4:4Þ
and hence
jxn � aj6 max
bþ caþ cxn�1

d � xn�2

;
a

d � xn�2

� �
�maxfjxn�1 � aj; jxn�2 � ajg:

ð4:5Þ
Lemma 4.2. Assume (3.2) and (3.4) hold and hx�1; x0i 2 ½0; bÞ � ½0; bÞ, then

xn 2 ½0; bÞ for n ¼ 1; 0; 1; . . . :
Proof. By induction on n. The assertion is true for n ¼ 1, 0. Suppose for some
integer nP 0, xn�1 and xn�2 2 ½0; bÞ. Note that aþ bxþ cx2 P 0 for xP 0, we

have
06 xn ¼
aþ bxn�1 þ cx2n�1

d � xn�2

<
aþ bxn�1 þ cx2n�1

d � b
<

aþ bbþ cb2

d � b
¼ b:
This completes our inductive proof. h

Lemma 4.3. Assume (3.2) and (3.4) hold

i(i) If hxn�2; xn�1i 2 ½a; bÞ � ½a; bÞ and hxn�2; xn�1i 6¼ ha; ai, then

a6 xn < maxfxn�1; xn�2g; for n ¼ 1; 2; . . . :
(ii) If hxn�2; xn�1i 2 ½0; a� � ½0; a� and hxn�2; xn�1i 6¼ ha; ai, then

maxfxn�1; xn�2g < xn 6 a; for n ¼ 1; 2; . . . :
Proof

ii(i) By Lemma 4.1(i), we have
06 xn � a6
bþ ð1þ cÞaþ cxn�1

d � xn�2

�maxfxn�1; xn�2g:

Clearly, ð1þ cÞðaþ bÞ ¼ d � b, or, equivalently, bþð1þcÞaþcb
d�b ¼ 1. By Lemma

4.2(i), xn 2 ½0; bÞ for n ¼ �1; 0; 1; . . .. So

06
bþ ð1þ cÞaþ cxn�1

d � xn�2

<
bð1þ cÞaþ cb

d � b
¼ 1:
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Thus, 06 xn � a < maxfðxn�1; xn�2g. This implies the desired result.

(ii) The proof is similar to that of (i). h
Lemma 4.4. Assume (3.2) and (3.4) hold and hx�1; x0i 2 ½0; bÞ � ½0; bÞ.

i(i) If hx�1; x0i 2 ½a; bÞ � ½a; bÞ and hx�1; x0i 6¼ ha; ai, then
a6 xn < maxfx0; x�1g for n ¼ 1; 2; . . . :
(ii) If hx�1; x0i 2 ½0; a� � ½0; a� and hx�1; x0i 6¼ ha; ai, then
maxfx0; x�1g < xn 6 a for n ¼ 1; 2; . . . :
Proof. By induction on n and using Lemma 4.3. h
Lemma 4.5. Assume (3.2) and (3.4) hold. Let
L ¼ bþ ð1þ cÞaþ cmaxfx�1; x0g
d �maxfx�1; x0g

: ð4:6Þ
i(i) If hx�1; x0i 2 ½a; bÞ � ½a; bÞ, then 06 L < 1 and
06 xn � a6 Ldn=2e �maxfx0 � a; x�1 � ag for n ¼ 1; 2; . . . : ð4:7Þ
(ii) If hx�1; x0i 2 ½0; a� � ½0; a�, then 06 L < 1 and
06 a� xn 6 Ldn=2e �maxfx0 � a; x�1 � ag for n ¼ 1; 2; . . . : ð4:8Þ
Proof
06 L ¼ bþ ð1þ cÞaþ cmaxfx�1; x0g
d �maxfx�1; x0g

<
bþ ð1þ cÞaþ cb

d � b
¼ 1:
We prove assertion (i) by induction on n. By Lemma 4.1(i), we have
06 x1 � a6
bþ ð1þ cÞaþ cx0

d � x�1

�maxfx�1 � a; x0 � ag

6 L�maxfx�1 � a; x0 � ag
and
06 x2 � a6
bþ ð1þ cÞaþ cx1

d � x0
�maxfx1 � a; x0 � ag:
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By Lemma 4.4(i), a6 x1 < maxfx0; x�1g. So

bþ ð1þ cÞaþ cx1

d � x0
<

bþ ð1þ cÞaþ cmaxfx0; x�1g
d �maxfx0; x�1g

¼ L
and thus
06 x2 � a6 L�maxfx1 � a; x0 � ag
6 L�maxfL�maxfx0 � a; x�1 � ag; x0 � ag
6 L�maxfmaxfx0 � a; x�1 � ag; x0 � ag ¼ L�maxfx0 � a; x�1 � ag:
Hence the assertion is true for n ¼ 1, 2. Suppose the assertion is true for n� 1

and n� 2 (nP 3). By Lemma 4.1(i),
06 xn � a6
bþ ð1þ cÞaþ cxn�1

d � xn�2

�maxfxn�1 � a; xn�2 � ag:
By Lemma 4.4(i), a6 xn�1 6 maxfx0; x�1g and a6 xn�2 6 maxfx0; x�1g. So

bþ ð1þ cÞaþ cxn�1

d � xn�2

6
bþ ð1þ cÞaþ cmaxfx0; x�1g

d �maxfx0; x�1g
¼ L:
Thus,
06 xn � a6 L�maxfxn�1 � a; xn�2 � ag:
By the inductive hypothesis, we have
06 xn�1 � a6 Ldðn�1Þ=2e �maxfx0 � a; x�1 � ag
and
06 xn�2 � a6 Ldðn�2Þ=2e �maxfx0 � a; x�1 � ag:
It follows that
06 xn � a6 L�maxfLdðn�1Þ=2e; Ldðn�2Þ=2eg �maxfx0 � a; x�1 � ag
¼ Ldn=2e �maxfx0 � a; x�1 � ag:
This completes our proof. The proof of assertion (ii) is similar and hence is

omitted. h

Similarly, we can deduce the following result.

Lemma 4.6. Assume (3.2) and (3.4) hold. Let
M ¼ max
bþ caþ cmaxfx0; x�1g

d �maxfx0; x�1g
;

a
d �maxfx0; x�1g

� �
: ð4:9Þ
If hx�1; x0i 2 ½0; bÞ � ½0; bÞ � ½0; a� � ½0; a� � ½a; bÞ � ½a; bÞ, then 06M < 1 and
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jxn � aj6M dn=2e �maxfjx�1 � aj; jx0 � ajg for n ¼ 1; 2; . . . : ð4:10Þ
By combining Lemmas 4.5 and 4.6, we establish the following result related

to the global attractivity of a.

Theorem 4.7. Assume (3.2) and (3.4) hold. Then a is a global attractor with a
basin ½0; bÞ � ½0; bÞ. Furthermore, for any hx�1; x0i 2 ½0; bÞ � ½0; bÞ, the sequence
fxng exponentially converges to a. Moreover, the convergence is subject to
jxn � aj < maxfjxn�1 � aj; jxn�2 � ajg for n ¼ 1; 2; . . . :
To make a more exact estimation on the basin of a, we need the following
preliminary result.

Lemma 4.8. Assume (3.2) and (3.4) hold.

i(i) If b2 6 4ac and hx�1; x0i 2 ð�1; bÞ � ð�b� b=c; bÞ, then

xn 2 ½0; bÞ for n ¼ 1; 2; . . . :
(ii) If b2 > 4ac and hx�1; x0i 2 ð�1; bÞ � ðð�b� b=c; bÞ � ðx1;x2ÞÞ, then

xn 2 ½0; b� for n ¼ 1; 2; . . . ;
where
x1 ¼
�b�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ac

p

2c
; x2 ¼

�bþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ac

p

2c
: ð4:11Þ
Proof

(i) Since b2 6 4ac, the quadratic function aþ bxþ cx2 P 0 for any real number

x. Notice that
aþ bxþ cx2 < aþ bbþ cb2 for x 2 ð�b� b=c; bÞ;

we have

06 x1 ¼
aþ bx0 þ cx20

d � x�1

<
aþ bx0 þ cx20

d � b
<

aþ bbþ cb2

d � b
¼ b

and

06 x2 ¼
aþ bx1 þ cx21

d � x0
<

aþ bx1 þ cx21
d � b

<
aþ bbþ cb2

d � b
¼ b:

By induction on n and in view of Lemma 4.2, we conclude the desired result.
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(ii) Since b2 > 4ac, aþ bxþ cx2 P 0 for any x 62 ðx1;x2Þ. The remaining part

of the proof is similar to that of assertion (i). h

From Theorem 4.7 and Lemma 4.8, we obtain the following result.
Theorem 4.9. Assume (3.2) and (3.4) hold.

i(i) If b2 6 4ac, then a is a global attractor with a basin
ð�1; bÞ � ð�b� b=c; bÞ.

(ii) If b2 > 4ac, then a is a global attractor with a basin
ð�1; bÞ � ðð�b� b=c; bÞ � ðx1;x2ÞÞ:
5. Asymptotic behavior of positive solutions

In this section, we investigate the asymptotic behavior of positive solutions

of Eq. (3.1). To this end, we need to make the following estimation:
xnþ1 � xn ¼ f ðxn; xn�1Þ � f ðxn�1; xn�2Þ
¼ ½f ðxn; xn�1Þ � f ðxn�1; xn�1Þ� þ ½f ðxn�1; xn�1Þ � f ðxn�1; xn�2Þ�

¼ bþ cðxn þ xnþ1Þ
d � xn�1

ðxn � xn�1Þ þ
aþ bxn�1 þ cx2n�1

ðd � xn�1Þðd � xn�2Þ
ðxn�1 � xn�2Þ:

ð5:1Þ
From Eq. (5.1) and by induction on n, we obtain
Lemma 5.1. Assume (3.2) and (3.4) hold.

i(i) If there exists N such that xN 6 xNþ1 6 xNþ2, then xn 6 xnþ1 for nPN .
(ii) If there exists N such that xN P xNþ1 P xNþ2, then xn P xnþ1 for nPN .

From Eqs. (4.2) and (4.3), we derive
Lemma 5.2. Assume (3.2) and (3.4) hold.

i(i) If xn�1 6 xn�2 6 a, then xn P xn�1.
(ii) If xn�1 P xn�2 P a, then xn 6 xn�1.

From Lemmas 5.1 and 5.2, we establish the following result related to the

asymptotic behavior of the positive solutions of Eq. (3.1) in the basin of a.
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Theorem 5.3. Assume (3.2) and (3.4) hold, and assume hx�1; x0i 2 ½0; bÞ � ½0; bÞ.

ii(i) If hx�1; x0i 2 ½0; a� � ½0; a�, then the sequence fxng converges to a in one of
the following three ways:
• There exists an integer N such that the sequence fxng1n¼N is monotonically

increasing.
• xn 2 ½0; a� and x2n�1 6 x2n P x2nþ1 for n ¼ 1; 2; . . ..
• xn 2 ½0; a� and x2n 6 x2nþ1 P x2n for n ¼ 0; 1; 2; . . ..

i(ii) If hx�1; x0i 2 ½a; bÞ � ½a; bÞ, then the sequence fxng approaches a in one of
the following three ways:
• There is an integer N such that the sequence fxng1n¼N is monotonically

decreasing.
• xn 2 ½a; bÞ and x2n�1 6 x2n P x2nþ1 for n ¼ 1; 2; . . ..
• xn 2 ½a; bÞ and x2n 6 x2nþ1 P x2n for n ¼ 0; 1; 2; . . ..

(iii) If hx�1; x0i 2 ½0; bÞ � ½0; bÞ � ½0; a� � ½0; a� � ½a; bÞ � ½a; bÞ, then the se-
quence fxng tends to a in one of the following two ways:
• There is an integer N such that the sequence fxng1n¼N behaves in one of the

six ways described in (i) or (ii).
• fxng strictly oscillates about a, with each positive semicycle having a

length of one, and each negative semicycle having a length of one.

At the end of this paper, we give a sufficient condition for some positive

solutions of Eq. (3.1) to converge to a bi-monotonically.
Lemma 5.4. Suppose (3.2) and (3.4) hold, and assume cP 1. Then 3a < d, and
aðx� aÞP ðbþ caþ cxÞða� xÞ for 06 x6 y6 a:
Proof
3a ¼ 3�
d � b�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd � bÞ2 � 4að1þ cÞ

q
2ð1þ cÞ 6

3d
4

< d:
Consider the two functions
gðxÞ ¼ ðbþ caþ cxÞðx� aÞ ¼ cx2 þ bx� aðbþ caÞ
and hðxÞ ¼ aðx� aÞ. The two corresponding curves intersect with each other

at point ha; 0i and point hð1�cÞa�b
c ; ð1�2cÞa2�ba

c i. Since cP 1, then ð1�cÞa�b
c 6 0. So

hðxÞP gðxÞ for 06 x6 a. This together with the fact that gðxÞ is monotoni-

cally increasing in the interval ½0; a� implies that hðyÞP gðyÞP gðxÞ for

06 x6 y6 a. h
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Theorem 5.5. Assume (3.2) and (3.4) hold and cP 1. Then for any
hx0; x�1i 2 ½0; aÞ � ½0; aÞ, the two sequences fx2ng and fx2nþ1g are strictly mono-
tonically increasing, respectively.

Proof. Consider two consecutive terms, say x2n�2 and x2n, of sequence fx2ng. We

examine two cases.

Case 1. x2n�2 6 x2n�1. By Lemma 4.3(ii), we have x2n > x2n�2.

Case 2. x2n�2 P x2n�1. By Lemma 4.1(ii) and Lemma 5.4, we have
a� x2n ¼
bþ caþ cx2n�1

d � x2n�2

ða� x2n�1Þ þ
a

d � x2n�2

ða� x2n�2Þ

6
2a

d � a
� ða� x2n�2Þ < a� x2n�2:

So we also have x2n > x2n�2.

From the above discussions, we conclude that the sequence fx2ng is strictly

monotonically increasing. Similarly, we can prove that the sequence fx2nþ1g is

strictly monotonically increasing. h
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